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CHAPTER 1 


Complete elliptic integrals 


1.1. Introduction 


Elliptic integrals were at the center of analysis at the end of 19th century. 
The complete elliptic integral of the first kind defined by 


is a function of the so-called modulus k?. The corresponding complete 


elliptic integral of the second kind is defined by 
1 — k?x? 
1— x? 


(1.1.2) 


The total collection of complete elliptic integrals contains one more, the so- 
called complete elliptic integral of the third kind, defined by 


1 
d. 
(1.1.3) II(n, k) := | ee 
0 (L—n?x?)/(1 — «?)(1 — kx?) 
The complementary integrals are defined by 
(1.1.4) K’'(k) := K(k’) 


where k’ = V1 — k? is the so-called complementary modulus. 
The change of variables x = sint yields the trigonometric versions 


m/2 dt n/2 
(1.1.5) K(k) = | ————— and E(k) =} 1 — k? sin? t dt 
0 1— k? sin 0 


with a similar expression for II(n, k). 
In general, an elliptic integral is one of the form 


(1.1.6) i if w= a 


where y? is a cubic or quartic polynomial in x. The integral is called complete 
if a and b are roots of y = 0. It is clear that K(k) is elliptic. The same is true 
for E(k), written in the form 


(1 — k?x?) dx 


1.1.7 E(k) := ——_—_—_—_——. 
gan oe) (i —22)(1 — ka) 


1 
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1.2. Some examples 


In this section we offer some evaluations from [35] that follow directly 
from the definitions. Some special values are offered first. The evaluation of 
these integrals is facilitated by Legendre’s relation 
(1.2.1) K(k)E’(k) + K’(k)E(k) — K(k)K’(k) = 
The reader will find this identity as Exercise 4 in Section 2.4 of [45]. 


EXAMPLE 1.2.1. 
1 1 
43259 K (V-1) = —=T?[-). 
(1.2.2) (VD) = er’ (5) 
The proof is direct. The integral is 
(1.2.3) 
1 dz tf 1(1/4) P(1/2) 
KS | = ee ahs eye 
(v—1) | I ify (1—y) y G/4 


The result now follows from the symmetry rule 


(1.2.4) T(a)P(1 —a) = 


sin 7a 
for the gamma function and the special value ['(1/2) = \/x. This example 
appears as entry 3.166.16 in [35]. Entry 3.166.18 states that 


ged 1 3 
(1.2.5) nae (3) 
0 Vl-a* V20 4 
The proof consists of a reduction to a special value of the beta function. The 
change of variables t = «* gives 


: x? dx 1 I 1/4 1/2 
1.2.6 ——— = - t/ "(1 —t)°/* dé. 
(1.26) aif oan 
This integral is iB (3, 4). The simplified result is obtained as above. 
Formula (1.1.7) with k = /—1 shows that 
1 2 
1+2 
1.2.7 E(V-1) = —— dz. 
one) Wn ae 
The values given above show that 
1 1 3 
1.2.8 E(V—1) = ie (z) + 41? (3) 
( ) ( ) 4/20 | 4 4 


EXAMPLE 1.2.2. 


(1.2.9) K (=) = ree (3) 


This appears as entry 8.129.1 in [35]. This value comes from the previous 
example and the identity 


(1.2.10) K(V—Ik) = ak (=) 
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with k = 1. The identity (1.2.10) follows by the change of variables 
cry a//1+k2(1— 2?) 
in the left-hand side integral. 


The values of the modulus & for which K’/K is the square root of an 
integer are of considerable interest. These are called the singular values. 
The previous example shows that 1/,/2 is the simplest of them: in this case 


k’ / 1 
1.2.11 — (—]=1 
K (<5) 
A list of the first few values k, for which 

k’ 


is given in [18] and it starts with 
2(V3 — 1 1 
ko = V2-1, kg = Ce ka = 3-2V2, ks = 5 (Vvs-1- y3-v3) 


1.3. An elementary transformation 


Elementary manipulations can be employed to evaluate certain entries in 
[35]. For instance, direct integration by parts on the integrals defining the 
functions K and E produces 


1 x arcsin x 1 T 
1.3.1 ————. =—(——- K(k 
a (=e (sz - KW) 
and 
'  aresin « 1 Tea 


This last evaluation appears as entry 4.522.4 in [35]. 

On the other hand, several entries in [35] may be evaluated also by inte- 
gration by parts, choosing the inverse trigonometric term to be differentiated. 
Such a procedure gives 


1 

awarccos x dx 1 (a 
1.3.3 a = 5 (F- BW), 
(1.3.3) pe =e (5 BW) 
which appears as entry 4.522.5, 

1 y 

xarcsin «dx 1 sa 
13 esoue Ee), 
(1.3.4) pee ~ BAB (k) 


which appears as entry 4.522.6, and finally 4.522.7, 


1 
xarccos x dx 1 Tests 
(1.3.5) BP (-te ns B(k)) . 
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In this section we derive a different type of elementary transformation for 
integrals and use it to obtain the value of some elliptic integrals appearing in 
[35]. 

LEMMA 1.3.1. Let f be an odd periodic function of period a. Then 


A) ap tf 
(1.3.6) | =a ee = | fan FE dx 


PrRooF. The result follows by ie the integral as 


[ea ~ ee are 


SG fe ete: eres ® 


and using the partial fraction decomposition 
mh 4b— 1 
1.3.7 tan — = — ——.— 
sl) ett 7 apa 
given as entry 1.421.1 in [35]. 


COROLLARY 1.3.2. Let f be an even shes with period a. Then 


© f(a). me 
(1.3.8) 7 ee sin — eo a zp f(z 
In particular, fora =T, 
oo f(z) n/2 
1.3.9 —sinadz = dx 
(1.3.9) oe [ f@ 


Proor. Apply the lemma to the function f(2) sin ==, which is odd and 
has period 2a. The result follows from the half-angle formula 


x sin x 
1.3.1 tan — = ——__—__ 
(1.3.10) on 2 1+cosz 
and the value 
(1.3.11) | f(x) cos = dx = 0. 
0 


A similar results holds for odd functions. These appear as entry 3.033 in 
[35]. 


COROLLARY 1.3.3. Let f be an odd function with period a. Then 


TL 


oe) a/2 
(1.3.12) ‘A LS ne = f(x) cos = de. 
0 av a a 0 a 


In particular, fora =r, 


oo n/ 
(1.3.13) i fe) sin x dx - | ; f(x) cosa da. 
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EXAMPLE 1.3.4. The function f(z) = 1 and a = z in Corollary 1.3.2 gives 
the classical integral 


(1.3.14) | de 
: 2 


This is entry 3.721.1 in [35]. The reader will find in [37, 38] a couple of 
articles by G. H. Hardy with an evaluation of the many proofs of this identity. 
These papers are available in volume 5 of his Complete Works. 


EXAMPLE 1.3.5. Entry 3.842.3 of [35] consists of four evaluations, the 
first of which is 


es sinr dx 


0 V1—k?sin?x2 F - 
This follows from Corollary 1.3.2 by choosing a = 7 and f(x) = 1/1 — k? sin? z. 
A different proof of this evaluation is offered in Section 1.6 below. 


(1.3.15) K(k). 


EXAMPLE 1.3.6. A second integral appearing in 3.842.3 is 
ne sin x dx 
0 1—k?cos?x & 
It also follows from Corollary 1.3.2. This is also true for entry 3.841.1 
Co 
d. 

(1.3.17) sina V1 — k2 sin? 2 — = E(k) 

0 x 
and its companion entry 3.841.2 


(1.3.16) = K(k). 


ca d. 
(1.3.18) sin x V/1 — k2 cos? 2 — = E(k). 
0 x 
EXAMPLE 1.3.7. The elementary method introduced here may be used to 
evaluate all integrals of the type 
sin" a2 cos" a dx 


0 Yee 


(1.3.19) Imn(k) = 
and the companion family 
(1.3.20) Te ACen)» see 
0 1—k?cos?x & 

All entries in Sections 3.844 and 3.846 match one of these forms. 


EXAMPLE 1.3.8. Many other evaluations can be produced by this method. 
For instance, 
(1.3.21) °° sina log(1—k? sin?) dx [*/? log(1 — k? sin? 2) 
a 0 1 — k2 sin? x v 0 1 — k? sin? x 
The integral on the left appears as entry 4.432.1 and the one on the right is 
entry 4.414.1 in [35]. A proof of the identity 


7/2 log(1 — k? sin? x) 


0 1—k2 sin? x 


(1.3.22) dx = K(k) Ink’ 
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is given in Example 1.7.5. 


1.4. Some principal value integrals 


The method described above can be employed to evaluate some entries of 
[35] provided the integrals are interpreted as Cauchy principal values. 


EXAMPLE 1.4.1. The first example is 


aa tan x dx 


(1.4.1) —————. — = K(k), 
0 V1—k*sin? x % 
which appears as one of the four entries in 3.842.3 of [35]. 
Let I,(k) denote the integral and introduce the notation 


(1.4.2) f(x) = 


tan x 
V1—k2 sin? x 


Then f(a) is odd and it has period z. The principal value of the integral is 
given by 


(1.4.3) I1(k) = lim . (fo Boe f f(z) ie), 


e>0 j=0 /2+¢ x +90 


The substitution y = 7 — x in the second integral above produces 


Hi = ims [ (=+— TT) f(a) da 


aura eo (i+ 1) 
nm /2-€ 1 co Ww 
- inj, |st+L a pe] foe 


The series corresponds to the partial fraction expansion of the cotangent func- 
tion. This completes the evaluation of (1.4.1). The reader will note that this 
proof is very similar to that of Lemma 1.3.1. 

The value 


= tang dx 


(1.4.4) = K(k), 


0 1—k2costx 
which also appears in 3.842.3, is established using the same type of argument. 
This completes the evaluation of the integrals in that entry of [35]. 


EXAMPLE 1.4.2. Entry 3.841.3 of [35] 
(1.4.5) ie tana V1- sma = E(k) 
and its companion atic 
(1.4.6) as tana Vi- Pete = E(k) 
0 


can be established by the method described in the previous example. 
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1.5. The hypergeometric connection 


The identites among elliptic integrals often make use of the series repre- 


sentations 
Lid 4), (5), 25 
_t 231.2) _ 7 (3); Ky 
(1.5.1) K(k) = 52 ( Ok ) =5 os a 
j=0 
and 
eesiteneet co (—4). (4), 42 
ell 22/,2\) _ 7 (= jg \215 RO 
(1.5.2) E(k) = 5 oF ( : k ) = 5 jl a 


where 2F; is the classical hypergeometric function 


a,b = ™ (a); (b); gh 
(1.5.3) oF, ( 3 c) = aor 
and 
(1.5.4) (a); =a(a+1)(a+2)---(a+j-1) 


is the Pochhammer symbol. The value (a) = 1 is adopted. 


1.6. Evaluation by series expansions 
In this section we describe a method to evaluate many of the elliptic 
integrals appearing in [35]. 
EXAMPLE 1.6.1. The first example is entry 3.842.3 


ou sin x dx 


0 VW1—k2sin2?x 7 


which has been evaluated in Section 1.3. 


(1.6.1) = K(k), 


Define 
ve, sin x dx 
(1.6.2) I, (k?) _ = 
0 V1l—k*sin’x % 


To evaluate the integral, let m = k? and expand the integrand in power series 
using 


j : 1 + Q2j+1 ; 
(1.6.3) (=) _ sing (5) On aig. 
dm} » 2 j 


V1—msin? x : 
Therefore, 
© 14 jo POO gin 241 
(1.6.4) I(m) = (5) aie : eS ae 
j=0 j J Jo oe 


The remaining integral is entry 3.821.7 in [35]: 


gine 7 —1)N 
(1.6.5) / on 2 5 6 
0 x (27)! 2 
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The value of the integral (1.6.1) now follows from the series representation of 
K(k) given in (1.5.1). 


Proof of (1.6.5). Start with 


j F 
; 2j+1 : 

1.6. int) gg = 27-79 (-1)7-” in(2j —2v +1 
(1.6.6) sin x 24! ) : sin(2j — 2v + 1)ax 
and the integral in Example 1.3.4 in the form 

° sin ax T 

1.6. dr = + 

(1.6.7) | - dx 5 


for a > 0, to obtain 


00 gin Zit] » 
sin ; 27+ 1 
(1.6.8) | ——— dz = at yt aia ) 


It follows that 
Peed tT) (yaa 4 fipael 
j=0 j v=0 
The result now follows from the next lemma. 
LEMMA 1.6.2. Let j,k © N. Then 
k ; ; 
(279 +1 {23 
1.6.1 -1) =(-1l ’ 
(1.6.10) daca (7) =u) 


PrRooF. The proof is by induction on k. The case k = 0 is clear. The 
induction hypothesis is used to produce 


eas yeur(* 7 ') _ cy," ) + cas(ie i 


and an elementary calculation reduces this to (—1)* (77). This completes the 
proof of (1.6.5). 


Second proof of (1.6.5): apply the identity (1.3.13) to the function f(x) = 
sin’! x to obtain 


oo og: 2j+1 m/2 : 
(1.6.12) ff SS ies i: sin?! x de. 
0 u 0 
This last integral is the classical Wallis formula given by 
m/2 i). 
(1.6.13) sin’ x dx = — ()s 
) 2 jl 


The reader will find information about this formula in [6]. 
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EXAMPLE 1.6.3. Entry 3.841.1 in [35] 


a d. 
(1.6.14) sina V1 — k2 sin? 2 — = E(k) 
0 x 
is established by the same method employed above. The proof starts with the 
expansion of the integrand using 

d \’ sin 2 sin 22 \1/2—j 
(1.6.15) (=) ae 1—msin* 7 = (a) Sa — msin? «)'/?-4 
and then identifying the result with (1.5.2). 


EXAMPLE 1.6.4. Entry 3.842.4 in [35] states that 


Ie ap i ki E(k 
(1.6.16) In(k) := ee ee zu) 
) 1—k2 sin? x 2k k 
The parameter k’ is the complementary modulus k’ = V1 — k?. 


Write m = k? and expand the integrand in series using 


(1.6.17) ( dg y sae _ (5) esin®!** £ cosa 
j 


dm Vi—msinza2 2 V1—msin? x 
Therefore 
(1.6.18) In(m) => (5) iid [Oeste x cosa de. 
j=0 j J Jo 
Integration by parts gives 
(1.6.19) [esti pase de a a Bs a) 
- 0 4(j+1) 4 +1) oi 


where 

1 n/2 
(1.6.20) B(u,v) = / oC. = est dt = a sin2¥—} y cos?! ydy 
0 0 


is the classical beta function. It follows that 

ne al mi ie 1 3.1 mI 
1.6.21) I. ee 2), qe ee sm WR 23a (ee 
ee a) Dee) gaay 2G) (4+5-5) G+)! 


The two series are now treated separately. 
The first sum is computed by the binomial theorem 


(1.6.22) (-2)*=5> he! 
j=0 7 
as 
Tx /1 mI T T 
092) FG) gneve 
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The second sum is 
[oe) 


4026-2) ot «FE, tie 
Qc 
af 
eb, bs) 

) and 


The hypergeometric representation (1.5.2 (1.6.21) give 
_ E(k 
myl—m | E(k) 


an 


(1.6.24) In(m) =— 


as claimed. 
1.7. A small correction to a formula in Gradshteyn and Ryzhik 


In this section we present the evaluation of some elliptic integrals in [35]. 
In particular, a small error in formula 4.395.1 is corrected. 


PROPOSITION 1.7.1. Let k’ = V1—k? be the complementary modulus. 
Then 


(1.7.1) oa ean 
» VOT) 2 


Proor. Let m = k? and use 
(1.7.2) 


Gn) goss OG), 7S 


to expand the integrand around m = —1. It follows that 
(1.7.3) 
= Ina dx ye (-1) (4) i Ina dx 1)! 
0 Vara era) yz HP if, Crary 
This last integral is given by 
ies Ina dx _ ih Ina dx 
o (l+a2)st1 Ve (1 +a)itt 
= 2 | 
i eg et Mag 
1 


= —B(2,j+2) [w(4) -¥( +4) 
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Therefore, the left-hand side of (11.4.4) satisfies 
love) 1)\2 j-1 
ve Inxedzx T (3) ae 1 
1.7.4 ——— = pala —_(1—m). 
( ) 6 (1 + 2?) (k/2 + x?) mo ql? 41! ) 
The series expansion for the complete elliptic integral now shows that the 
right-hand side of (11.4.4) is given by 


. ie Ney (Lae = (3); . 
qinmK(v1—m) = 8 Da x yy je (1 —m) 
: ea (1—m)’. 
j=0 Li=0 


The result follows from the identity established in the next lemma. 


LEMMA 1.7.2. Let 7 € N. Define 


1 2 
(1.7.5) pe 
rT: 
Then 
ae A; = 1 
1.7. “_ = da; —.. 
ee) eer “1 aH 


PrRooF. The relations 
(1.7.7) (-a)x =(-1)"(e@—k+1)s and (3), _, (3-7), = (-1)* (8), 


can be used to rewrite the left-hand side as 


= — 2 
3 (3), Lo 3 (3) j-m-1 1 
=r eae ae - — G-k-IP + 


k=0 k+1 
Thus the assertion of the lemma is equivalent to 
Tel ae j-l 
jee 1 4 
(1.7.8) y ——-_ = y : 
1 . 
nao (3-Day Tt tao 2k +1 


Next apply the fact that (x)x41 = x(a@ + 1), to obtain 


S~ (ess 1 a je (1—Jj)z 1 
2 = 2 \2 
k=0 (oe a (sa) x0 Caer 
2 j71 
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The right-hand side is a balanced 4F3 series and it can be transformed 
using 


a) 2 eee 


U,V, W (w)m 


U—XL,U—Y,z,—mM 
x 4F3 
l—-v+z-m,l—-w+z-m,u 


See [15], page 56. Now let y=z=1,2=1-j,m=j-1l,u=v= 
and w = 2. It follows that 


APs ee) = (5 —5)j-1 (1)j-1 ue pe ees 
i392 (9 )0 (2)521 -j+$,3,1-j 


The last hypergeometric term is now simplified 


aS: Gita ae 2 CE 
bg lad ap 7 Qk +1Qj—1— 2k) 
— Qj-1P Gf 1 1 
7 252 d Shel O71 OF 
ee ae 
Po +1 
as claimed. 


An automatic proof. The result of Lemma 1.7.2 also admits an automatic proof 
as described in [55]. Define the functions F'(i, 7) and G(i, 7), respectively, as 


1)? jp 1)? 442 2 
a ( si 1 ( i, J a 
(1.7.9) F(i,j) = (1)? a2 SG and G(i, 7) = nae eres 
(3), # j (ye ie J 
The stated result is equivalent to the identity a(j) = b(j), where 
j-1 j-l1 
(1.7.10) D= DFG i,j) and b(j =) aE aT 


The Zeilberger algorithm finds the non-homogeneous recurrence 
(1.7.11) Fi+1,9) -F(,7) = GG + 1,7) — G(t, 9). 


Summing this for 2 from 0 to 7 — 1 and using the telescoping of the right-hand 
side produces 


j-1 j-l j-l j-1 
SOFGI+tD-SYOFGI = YEG4+1,9-S > G65) 
i=0 i=0 i=0 i=0 
= G(j,j) — G(0,J) 
47? 
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Now observe that 


. AG) - 
a(jt+1)—a(j) = Gane = ey) 
= SUED A 
(2741)? (27+1)? 
_ 4 


The sequence b(j) satisfies the same recurrence. Therefore a(j) — b(j) is a 
constant. Since a(1) = 6(1) = 4, this constant vanishes. This establishes the 
result. 


The next result corrects entry 4.395.1 in [35]. 


COROLLARY 1.7.3. The value 
© Intanéd 1 
(1.7.12) =o RE nh Re) 
0 1—k2 sin? 6 2 


holds. 


Proor. Let «+ tan@ in (1.7.1). 


EXAMPLE 1.7.4. Entry 4.242.1 states 
co ] 2 _ p2 
LZ. i ny eS 
(1.7.13) 
0 (a2 + 22)(b2 +27) 2a a 


Formula (11.4.4) corresponds to the special case a = 1. The change of vari- 
ables z = at produces 
ie Ina dx 1° Int dt 


ae fe dt 
b Jo f+) 4+ 2?) 


with c = b/a. The first integral is evaluated using (11.4.4) and letting t = 
tany to see that the second integral is K(/1-—c?). This establishes the 
result. 


EXAMPLE 1.7.5. The techniques illustrated here are now employed to 
prove entry 4.414.1 in [35]: 


7/2 In(1 — k? sin? 2) 


(1.7.14) dx = K(k) Ink’. 
0 1—k? sin? x 

Let m = k? and observe that 

(1.7.15) 


d a; +B; In(1 — msin? z) 


ay41 + Bj41In(L—msin* 2) . oi40 
dm  (1—msin? x)s+1/2 pakeee 


(1 — msin? )J+3/2 


sin?! 
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where the parameters a;, 3; satisfy 
(1.7.16) ajs1 = (J + 3)a— 7 — By and Bj41 = (fj + $)8)- 
Now choose ag = 0 and {9 = 1 to obtain 


(1.7.17) (4) In(1 — msin? x) _ 05 + 8; In(1 — msin? x) sor 
m 


V1—msin ax (1 — msin? x)J+1/2 


Expand the integrand of (1.7.14) around m = 0 and use 


1 
oy r (3); 
(1.7.18) | sin” «dx = ~——2 
0 2 7! 
and the expressions 
j-1 2 
(1.7.19) aj = (3); 0 ay q and & = (2), 
i=0 
to see that 
2 s 
7/2 IW(1 — k2 sin? co (L)* /j-l 1 
(1.7.20) eee ae es mi, 
0 1 —k? sin? x j=0 7° oe 


The result now follows from the evaluation given in the proof of Proposition 
1.7.1. 


CHAPTER 2 


The Riemann zeta function 


2.1. Introduction 


The table of integrals [35] contains a large variety of definite integrals 
that involve the Riemann zeta function 


(2.1.1) (3) =o =. 


The series converges for Res > 1. 

This is a classical function that plays an important role in the distribution 
of prime numbers. The reader will find in [27] a historical description of 
the fundamental properties of ¢(s). The textbook [19] presents interesting 
information about the major open question related to ¢(s): all its non-trivial 
zeros are on the vertical line Re s = 4. This is the famous Riemann hypothesis. 

In this section we summarize elementary properties of ¢ that will be em- 


ployed in the evaluation of definite integrals. 


The zeta function at the even integers. The values of ¢(s) at the even 
integers are given in terms of the Bernoulli numbers defined by the generating 
function 


[oe) 
U By k 
eh 


a= 2s Ri 
k=0 


(2.1.2) 


It turns out that Bo,41 = 0 for n > 1. The relation 


Qn)?" 

2.1. an) = (—1)"-1! fi 

(2.1.8) C(2n) = 1)" Ba 

can be found in [17]. The sign of Ban is (—1)"~', so we can write (2.1.3) as 
(27)? 

2.1.4 yD) ee ee a Ve 

(2.1.4) C(2m) = SO Bon 


which looks more compact. The case of ¢(2n + 1) is more complicated. No 
simple expression, such as (2.1.4), is known. 


There are other series that can be expressed in terms of ¢(s). We present 
here the case of the alternating zeta series. 


15 
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PROPOSITION 2.1.1. Assume s > 1. Then 


(2.1.5) S- eae (21-8 — 1)¢(s). 


n=1 


PRooF. Split the sum (2.1.1) according to the parity of n. Then 


a. Oe eee pay Rody 
ee | ty ee | 
=e Niue Se-- or] 
k=1 k=1 k=1 


The identity (2.1.5) has been established. 


NOTE 2.1.2. The expression (2.1.5), written as 


OO 7 _4)\k 
(2.1.6) C(s) = =o» ct) 


provides a continuation of ¢(s) to 0 < Res, with the natural exception at 
s=l. 


PROPOSITION 2.1.3. Leta >1. Then 


(2.1.7) 


2.2. A first integral representation 


The first integral in [35] that is evaluated in terms of the Riemann zeta 
function is 3.411.1: 


ser ees) T 
(2.2.1) | ger de _ P(s)e(s) 
0 epe — ] ps 
Here [ is the gamma function defined by 
(2:9:9) Lis) = | to edt. 
0 


To verify (2.2.1), observe that the parameter p can be scaled out of the inte- 
gral. Indeed, the change of variables t = px shows that (2.2.1) is equivalent 
to the case p = 1: 


(2.2.3) i Ne ana. 


et —1 
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To prove this, expand the integrand as 


i et ee 
ae. SH —(k+1)t 
(2.2.4) re ee vie ; 
k=0 
Therefore, 
CPE tes Pe ag 2 
OD: = pote ae. 
(2.2.5) f S-df ee 


k 
The change of variables v = (1+ k)t yields the result. 


EXAMPLE 2.2.1. The evaluation of 3.411.2, 
O° 92n—1 dy Die" Bo 
2.2.6 (1) 4 (|) =, 
(2.2.6) [ef-0m (4) 2 


can be reduced to the case p = 1 by the scaling t = px and it follows from 
(2.1.3). Using (2.1.4), we write it as 


Peg Ede, (Ome 
22:7 —_ = Bon|. 
( ) [ er 4n |Bon| 
EXAMPLE 2.2.2. The evaluation of 3.411.3 
ald (1—21-*)T(s) 
2.2.8 = kee , 
(2.2.8) i. el) 
is first reduced, via t = px, to the case p = 1 
© 48-1 dx 
Do =(1-2)*)r 
(2.2.9 fae - 4-1, 


and this is evaluated expanding the integrand and integrating term by term 
to obtain 


PE Geka 6 A ae Ka 
(2.2.10) | ai Te 2 ep 


The result now follows from (2.1.5). 


EXAMPLE 2.2.3. The special case s = 2n in (2.2.8) yields 


ae ala (2n)?” 
B2A1 = (1-2?) |B, |. 
(2.2.11) ft ore ea Ban 
The integral 3.411.4 
Pe gang Qn \?" |Bon 
(2.2.12) ‘| wi de _ yg i-any (28) |Banl 
9 eP® + 1 Pp 4n 


is reduced to (2.2.11) by the usual scaling. 
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2.3. Integrals involving partial sums of ¢(s) 


In this section we consider in a unified form a series of definite integrals 
in [35] whose values involve partial sums of the Riemann zeta function. We 
begin with the evaluation of 3.411.6: expanding the integrand we obtain 


(2.3.1) a i is dx 2 5k i tle t(B+7k) de 
0 1- de 0 
k=0 
ie) 3 oe (: + “) 
k=0 Y 


The sum is identified as the Lerch function defined by 


(2.3.2) ®(z,s,v) = mC +n)-%2". 
n=0 
Therefore 
ete Pe de D(a) 
(2.3.3) | Tage a (4, a, B/Y)- 


Integrals involving the Lerch ®-function will be discussed in a future publica- 
tion. Here we simply observe that 3.411.22 


© gP-1dz  T(p) 
2.3.4 —__ = ——“® 1 
(2.3.4) i Fag we te) 
follows directly from (2.3.1) after writing 


(2.3.5) We: me oF it file 
9 e*-¢@ 0 1 -— qe 


We now discuss several special cases of (2.3.1). 


EXAMPLE 2.3.1. The case 6 = 1 in (2.3.1) is related to the Hurwitz zeta 
function defined by 


(2.3.6) =o eae CEE 


n=0 
Replacing 6 = 1 in (2.3.1) gives 
co pale Be T(a 
(2.3.7) aes a ) (a, 8/1). 
) HE Y 


This appears as 3.411.7. 


EXAMPLE 2.3.2. We now consider the special case of (2.3.7) in which 6/7 
is a positive integer, say, 8 = my. Then we obtain 


Ot Teme dae * Taye 1 
2.3. ee: fo 
( 3.8) | 1—e-v a easy: 


a 
Y k=0 
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Now observe that 


co co m—-1 
1 1 1 

2.3. —_—__ = Coes = 
(2.3.9) i me a a 

k=0 k=1 k=1 
so that 

gee Len mye de Ia) sea 
2.3.1 ————— = _ — |. 
(23:10) | 1—e7v ais (a) we ke 


We restate the previous result. 


PROPOSITION 2.3.3. Let a, y € R* andmeéEN. Then 


met es Ie dae. (a) lee 
2.3.11 —__—_ = a —}. 
(2.3.11) f Se - 4 (@-Ye 

k=1 
EXAMPLE 2.3.4. The values a = 2, y = 1 and m = 1 in (2.3.10) give 
Oe pe? da ca? 

2.3.12 =—-l 
( ) i ex —1 6 : 


using ['(2) = 1 and ¢(2) = 77/6. This appears as 3.411.9 in [35]. 
EXAMPLE 2.3.5. The case a = 3, y= 1 and m EN gives 3.411.14 


OO 72 ——ma mal 1 

2.3.13 dx = 2 3) — —=]}. 
(2.3.13) — («en we 

EXAMPLE 2.3.6. The case a = 4, y= 1 and m € N gives 3.411.17 

ai sd a a4 ae i 

2.3.14 dx = — — —. 
ve [ l-e* 15 pa 
Here we have used I'(4) = 6 and ¢(4) = 1*/90. 

EXAMPLE 2.3.7. Formula 3.411.25 is 


Cor: —2x oo —x oo —2x | 
(2.3.15) | ieee ax = | sl psec 
0 ew —1 9 l-e* 6. Laven” 
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The first integral corresponds to a = 2, y = 1, m = 1 and the second one to 


a=2,y=1,m=2. Therefore 


oo 1 —2x 2 
(2.3.16) | gS eT Oyo o) =e a, 
0 ev = 1 3 
EXAMPLE 2.3.8. The final example in this section is 3.411.21 
i 1-e"™ = al 
23-1 nt __dr=(n-1)!) —. 
(2.3.17) y x ine (n—1) > ma 
We now show that the correct formula is 
a: Le | 
n—1 — 
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To establish this, we write 
co 1 —e7me co 1.n-1,—(m+1)x co yn-1,—2x 
(2.3.19) | gS dg = i) a | -| 2 gr 
0 1 —e* 0 l-—e* 9 il-e®* 


The first integral corresponds to a =n, y = 1 and m+1 instead of m, so that 


ioe) gr—le-(m+))ax m 1 
2.3.20 ——— dr = T - —}. 
(2.3.20) fa tm) (6) -V 
The second integral corresponds to a =n, y = 1 and m = 1. Therefore 
co 7n—-1,—-2@ 
(2.3.21) | ode =T(n)e(n). 
go itcer* 


Formula (2.3.18) has been established. 


2.4. The alternate version 
The alternating version of (2.3.1) gives 


(2.4.1) ik cA i me (—1)*6* (i + “)" 


1+ d6e-7 ra 


which in the case 6 = 1 provides 


Og Ve Pid "ay 
2.4.2 ———____ = —1)F(k+ ee 
OO eee oe ee 
In particular, if 6 = my, with m € N, we have 
co ,a-1,—mynx Tr Oe —1)k 
(2.4.3) | as cea = Ia) S- Se 
9 de® 2a me 


Using (2.1.5) we obtain the next proposition. 


PROPOSITION 2.4.1. Let a, y€ Rt andmeéEN. Then 


OO pa-le—myx ae —~1)"T(a m-1 eh 
(2.4.4) i aterm ide _ (-1)"T(a) (e+ -4(0)- Ee ) 


—ya a a 
l+e ay ae k 


The next examples come from (2.4.3). 


EXAMPLE 2.4.2. The casea =n, y = 1 and m=p+1 gives 3.411.8 


OO gy r—le—Pe dy P__4)\k 
(2.4.5) i, mee = (-11r(n) fa-2-%0 4 ey) | 


1+e*% = 


The reader will check that the answer can be written as 


oo glen pe "ap OF of aN Rt 
(2.4.6) | EE a is a 
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EXAMPLE 2.4.3. The case a = 2, c= 1, and m = 2 gives 3.411.10 


%° ge7 2 1 
2.4.7 —— dt =1-—. 
ey) | l+eo 12 
EXAMPLE 2.4.4. The case a = 2, c= 1, and m = 8 gives 3.411.11 
ge 3% nr 3 
2.4.8 ——_ dx = — - -. 
a. | ffe= 2 4 
EXAMPLE 2.4.5. The case a = 2, c= 1, and m = 2n gives 3.411.12 
oo »,,—(2n—1)a Oe “ena (—1)F-1 
xe T 
2.4.9 —————_ dz = -— ——. 
en [ ipee td k2 


EXAMPLE 2.4.6. The case a = 2, c= 1, and m= 2n + 1 gives 3.411.13 
co —2nz 2 —1 k 
(2.4.10) | ee Y 
0 
EXAMPLE 2.4.7. The case a = 3, c= 1, and m € N gives 3.411.15 
OO 72 ——nax 3 n-1 (=i)" 
2.4.11 dx =(-1)"t" | = a 
aan) fF ae=(-1) (Fes a 


EXAMPLE 2.4.8. The case a = 4, c= 1, and m € N gives 3.411.18 


oo gene Tn — (-1)* 
DA dx = (—1)"*1 | —_ 
( ) i. ifen oo Gaps rz 
EXAMPLE 2.4.9. Similar manipulations produce 3.411.26 
pa l-—e®* Qn? 
2.4.1 —* dz = —. 
( 3) | we" s reper Ay 37 


2.5. The logarithmic scale 


The integrals described in Section 2.4 can be transformed into logarithmic 
integrals via the change of variables t = e~°*. For example, (2.3.1) becomes 


i (Pn ede: ee 
0 


(2a. 1) i = (—1)*""T(a) 


and the special case 6 = 1 replaces (2.3.7) with 


ete tne eae Ped. = 1 
(2.5.2) | == => (—1) 'T(a) » (e+, 


In the special case that m € N, the formula (2.3.11) becomes 


ss) ff SEL) (<i =3 z) , 
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in particular, for m = 1, we have 


1 a—1 
In®* t dt a 

(254) | a a (—1)*"'T(a)¢(a). 

4 = 
Finally, the change of variables t = s7 in (2.5.2) produces 

1 s6-1 In?! 5 dt °° 1 
8 n* "s 

2.5.5 if re) Se 
ess) f T= or) cae 


We now present examples of these formulas that appear in [35]. 


EXAMPLE 2.5.1. Formula (2.5.4) appears in [35] only for a even. This is 
the case where the value of ¢(a) reduces via (2.1.3). We find 4.231.2 for a = 2 


(2.5.6) ip eae a 
9 1-2 6 

and 4.262.2 

(2.5.7) i Intede mt 
9 l-« 15 

which uses (4) = 6 and ¢(4) = 7*/90. The next example is 4.264.2 
‘in? «dx 87° 

(2.5.8) if ae, 


which uses (6) = 120 and ¢(6) = 7°/945. The final example is 4.266.2 
a In! x dx 878 
0 


esis 2 eS 
which uses (8) = 5040 and ¢(8) = 7°/9450. 


EXAMPLE 2.5.2. The choice a = 4 and m = n+ 1 in (2.5.3) produces 
4.262.5: 


1 3 4 n 

eran eae T 1 
2.5.1 dx =-— +6 —. 
010) i" ge ag a 


EXAMPLE 2.5.3. The choice a = 4, 8 = 2n+1, and y = 2 in (2.5.5) gives 
4.262.6 


1 ,.2n 3 4 n 

at” In? a T 1 
2.5.11 ———— dr = -— + 6 ——_——.. 
vot} i: faa ae >. Be+iV 


In this calculation we have used (2.1.7) to produce the value 


(2.5.9) 


co 


(2.5.12) S- ! ul 
5. eee 
“(2k +14 96 


EXAMPLE 2.5.4. The choice a = 3 and m = n+1 in (2.5.3) gives 4.261.12 


lon 2 n 
(2.5.13) | < a= da = 2 (ce = 5) 
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EXAMPLE 2.5.5. The choice a = 3, 6 = 2n+1, and y = 2 gives 4.261.13 


te a5 2 n-1 
x” In’ a 7¢(3) 1 
2.5.14 SN a NPY sy Net 
oy | (2 » Oke+ip 


2.6. The alternating logarithmic scale 


There is a corresponding list of formulas for logarithmic integrals that 
produce alternating series. For example (2.5.1) becomes 


i cee ae oti = (=1)" 6" 
(2.6.1) | ae (—1) M() Ge Be 


and the case 6 = 1 gives 


L2e51 n?-1 oo _1)k 
(2.6.2) if as ear ye, 


In the special case that m € N, we have 


1 ym-1 n?! a-1 _ m-l/_4)\k 
(2.6.3) | Cerne (Fate ey ct) 


1+t 
in particular, for m = 1, we have 
1 a-1 a—1 
In“ tdt 2 -—1 
2.6.4 —_——— = (-1)**'!-—___ Tr ; 
(2.6.4) [af-o (a)¢(a) 
Finally, (2.5.5) produces 
1 B-1 l a-1 d co | k 
§ n 8 as a—1 ( ) 
2.6.5 ———_ = (-l T —_———. 
ges) ff ER icy > Gera 
We now present examples of these formulas that appear in [35]. 


EXAMPLE 2.6.1. The choice a = 2 in (2.6.4) produces 4.231.1: 
1 2 
Ing T 
2.6.6 dz = -—. 
ee) | beg 


The table contains formulas that use (2.6.4) only for a even; in that form, the 
integrals are expressible as powers of 7. For example, 4.262.1 


1 3 4 
In° x as 
2.6.7 dx = ——— 
cece | itz” 120’ 
uses (4) = 6 and ¢(4) = 1*/90 Similarly, 4.264.1 
1 5 6 
In? x 317 
2.6.8 ae 
208) I life 282 


uses (6) = 120 and ¢(6) = 7°/945. The final example of this form is 4.266.1 


saline 12778 
(2.6.9) i Big ee 
0 


1l+2a 240 ” 
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which employs ['(8) = 5040 and ¢(8) = 78/9450. The next cases in this list 
would be 


1 9 10 

(2.6.10) | IE gas Out 

> l+e 132 
and 

a 11 12 
In x 14144777 
2.6.11 ere eciaiciai 

( ) ‘ ite” 32760.” 


which do not appear in [35]. 
EXAMPLE 2.6.2. The choice a = 2n + 1 in (2.6.4) gives 4.271.1 


1 2n 2n 
In*” x 2" —] 
2.6.12 dz = 2n)!C(2 1). 
(2.6.12) [ e=Se emcensy 
EXAMPLE 2.6.3. The choice a = 2n in (2.6.4) gives 4.271.2 
1 2n-1 2n-1 
In x 2 —1 
and using (2.1.3) gives 
1 2n-1 2n-1 
In x 2 —1 
2.6.14 —_— dy = ——____ |B, |r”. 
( ) | 1l+2 ' 2n |Ban|m 


2.7. Integrals over the whole line 


The change of variables x = ae in (2.2.1) gives entry 3.333.1 


(2.7.1) [. OT BTN), 


oo exp(e*) — 1 


The same change of variable in (2.2.8) gives entry 3.333.2 
ee 8" dx 
202 —_——_ = (1-2) yr 
(2.7.2) fom TO 
The exceptional case, 
[oe) —x d 
(2.7.3) / a 
pg Oxplec*) FA 
mentioned in entry 3.333.2, is elementary. 


CHAPTER 3 


Some automatic proofs 


3.1. Introduction 


The volume [35] is one of the most widely used table of integrals. This 
work, now in its 7th edition, has been edited and amplified several times. The 
initial work of the authors I. Gradshteyn and I. M. Ryzhik is now supple- 
mented by entries proposed by a large number of researchers. 

This paper is part of a project, initiated in [49], with the goal of establish- 
ing the validity of these formulas and to place them in context. The previous 
papers in this project contain evaluation of entries in [35] by traditional an- 
alytical methods. Symbolic languages, mostly Mathematica, have so far only 
been used to check the entries in search of possible errors (e.g., by numerical 
evaluation). The methodology employed here is different: the computer pack- 
age HolonomicFunctions is employed to deliver computer-generated proofs 
of some entries in [35]. The examples are chosen to illustrate the different 
capabilities of the package. Note that Mathematica (version 7) fails on most 
of these examples. 


3.2. The class of holonomic functions 


The computer algebra methods employed here originate in Zeilberger’s 
holonomic systems approach [24, 42, 69]. They can be seen as a general- 
ization of the Almkvist—Zeilberger algorithm [2] to integrands that are not 
necessarily hyperexponential. The basic idea is that of the representation 
of a function (or a sequence) as solutions of differential (or difference) equa- 
tions together with some initial conditions. These equations are required to 
be linear, homogeneous and with polynomial coefficients. It is convenient to 
present them in operator notation: D, is used for the (partial) derivative with 
respect to x and S, for the shift in n. The main advantage of this notation is 
that the differential equations and recurrences under consideration turn into 
polynomials, which are the basic objects in computer algebra. 

Consider first the case of functions of two variables: a continuous one x 
and a discrete one n. Define © to be the algebra generated by the operators D, 
and S, with coefficients that are rational functions in x and n. This is a non- 
commutative algebra and the rules D,x = cD, + 1 and S,n = nS, + S, must 
be incorporated into ©. Such structures are usually called Ore algebras. A 
similar definition can be made in the case of many continuous and discrete 
variables. 
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The operator P € © is said to annihilate the function f if P(f) = 0. For 
example, sin z is annihilated by the operator D?+1 and the Fibonacci numbers 
F,, by $?—S,—1. The latter is nothing but the recurrence F, = F,-1+Fy_2 
used to define these numbers. Given a function f, the set 


(3.2.1) Anno(f):={P¢ O: P(f) =0} 


represents the set of all the equations satisfied by f. Naturally, a given op- 
erator P may annihilate many different functions. For instance, D? + 1 also 
annihilates cosz. Thus Anno(f) does not determine f uniquely: initial con- 
ditions must be included. The term equation in the present context refers to 
an equation of the form P(f) = 0 with P € ©. Many classical functions, 
such as rational or algebraic functions, exponentials, logarithms, and some of 
the trigonometric functions, as well as a multitude of special functions satisfy 
equations of the type described above. 

Observe that Anno(f) is a left ideal in the algebra O, called the annihi- 
lating ideal of f. Indeed, given P € O, that represents the equation P(f) = 0 
satisfied by f, its differentiation yields a new equation for f, represented by 
D,P. Similarly, if f depends on the discrete index n and satisfies a linear 
recurrence Q(f) = 0 for Q € O, then f also satisfies the shifted recurrence, 
represented by 5,Q. 

The annihilating left ideal can be described by a suitable set of gener- 
ators. The concept of Grobner bases is then employed to decide the ideal 
membership problem: in our context, to decide whether a function satisfies a 
given equation. These bases are also used to obtain a unique representation 
of the residue classes modulo an ideal. 

In the holonomic systems approach all manipulations are carried out with 
these implicit function descriptions, e.g., an algorithm for computing a def- 
inite integral requires as input an implicit description of the integrand (viz. 
the Grobner basis of an annihilating ideal of the integrand) and will return an 
implicit description for the integral. The initial values are usually considered 
afterwards. 

In this paper we deal with the so-called holonomic functions. Apart from 
some technical aspects, the most important necessary condition for a function 
to be holonomic is that there exists an annihilating ideal of dimension zero 
(a concept that depends on the choice of the underlying algebra O). Equiva- 
lently, for each continuous variable x for which D, belongs to O, there must ex- 
ist an ordinary differential equation, and similarly, a pure recurrence equation 
for each discrete variable under consideration. For example, the function tan x 
is not holonomic since it does not satisfy any linear differential equation with 
polynomial coefficients. Similarly, if f is an arbitrary smooth function, then 


(3.2:3) g(z,m) = (4) Fe 


is annihilated by the operator D,—S,,. But this single operator is not enough 
for g(z,m) to be holonomic. In the general situation, there exists neither a 
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pure differential equation (without shifts) nor a pure recurrence (without D,). 
However, in special instances, e.g., f(z) = ./z, the function g(z,m) turns out 
to be holonomic, being annihilated in this case by the pure operators 2xD,—m 
and $2 — z. 

The symbolic framework employed here includes algorithms for basic 
arithmetic that are referred to as closure properties, i.e., given two annihi- 
lating left ideals for holonomic functions f and g, respectively, it is possible 
to compute such an ideal for f + g, fg, and P(f), where P is an operator in 
the underlying Ore algebra. Furthermore, certain substitutions are allowed: 
an algebraic expression in some continuous variables may be substituted for 
a continuous variable, and a Q-linear combination of discrete variables may 
be substituted for a discrete variable. Finally, the definite integral of a holo- 
nomic function is again holonomic. Note that quotients and compositions of 
holonomic functions are not holonomic in general. 

The question of deciding if a given function is holonomic is non-trivial. 
Most of the results are indirect. For instance, Flajolet et al. [29] use the 
fact that a univariate holonomic function has finitely many singularities to 
illustrate the fact that the generating function of partitions P(z) = [],,(1— 
2”)! is non-holonomic. In this same paper, the authors establish conjectures 
of S. Gerhold [30] on the non-holonomicity of the sequences logn and pp, the 
nth prime number. The closure properties described above indicate that the 
function sin x cos x is holonomic whereas sin x/cos x = tana is not. Likewise, 
sin(¥1 — 2?) and Fan+i~ (with F,, denoting the nth Fibonacci number) are 
holonomic, whereas cos(sin x) and F,,2 are not. 

The main tool for computing definite integrals with the holonomic systems 
approach is a technique called creative telescoping. It consists in finding anni- 
hilating operators of a special form. For example, in the computation of the 
definite integral F = ie f dx, assume that the integrand f contains additional 
variables other than x. Then an operator T in the annihilating ideal of f of 
the form T = P+ D,Q is desired, with the condition that P does not contain x 
or D,. It is then straightforward to produce an equation for the integral F: 


i & [re 


b b 
= [ Pujart f Zacpae 
= PF) +a 


The operator P is called the principal part or the telescoper, and Q is called 
the delta part. If the summand coming from the delta part does not simplify 
to zero, the resulting equation can be homogenized. The operator T is usu- 
ally found by making an ansatz with undetermined coefficients. Using the 
fact that reduction with the Grobner basis yields a unique representation of 
the remainder, a linear system for the unknowns is obtained by coefficient 
comparison when equating the remainder to zero. This algorithm has been 


2=a" 
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proposed by Chyzak [24, 25]. An algorithm due to Takayama [64] uses elim- 
ination techniques for computing only the principal part P. It therefore can 
only be applied if it can be ensured a priori that the delta part will vanish; 
this situation is called natural boundaries. 

The integrals presented in the rest of the paper illustrate these concepts. 
These evaluations were obtained using the Mathematica package Holonomic- 
Functions, developed by the author in [42]. It can be downloaded from the 
webpage 


http://www.risc.uni-linz.ac.at /research/combinat /software/ 


for free, and also a Mathematica notebook containing all examples of this 
paper is available there. The commands required for the use of this package 
are described as they are needed, but more information is provided in [43]. 
The whole paper is organized as a single Mathematica session which we start 
by loading the package: 


Inft]:= <<Q HolonomicFunctions.m 


HolonomicFunctions package by Christoph Koutschan, RISC- 
Linz, 


Version 1.3 (25.01.2010) 
—+ Type ?HolonomicFunctions for help 


3.3. A first example: The indefinite form of Wallis’ integral 


The first example considered here deals with the indefinite integral 
(3.3.1) I(x) -/ 
Entry 2.148.3 in [35] states the recurrence 
1 x 2n—3 
In — 20+"! | M2 
Note that this entry does not provide a closed-form evaluation, but a 
recursive description. Hence this example is very much in the spirit of the 


methods described in Section 3.2. The recursive nature of 2.148.3 becomes 
even more striking after shifting n + n+ 1 and rearranging to produce 
x 
The package HolonomicFunctions is now used to compute this inte- 
gral directly. The command Annihilator[expr, ops] produces annihilating 
operators for expr with respect to the Ore operators ops: 


in2:= Annihilator [Integrate[1/(1 + «*2)*n, a], S[n]] 
Out[2]J= {(2na” + 2n + 2x? + 2)S? + (—2nx? — 4n — 2? —1)S, + (2n 1)} 


(3.3.2) In(a) In—1(2). 


In order to verify that this result agrees with (3.3.2), it is required to produce 
a homogeneous version of the latter. This is achieved by left multiplying by 
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an annihilating operator of the inhomogeneous part of (3.3.3). The expression 
x(1+2?)~” is clearly annihilated by (2? + 1)S, — 1 and hence we obtain 


((2? + 1)S, — 1) - (2nS, — (2n —1)) = 
2(n + 1)(a? + 1)S? + (—2nx? — 4n — x? —1)S, + (2n—-1), 


matching the operator computed by the program. An alternative procedure 
is to employ an option that produces inhomogeneous relations: 
in(3:= Annihilator[Integrate[1/(1+a2)n, x], S[n], Inhomogeneous —> True] 


Out[3]= {{2ns, + (1 an)},{ w(x” 4 1) "}} 


The first part of the result is the operator to be applied to the integral. 
Adding the second part and equating to zero yields (3.3.3). 


3.4. A differential equation for hypergeometric functions in two 
variables 


The second example appears as entry 9.181.1 in [35]. It concerns differ- 
ential equations for the hypergeometric function 


(3.4.1) Fi(a,8,8',732,9) = 7 >) ee oer ama 


m=0 n=0 
for |x| < 1 and |y| < 1. This is defined in 9.180.1. 

Again, the nature of this example is that no closed form is desired. The 
result is a system of partial differential equations. These equations are now 
derived completely automatically from (3.4.1). To achieve this, Takayama’s 
algorithm is employed. Details about this integration algorithm are provided 
in [42]. 

First observe that both sums have natural boundaries; therefore, Takayama’s 
algorithm may be applied. The input is an annihilating ideal for the summand. 
This is obtained with the command Annihilator described in the previous 
section. The computation is direct since the summand is hypergeometric and 
hyperexponential in all variables. The first step 
inf4]:= ann = Annihilator|Pochhammer[a,m + n] Pochhammer[G, m] 

Pochhammer|b, n]/(Pochhammer|y, m+n] m!n!) amyn, 
{S[m], S[n], Der[z], Der[y]}| 


Out[4]= {yD, n, rD, mM, 
(mn+m+n? +ny+n+7)Sr + (—bmy — bny — bya — mny — n?y — nya), 
m?+mn+tmytm+nty)Snt(—m2—mnz—mra mazB—nxB—xaB 
Y a 


finds the annihilating ideal for the summand in the hypergeometric function 
(where the parameter 6’ has been replaced by b). The second step 
Inf5:= pde = Takayamalann, {m, n}] 
Out[5]= {(ay? ry—y4 y°)D; + (ba? — ba) Dy 
+ (bay — by’ +cya-xyB+2y+x8—xy—y'a—y? +yy7)Dy+ (bra— bya), 
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(« — y)D,Dy — bD, + BDy, 
(o°—a°y—a" tay) De +(bay—byta° ate” B-+a° —xya—xyB—ay—2y+y7) De 
+ (yB — y°B)Dy + (xaB — ya) } 


performs the double summation and computes a Grobner basis for the ideal 
containing all the differential equations satisfied by the series F,. Observe 
that the two equations given in 9.181.1 are not among these generators. 
Thus it is required to verify whether the differential equations given in [35] 
are members of the ideal. This is achieved by reducing them with the Grobner 
basis and checking whether the remainder is zero; the necessary command is 
OreReduce. 

The program allows for a better result. The desired equations can be 
produced automatically by observing that the first is free of 3’ and the second 
does not involve 3. The elimination of a parameter can be done either by 
another Grébner basis computation (i.e., elimination by rewriting) or by using 
the command FindRelation, which performs elimination by ansatz. 

The command FindRelation[ann, opts] computes relations in the an- 
nihilating ideal ann specified by the options opts. In this case, the option 
Eliminate forces the coefficients to be free of the given variables. 
info:= FindRelation[pde, Eliminate —> {] 


outtl= {(ay — 2) Dr Dy + (y” — y) Dy + ba Dz + (by + ya + y — 7) Dy + ba} 


Alternatively, the command OreGroebnerBasis|{ P),..., P,}, alg] trans- 
lates the operators P,,...,P, into the Ore algebra alg and then computes 
their left Grobner basis. 

In(7|:= OreGroebnerBasis|pde, OreAlgebra[b, Der[y], Der[z]], 
MonomialOrder — EliminationOrder[1]| // First 


ou[7J= (wy — y)DyD, + (a? — 2) D? + yBD, + (ca + a8 +" —7)Dr + a8 


This is precisely the form in which these differential equations are given in [35]. 


3.5. An integral involving Chebyshev polynomials 


The symbolic algorithms implemented in HolonomicFunctions do not 
provide closed-form expressions for definite integrals. Their main use in the 
evaluation of integrals is based on the fact that, in many examples, it is 
possible to produce a computer-generated proof of the stated identities. In 
this sense, both sides of an identity are required. The program yields an 
automatic proof of its validity. The example presented here appears as entry 
7.349 in [35]: 


(3.5.1) [0 — 2)? 7, (1 — 2y) dr = 5 (Pail —y)+Pr(l—y)). 


Here T,,(a) is the Chebyshev polynomial of the first kind defined by 


Tn(x) = cos(n arccos x) 
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and the answer contains the Legendre polynomial P,, (a) defined by 


1 dad 
~ 2n! da” 
This simple example is chosen to describe in more detail what the software 
does in the background. 

The starting point is the computation of an annihilating ideal for the in- 
tegrand in (3.5.1). The integrand is referred to as f(n, x,y). For this purpose, 
recall the recurrence 


(3.5.2) Tn+2(Z) — 22Tn41(z) + Tr(z) = 0 


P,(£) (a? — ie { 


and the differential equation 
(3.5.3) (27 —1)0" (2) + 27) (z) —n7?T,(z) =0 


for the Chebyshev polynomials. These basic relations are stored in a database 
that the software can access. An easy argument shows that f satisfies the 
recurrence (3.5.2) if z is replaced by 1 — x?y. Observe that the factor (1 — 
a?)—1/2 (which is constant with respect to n) does not change the recurrence. 
The same substitution is performed in (3.5.3) and considering T;,,(1 — ?y) as 
a function in y yields 

(1—2?y)?-—1 @ 


2. 


1—sx*y 0 2 2 2 
=a py y) —n°T,(1—2*y) = 0. 


Multiplication by x? produces the annihilating operator 
p Mf g 


(x?y? — 2y)D? + (a?y — 1)Dy — n? 2? 


for the integrand f. Once again, the square root term does not play a role 
since it is free of the variable y. Finally, observe that 


df —2zy 2 Ag 2 
df —a? 
a — —____ TJ” 1 = 2 
dy Vie bat v y)s 
giving rise to the operator 
2 
x 


which also annihilates f. 
Similar operations, with fewer ad hoc tricks but more algorithmic steps, 
are performed by typing the command 


in(3:= Annihilator |ChebyshevT[n, 1-27 y]/Sqrt[1—a”], {S[n], Der[z], Der[y]}| 
Out[8]= {(a° x)D, + (2y — 2x?y)D, + 2”, 


nSn + (w"y" = 2y)Dy + (na*y — n), 
(x? y? 2y) Dy + (2“y —1)Dy nx? \ 
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Since the command Annihilator always returns a Grobner basis, the above 
operators differ slightly from the ones that were derived by hand. But these 
can be obtained by simple combining and rewriting. 

The next step in the evaluation of the integral (3.5.1) employs a new 
command: CreativeTelescoping|f, Der[z], ops] computes a set of operators 
P; + D,Q; of the form described in Section 3.2. These operators annihilate 
the function f and they are chosen in a way that the principal parts P; form 
a Grobner basis in the Ore algebra generated by ops. 


in(9:= CreativeTelescoping|ChebyshevT[n, 1 — x*2 y]/Sqrt[1 — x2], Der[z], 
{S[n], Der[y]}] 
Out[9]= {{(2n? + 2n) Sp + (Qny” — 4ny + y® — 2y)Dy + (2n?y — 2n? + ny — 2n), 
(y? — 2y)Dy + (y — 2)Dy — n°}, 
{usar ye ta, +y(na® — na), ~—1p,\\ 


x 


The first list contains two principal parts P,; and P», and the second list 

contains the corresponding delta parts Q; and Qg:. It is easily verified that 

the latter do not contribute: 

in{1o:= ApplyOreOperator |Last [%], ChebyshevT[n, 1 — x7 y]/Sqrt[1 —a7]] // 
Simplify 

Out[10]= { —nivV/1— «?y(ChebyshevT [n, 1-— xy] + (2 - xy) ChebyshevU [n - 


1,1- xy]), na\/1— «?ChebyshevU [n -—1,1- xy] \ 


inft|:= (Limit[#, «2 > 1] — Limit|/#,2 > —1])& /@ % 
Out{11J= {0, 0} 


It follows that P, and P annihilate the integral. All the previous steps are 
performed in the background by typing 
inf2:= Annihilator |Integrate[ChebyshevT[n, 1—x7y]/Sqrt[1—x7], {a, —1,1}], 
{S[n], Der[y]}] 
Out[12]= {(2n? + 2n)Sp + (2ny? — 4ny + y? — 2y)Dy + (2n?y — 2n? + ny — 2n), 
(y° — 2y)Dy + (y — 2)D, —n7} 


The next step is the computation of an annihilating ideal for the right- 
hand side of (3.5.1). In this process the fact that the sum of the two Legendre 
polynomials can be written as Q(Pn_i(1 — y)) with Q = S, + 1 is employed. 
This observation produces simpler results (see also equation (3.10.3) for a 
more detailed discussion of this issue). 


Inft3]:= rhs = Annihilator [ApplyOreOperator[S[n] +1, LegendreP[n —1,1— 


” {S[n], Der[y]}] 


Out[13]= {(2n? + 2n)Sh + (2ny? — any + y° — 2y)D, + (Qn? y — 2n? + ny — 2n), 
(y° — 2y)Dy + (y — 2)D, — n*} 
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This produces the same annihilating ideal for the right-hand side as the 
one produced for the left-hand side. The desired identity is now obtained 
by comparing some initial values. The necessary cases can be read off from 
the shape of the Grobner basis. They correspond to the monomials that lie 
under the stairs which are formed by the leading monomials of this basis. The 
required command is 
inf14]:= UnderTheStaircase[rhs] 

Out(14j= {1, Dy} 


In other words, we identify those instances (shifts and derivatives) of the 
function that cannot be reduced by using the annihilating operators in rhs. 
Hence it is required to check whether Lo (0) = Ro(0) and Lo(0) = Ro(0). Here 
L,(y) and R,(y) denote the left and right side of (3.5.1). This is left as an 
exercise for the reader. 


3.6. An integral involving a hypergeometric function 


The example of this section appears as entry 7.512.5 in [35]: for Rer > 0, 
Res > 0, and Re(c+s—a-—b) >0, 


: I(s)3F sl 
(3.6.1) fa 0 = 0) 2F (a, brea) de = “EGA Tiere) 
0 


T(r +s) 
where 
(3.6.2) Fy(ai,...,Qp3bi,... bya) = Yo ve ode a 
Pp* qd ’ »“ps ’ a”qQ) (bi) +++ (bq) ek! 


k=0 
is the classical hypergeometric series. 

The strategy of the proof is to compute a system of recurrences for each 
side of the identity. These recurrences then reduce the problem to checking 
finitely many initial values. For this purpose, the parameters a,b,c,r,s are 
assumed to be integers. The first step is to compute an annihilating ideal of 
the left-hand side: 
inf15):= hs = Annihilator[Integrate[xa~*(r — 1) (1 — x)*(s — 1) 

Hypergeometric2F 1[a, b,c, x], {x,0,1}], {S[a], S[b], Sle], S[r], S[s]}, 
Assumptions —> s > 1] 
oufisj= {5 + S — 1, 
abe — abr — ac? + acr — be? + ber + 3 — er) S. 
+ (—abe + acr + acs + ber + bes — er? — 2ers — cs”) S, 
+ (ac — acr — acs + be? — ber — bes — c® + c?r 4 ers +.€87), 
ab —b° + bc+ bs — b)S, + (ab— ar — as — br — bs +r? + 2rs +s) +(as+ 
b° — be +b—rs—s”), 
a’ — ab+ac+as —a)S, + (ab — ar — as — br — bs +r? + 2rs + 87)S, 


(a? —ac+a+bs—rs—s?), 

ab — ar —as—a-—br—bs—b r? 4+ Irs +2r +s? + 284+ 1)S? 

+ (—ab+ar+2as+a-+ br + 2bs + b— cr — cs — 2rs—r— 2s” —2s—1)S, 
+ (-as—bs+cs+s°)} 


34 3. AUTOMATIC PROOFS 


The restriction s > 1 is a technicality: the automatic simplification does not 
succeed if s > 1 is imposed. The special case s = 1 can be done separately in 
the very same manner. Annihilating operators for the right side are obtained 
in a similar fashion: 


in16:= rhs = Annihilator[Gamma|[r] Gamma|[s]/Gammal|[r + s] 
HypergeometricPFQ|[{a, b, r}, {c,r + s},1], {S[a], S[5], 
S[e], S[r], S[s] }] 
DFiniteSubstitute::divzero : Division by zero happened during algebraic substitution 
(caused by a singularity in the original annihilator). The result is not guaranteed to be 


correct. Please check whether this substitution and the output given below make sense. 


oufil= {5 + 5 — 1, 

—abce + abr + ac? — acr + be? — ber — 2 4 er) Se 

+ (abe — acr — acs — ber — bes + er” + 2ers + 8”) S, 

+ (—ac? + acr + acs — be? + ber + bes + 8 — € r—crs—cs?), 

ab + b° — be— bs +b) 5, + (—ab+ar+as + br +bs —r? — 2rs—s”)S, + (—as 
b+ be—b+rs+s’), 
a’ + ab —ac—as+a)% + (—ab+ar+as + br +bs — r? — 2rs — s”)S, 

+ (-a? + ac—a—bs+rs+4s’), 

ab — ar — as —a— br —bs—b+r? 4 Irs + 2r +s? +28 +1)8? 

+ (—ab+ ar +2as + a+ br +2bs +b—cr —cs—2rs—r—2s? —2s—1)S 
+ (—as — bs +cs + s”)} 


This unfavorable warning comes from the factor (1 — x) that appears in the 
leading coefficient of the hypergeometric differential equation, making x = 1 
a singular value. To avoid this issue, the necessary relations are derived by a 
different approach. Applying Takayama’s algorithm to (3.6.2) yields 
n[i7|:= smnd = Pochhammer|a, k] Pochhammer|b, k] Pochhammer|r, k] 
/Pochhammer|c, k]/Pochhammer|r + s, k] /k!; 
1s:= tak = Takayama(Annihilator[smnd, {S[k], S[a], S[b], S[e], S[r], S[s] }], 
{k}]; 
19:= rhs2 = DFiniteTimes|Annihilator[Gamma[r] Gamma|s]/Gamma[r+ 
8 
] 


=a 


= 


? 

{S[a], S[b], S[c], S[r], S[s]}], tak]; 
n[20]:= GBEqual[rhs, rhs2] 
Out[20]= True 


The lengthy output has been suppressed, but the last line shows that the 
annihilating ideal is identical to the one obtained before. Therefore, both 
sides of identity (3.6.1) are annihilated by the same operator ideal. 

The next step is to determine the initial values required to complete the 
proof. A range of parameters is fixed first, saya >0,b>0,c>1,r>1,5>1. 
Taking the recurrences as the defining equations, it is now required to find the 
values needed to determine a multivariate sequence uniquely. In the univariate 
case, this corresponds to the first d values when d is the order of the recurrence. 
The multivariate analogs are all monomials that lie under the stairs of the 
Grobner basis. 
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Morever, as in the univariate case, the vanishing of some leading coefficient 
in the recurrences has to be investigated. In the univariate case, this question 
reduces to finding the non-negative integer roots of the leading coefficient. In 
the multivariate case, this analysis is more intriguing. It can even happen 
that there are infinitely many such singular points. Therefore a command 
that automatically determines all these critical points has been implemented: 


In21]:= sing = AnnihilatorSingularities[lhs, {0,0,1,1, 1}, 
Assumptions > c+ s—a—b>0O] 


ouztj= {{{a > 0,b > 0,c > 1,r > 1,8 > 1}, True}, 
{{a > 0,b>0,c> 1,r > 1,5 > 2}, True}, 
{{a > 0,6 > 0,c > 2,r > 1,8 > 1}, True}, 
{{a > 0,6 > 0,c > 2,r > 1,8 > 2}, True}, 
{{a > 0,6 > 1,c > 1,r > 1,s > 1}, True}, 
{{a > 0,6 > 1,c > 1,r > 1,8 > 2}, True}, 
{{a > 0,6 > 1,c > 2,r > 1,8 > 1}, True}, 
{{a > 0,b > 1,c > 2,r > 1,8 > 2}, True}, 
{{a > 1,6 >0,c> 1,r > 1,s > 1}, True}, 
{{a > 1,6 > 0,c> 1,r > 1,8 > 2}, True}, 
{{a > 1,b > 0,c> 2,r > 1,8 > 1}, True}, 
{{a > 1,b > 0,c > 2,r > 1,8 > 2}, True}, 
{{a > 1,b > 1,c > 1,r > 1,8 > 2}, True}, 
{{a > 1,b > 1,c > 1,r > 1,8 > 3}, True}, 
{{a > 1,b > 1,c > 2,r > 1,s > 1}, True}, 
{{a > 1,b > 1,c> 2,r > 1,8 > 2}, True}} 


The last entry in each case states the condition under which the corresponding 
points are singular. It is seen that there are many more such points than the 
staircase of the Grobner basis would indicate: 


in22):= UnderTheStaircase[lhs] 
Out[22J= {1, 5. } 


It is now routine to check the identity (3.6.1) for the above 16 cases, 
since in most of them the hypergeometric function in the integral reduces to 
a simple polynomial: 


in23j:= (MyInt[a(r—1) (1—x)(s—1) Hypergeometric2F 1 [a, b, c, x], {z, 0, 1}] == 
Gamma|[r] Gamma{[s]/Gamma[r + s] 


HypergeometricPFQ|{a, b, r}, {c,r + s}, 1) 
/. (First /@ sing) /. MyInt — Integrate 


out[23]= {True, True, True, True, True, True, True, True, True, True, True, True, True, 
True, True, True} 


Hence entry 7.512.5 in [35] has been verified. 
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3.7. An integral involving Gegenbauer polynomials 


The next identity appears as entry 7.322 in [35]: it states that 


2a 
| e°* (x(2a — a)’ 20 (= — 1) dx 
0 a 


m(—1)"e—@ (s)" T(n + 2v)In+4v(ab) 


niT(v) 


where CM (x) denote the Gegenbauer polynomials and I,,(#) the modified 
Bessel function of the first kind. The former special function is defined via 
the generating function 


(3.7.1) (1 — 220+ a7)-” = SS CY) (x)a” 
n=0 
and the latter is 


ae 1 \ v+2k 
(3.7.2) L,(a) = » ree (5) 


The computation of the annihilating ideal for the integral requires some 
human intervention: the problem is that in this instance the inhomogeneous 
part cannot be evaluated automatically. Hence the option nhomogeneous—> 
True once again is used and the simplifications are done “by hand.” It turns 
out that all inhomogeneous parts evaluate to 0. 
in24]:= {Ihs, inh} = Annihilator[Integrate| 

((a2(2a—2x) (v—1/2) GegenbauerC[n, v, x/a—1])/E(bz), {x, 0, 2a}], 
{Der[a], Der[b], S[n], S[v]}, 
Assumptions > v > 1, 
Inhomogeneous — True]; 
in(25):= Simplify[ReleaseHold[inh /. Limit — myLimit]] /, myLimit —> Limit, 
Assumptions > v > 1] // Simplify 
Out[25]= {0, 0, 0, O} 


The right-hand side can be handled in completely automatic fashion and 
we obtain exactly the same differential-difference operators as for the other 
side: 
in26]:= rhs = Annihilator[ 

(—1)”Pi Gamma[2v+n]/n!/Gammal|[v](a/(2b))” Bessell[v +n, ab] /E 
(ab), 
{Der[a], Der[b], S[n], S[v]}] 
Out[26]= {(an? + 2anv + 2an + 2av + a)S, + 2bvS,, 
(bn? + 4bnv + bn + 4bv? + 2bv).D, — 2b6°vS, 
+ (abn? + 4abnv + abn + 4abv? + 2aby — n? — 4n?v — n? — A4nv? — 2nv), 
(an? + 4danv + an + 4av? + 2av) Di — 2b? VS, 
(abn? 4abnv + abn + 4abv? + 2abv — n® — 6n?v — n? — 12nv? — 4nv 
gv — 4v? ; 
(4b°v°+-4b°v) So +(4n?v+20n7v?4+24n7?v+32nv?+76nv? +44nv+16v*+56v" 
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+64v?+24v) 5, H(; a’n*—8a-n®v—6a2n® —24a?n?v*—36a7n?v—11a?n? 
— 32a?nv® — 72a°nv” — 44a? nv — 6a?n — 16a2v* — 48a7v* — 44a7v 


12a7v)} 


In(27]:= GBEqual|lhs, rhs] 
Out[27]= ‘True 

This is already a strong indication that the identity is correct, but the 
initial values have to be compared. There are two monomials under the stairs 
of the Grobner basis lhs (or rhs which is the same): 
in2g):= UnderTheStaircase[lhs] 
Out[2g]= {1, S)} 
Hence the initial values for v = 0 and vy = 1 have to be compared. The values 
for a, b, and n can be prescribed, since the corresponding operators D,, Dp, 
and S, had been included in the algebra: 
In[29:= (a@(2a — x))*(v — 1/2) GegenbauerC[n, v, x/a — 1]/E*(bz) 

/.{a>1,b>1,n—-> 1} / {{v > 0}, {v > 1}} 

Out[29]= {o, (a —1)/(2- ane *} 


in(30]:= Integrate[%, {x, 0, 2}] 


ere {o. S resell 1 \ 


In[31]:= as Gamma|[2v +n]/n!/Gammal[pv] (a/(2b))” Bessell[v +n, ab] /E 
ab 
/. {a> 1,b>41,n > 1} / {{v - 0}, {vy > 1}} 


B 11/2, 1 
ene: {o. ae | 


Obviously, the right-hand side has a factor 2 missing. Hence a misprint in 
the book has been found! 
3.8. The product of two Bessel functions 
For a > b> 0 and Re(m+n) > —1, formula 6.512.1 states that 
ae pr T (mtmtt) 
Jim, Jn(bz)dx = — ~——~—4__ _)F 
| (az)Jn(ba)de = ATi + Dr ey 


m+tn+l1l n—m+l1. ‘ b? 
x (meget somttin +1; 5) 


where J,,(a) denotes the Bessel function. This classical special function is 
defined by the series 


Pe ae —1)* z\2 
(3.8.1) Jy (z) = (5) ree @) : 


Some problems appeared in the computation of an annihilating ideal for 
the left-hand side, namely, the software complains that it cannot evaluate 
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some delta part. To obtain further details about these problems, the creative 
telescoping relations were explicitly computed (the delta parts are shown in 
the output): 


inf32:= {ann, delta} = CreativeTelescoping|BesselJ[m, ax] BesselJ[n, ba], 
Der[z], {Der[a], Der[6], S[m], S[n] }] 5 


In[33|:= delta 

oufsgj= { — x, 2ba(an + a)SmSn — 2b(n + 1)(m+n4+1)S, + 2b? (nx + 2), 
abx Sm Sn +b°x, —2ax(bm+b) Sn Sp+2a(m+1)(m+n4+1)Sn—2 (b? max + b?a) ; 
— abxSn + b’xSh, barSn — abzS,,, ab?27.Sn, — b°x7 S, b? (ma nx x)} 


The first delta part already reveals the difficulties involved: according to 

the derivation in Section 3.2, the boundary condition to evaluate is 

[1 Jm (ax) In(ba)| ‘ ae 
The Bessel function J,(a) is asymptotically equivalent to \/2/(7x) as « — oo 
(see [1, 9.2.1]). Therefore the limit in the first delta part does not exist. 
Moreover, some other delta parts involve x”, which makes the situation even 
worse. 

One way to overcome these difficulties consists in going back to the roots 
of the holonomic systems approach. In his original paper [69], Zeilberger 
suggested finding an operator whose coefficients are completely free of the 
integration variable x. This is more than necessary, since usually it does no 
harm if x occurs in the delta part. Once such an operator is found, it is 
immediate to rewrite it into the form P+ D,Q. This method was called the 
“slow algorithm” by Zeilberger himself, and this points to the reason why it 
is rarely used in practice. In the example described here, this technique could 
be useful, since the occurrence of x in the delta part is exactly the problem 
encountered. It is also desired to have no derivatives with respect to a or b in 
the delta parts, since they cause the same difficulties. Such operators can be 
found by means of the command FindRelation, where the first condition can 
be encoded by the option Eliminate, and the second by the option Support: 
all monomials up to total degree 2 are given, but D,D, and D,D, are omitted: 


in[34|:= ops = {Der[a], Der[a], Der[b], S[m], S[n]}; 
In(35]:= Supp = Complement|Join[{1}, ops, Flatten[Outer[Times, ops, ops]]], 
{Der[x] Der[a], Der[x]Der[b] }); 
in(36:= rels = FindRelation|Annihilator[BesselJ[m, ax] BesselJ[n, bx], ops], 
Eliminate — x, Support —> supp| 
outfsej= { — ab’mD, Sp + (a7bn + a7b) Da Sn + (a ?(—b) — a”bn) Dy Sm + ab?>mD, Sn 
+ (a?n? +.a?n — b’m? b°m) Sm, 
(2m + 2) Dy Sm + (am — an +a) Se, + (2bm + 2b) Sinn - (a(—m) — an — a), 
(2n + 2) Dz Sn + (2an + 2a)SinSn + (b(—m) + bn + b)S? + (b(—m) — bn — b), 
— abD, Sn + abD, Sn — anSm + bm Sn, 
—a°b’ Dz + a?b? Dp — ab’ D, + a*bD, + (b’m? — a?n’)} 
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The principal and delta parts of these five relations have to be separated 
manually. Observe that D, is not invertible in the underlying Ore algebra. 
Therefore this operation has to be performed on the level of Mathematica 


expressions: 

in37|:= pps = OrePolynomialSubstitute[rels, {Der[x] — 0}]; 
in3g):= deltas = Together[(Normal /@ (rels — pps))/Der[z]] 
Out(3sJ= {0, 2(m + 1)S[m], 2(n + 1)S[n], 0, OF 


Now all the inhomogeneous parts vanish: the limits for 7 — oo as well as 
the evaluations at z = 0. The latter is true because at least one of the orders 
of the two Bessel functions becomes > 1 (recall that we impose m > 0 and 
n > 0). Hence the principal parts annihilate the integral. In order to compare 
them against the right-hand side, the Grobner basis of the ideal generated by 


them is computed: 


in(39:= hs = OreGroebnerBasis (pps, OreAlgebra[Der[a], Der[b], S[m], S[n]], 
MonomialOrder — DegreeLexicographic| 


Out[39]= {aDa + bD, +1, 

b°m? — bn? — 2b?n — b?).S? + (2a7bn + 2a7b — 2b?n — 2b*)D, 
+ (—2a?n? — 2a?n + bm? + bn? — b?) 
—abm — abn — ab) SmSa + (B® — 7b) Dy + (an + B?m 4B), 
a” ( m’) 2a’m + a?n? — a?) S2 + (2abm + 2a7b — 2b? m — 2b*)D, 
+ (a?m? + 2am + a?n? + a? — 2b’m? — 4b?m — 207), 
a°b — b®)D, Sn + (abn — abm) Sm + (a?n + a? — b?m — b?)Sh, 
ab — BD?) D4 Sin + (0? m — a?n) Sin + (abm — abn)Sn, 
b* — a*b’) Dp + (3b? — ab) D, + (a?n? + b? (—m?) +07)} 


in(40]:= rhs = Annihilator[ 
b” a~”—*Gammal[(m + n + 1)/2]/Gamma[n + 1]/Gamma|[(m — 


n+1)/2] 
Hypergeometric2F1[(m + n+ 1)/2, (n —m-+1)/2,n +1, b?/a7], 
{Der[a], Der[b], S[m], S[n]}]; 
in(41]:= GBEqual|lhs, rhs] 
Out[41j= True 


The proof is completed by checking four initial values. This is left to the 
reader. 


3.9. An example involving parabolic cylinder functions 


The first entry in Section 3.953 states that 
foe) : 2 2 
HL e—ye— Ba? a dx =" e ayy 
| ah “e in(ax) dx TeTNIE xp a8 (11) 


«to (ar) 2+ (Sar) 0 (G3) 2 Sar) 
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for Re > —1, Re > 0, and a > 0. The symbol D,(z) denotes the parabolic 
cylinder function defined by 


Alternatively, this function is defined as a certain solution of the differential 
equation 
Ay!" (x) + (48 — a* + 2) y(x) =0. 

For convenience of typing, the Greek letters are replaced by Roman ones 
(8 = b, y =c, » =m), and the complicated right-hand side is stored as an 
extra variable. 
Inf42]:= rexpr = —I/(2(2b)*(m/2)) * Exp[(c*2 — a*2)/(8b)] * Gamma[m] 

(Exp[—Iac/(4b)] « ParabolicCylinderD|[—™m, (c — Ia) /Sqrt[26]] 

— Exp[lac/(4b)]| * ParabolicCylinderD[—™m, (c + Ia) /Sqrt[2b]]); 

A short look at the expressions involved in this identity suggests acting 

on a,b,c with a partial derivative, and on m with the shift operator. Observe 
that the identity holds for a = 0 as well. Annihilating ideals for both sides 
are readily computed, but unfortunately, they do not agree. 
In[43]:= [hs = Annihilator[ 

Integrate[x~*(m — 1) Exp[—ca — ba~2] Sin[az], {x, 0, Infinity }], 

{S[m], Der[a], Der[b], Der[{c]}, 

Assumptions — Re[m] > —1 && Re[b] > 0 && a > 0] 


outaz]= {aD + 2bD, + cDe +m, Sn + De, D? + Ds, 
4b’ Dy + 4bcD, De + (—a? + 4bm + 6b — c”) Dy + (2em + 2c)Dz 4 (m? +m)} 


in(44]:= rhs = Annihilator[rexpr, {S[m], Der[a], Der[b], Der[c] }] 


ourfaaj= {aD + 2bD, + cD. +m, D? + D,, 
4b” Dj +4bcD, D.+(—a” +4bm+6b—c?) D, +(2cm+2c)D.+(m? +m), $7,+D,} 


It turns out that the latter is a subideal of the previous one: 
inf45):= Length[UnderTheStaircase[#]]& /@ {lhs, rhs} 
Out[4s]= {4, 8} 


in[46):= OreReduce[rhs, lhs] 
Out[46]= {0, 0, 0, O} 


Why are fewer relations found for the right-hand side? The reason is the 
factor Vb that appears in the argument of the parabolic cylinder function. 
Annihilator computes operators with coefficients that are polynomials in 
the variables corresponding to the Ore operators in the algebra. This can 
increase the order of the resulting operators, as the following two examples 
demonstrate. 
in(47|:= Annihilator |ParabolicCylinderD[—m, Sqrt[b]], S[m]] 
outfa7j= {(m + DSW bSq = 1} 
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in(4g:= Annihilator |ParabolicCylinderD[—m, Sqrt[b]], {Der[b], S[m]}, 
MonomialOrder + Lexicographic| 
outas|= {(m? + 5m +6) Sp, + (—b— 2m —3)S7, +1, 4bD, + (—2m? — 2m) 8%, + (b+2m)} 


However, the structure of the identity in question is special in the sense 
that, if computed with Vb in the coefficients, then all occurrences of it would 
disappear in the final result. This can be reproduced by introducing a new 
variable s = Vb in the original expression, and in the end the correspond- 
ing closure property “substitution” is performed. This produces the same 
annihilating ideal as for the left side: 


in49]:= rexpr1 = Simplify[rexpr /. b > s*2,s > 0]; 
inf50):= rhs1 = Annihilator[rexpr1, {S[{m], Der[a], Der[s], Der[c] }] 


outso]= {aD, + sD, + cD. +m, Sn + De, 28D? + Da, 
2s* D? + 4cs” D, D. + (—a? — c? + 4ms? + 4s”) D, + (4ems + 4cs) D, + (2m?s + 


2ms)} 


in(51]:= rhs1 = DFiniteSubstitute[rhs1, {s + Sqrt[b]}, 
Algebra — OreAlgebra[S[m], Der[a], Der[b], Der[c]]] 


oursy= {aD + 2bD, + cDe +m, Sn + De, D? + Dy, 
4b’ Dy + 4bcD, De + (—a? + 4bm + 6b — c”) Dy + (2em + 2c) De + (m? + m)} 


inf52):= GBEqualllhs, rhs1] 
Out[5zJ= True 


Alternatively, the operator D, can be set aside. Since in this problem, the 
initial values to be checked are simple enough with symbolic m and b, the shift 
in m will not be included. Considering m as a parameter has the additional 
advantage that the proof is valid for any m and not only for integer values. 
in53]:= Ihs = Annihilator[ 
Integrate[x~*(m — 1) Exp[—cax — ba~2] Sin[az], {x, 0, Infinity }], 
{Der|[a], Der[c]}, Assumptions + Re[m] > —1 && Re[b] > 0 
&&a > 0] 

outfs3]= {2bD? — aD, — cD. — m,2bD? + aDy + cD, +m} 


inf4:= rhs = Annihilator[rexpr, {Der[a], Der[c] }] 
outs4j= {2bD? — aD, — cD. — m,2bD2 + aD, + cD. +m} 


As already mentioned, the leading monomials in the Gr6ébner basis in- 
dicate the initial values to be compared. The integrals that remain to be 
computed now are simpler than the original one. 
inf55):= uts = UnderTheStaircase|lhs] 
out[55]= {1, D., Da, Da De} 
in(56):= ApplyOreOperator|[uts, «*(m — 1) Exp[—cwx — bx~2] Sin[aa]] 

/. {a + 0,c > O} 


Out[56]= {0 Gete™ ge (-e")} 
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In[57]:= Integrate[%, {z, 0, Infinity}, Assumptions + Re[m] > —1 
&& Re[b] > 0] 


1,_m 1 1 _m 
Out[57]= {0.0 50 ?-#Gamma Ee 5b 7 'Gamma [= + i} 


In[58]:= FullSimplify|ApplyOreOperator|[uts, rexpr] /. {a > 0,c > 0}] 


Out [58]= {0.0 50 F-FGamma i“ *| eee ile [= + 1] \ : 


3.10. An elementary trigonometric integral 


The final example is entry 4.535.1 in [35]: 


1 
arctan px 1 9 


In the computation of a differential equation for each side of the iden- 
tity, an overshoot concerning the order is observed for the left-hand side (for 
brevity, only the leading monomials of both operators are displayed). 
in(59:= Ins = Annihilator [Integrate[ArcTan[pa] /(1+ap2), {x, 0, 1}], Der[p]]; 
in(60:= rhs = Annihilator|(1/(2p*2)) ArcTan[p] Log[1 + p*2], Der[p]]; 
ino1|:= LeadingPowerProduct /@ Flatten[{lhs, rhs}] 
out(erj= {D>, D?} 

It turns out that the fifth-order differential equation is a left multiple of the 


other one. An explanation for this non-agreement is desirable. This is ob- 
tained by considering the inhomogeneous part that remains after creative 
telescoping: 
info2:= {{op}, {inh}} = Annihilator |Integrate[ArcTan[pa]/(1 + xp~2), 

{x, 0, 1}], Der[p], Inhomogeneous —> True] 


outfea}~ {0% + p?) D2 + (6p + 4p) Dy + (6p? +2)}, 


{ (=p" — 3p® — 3p® — p)ArcTan|[p] — p°—p* +p? +1 _ I 
p(p? +1)° P 


info3]:= FullSimplify[inh] 
oe 
gee 
Hence the inhomogeneous differential equation that remains after telescoping 
is 
(3.10.2) 
2p 
(p* + p*) f"(p) + (6p? + 4p) f"(p) + (6p? + 2) f(v) = rome + arctan p, 


Out(63]= —ArcTan|[p] — 


which has to be homogenized. For this purpose, an annihilating operator for 
the inhomogeneous part (i.e., the right side of (3.10.2)) is computed and then 
left-multiplied to the operator op. By default, the closure property “addition” 
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is used for such expressions. But a careful inspection shows that it can also 
be written as an operator application: 


2 
(3.10.3) (2pD, + 1)(arctanp) = ot + arctan p. 


+1 
In such situations the latter closure property is preferable, as the following 
computations demonstrate: 
in(64):= Annihilator |[2(p/(1 + p*2)) + ArcTan[p], Der[p]] 
Out[64]= {(p? + 2p + p)D? + (7p* + 6p” - 1D, + 8p" Dy} 
inf65]:= Annihilator [Apply OreOperator|[2p Der[p] + 1, ArcTan|[p]], Der[p]| 
Out[65]= {(p* 2p" 3)D; (2p* 14p) Dp } 
This leads to the same fourth-order differential equation previously obtained 
for the right-hand side: 
info6:= First[%] ** op 
Out{6s]= (p° — p® — 5p* — 3p”) Dp + (16p" — 32p° — 72p* — 24p) D; 
74p° — 224p* — 270p — 36) D> + (108p” — 444p* — 264p) D, 
36p* — 192p? — 36) 


inf67|:= GBEqual[%, rhs] 
Out[67]= ‘True 


At this point, the known evaluation of the integral is ignored, and the dif- 
ferential equation is employed to find it. The Mathematica command DSolve 
delivers the following four independent solutions: 
in(63:= DSolve| ApplyOreOperator[First[rhs], f[p]] == 0, f[p], p] [[1, 1, 2]] 

Cf1] rs C[2] ArcTan|p] Fr C[3] Log [p? +1] — C[4] ArcTan[p] Log [p? + 1] 
ee 


Out[6s]= ——— 
pe 


2p? 6p? 

Four constants need to be determined. From the fact that the integral is 0 
for p = 0, the first two solutions are excluded, since they tend to infinity as 
p— 0. The fourth solution tends to 0 for p — 0, but the third one does not; 
hence C[3] must also vanish. The last constant can be determined from the 
first derivative with respect to p, evaluated at p = 0: 


1 d (arctanpx 1 
BN ro dx = adz =r. 
o dp \ 1+p'r /\,-6 0 2 


The remaining constant C[4] is seen to be 3 and the evaluation (3.10.1) has 
been rediscovered. 


CHAPTER 4 


The error function 


4.1. Introduction 


The error function defined by 


(4.1.1) erf(u) := = [ e dex 


is one of the basic non-elementary special functions. The coefficient 2/,/7 is 
a normalization factor that has the effect of giving erf(oo) = 1 in view of the 
normal integral 


(4.1.2) | eae 
0) 2 


The reader will find in [17] different proofs of this evaluation. 

In this paper we produce evaluations of entries in [35] that contain this 
function. The methods are elementary. The reader will find in [23] a more 
advanced approach to the question of symbolic integration around this func- 
tion. 


4.2. Elementary integrals 


The table [35] contains many integrals involving the error function. This 
section contains some elementary examples. 


LEMMA 4.2.1. Define 


(4.2.1) F,(v) = [ te dt. 
0 
Then the function F,, satisfies the recurrence 
(4.2.2) F,(v) =—hu" te" + 21 F,_9(v), 
with initial conditions given by 
(4.2.3) Fo(v) = a erf(v) and F(v) = ; (1 - e) : 


ProoF. This follows simply by integration by parts. 


The recurrence (4.2.2) shows that F,(v) is determined by Fo(v) and 
Fon41(v) by Fi(v). An explicit formula for the latter is easy to establish. 
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LEMMA 4.2.2. The function Fon+41(v) is given by 


n! v 
(4.2.4) Fanti(v) = > [1 - ery) 


1 2 
Ponyi(v) = Soee + nFon-1(v) 
1 2n —v (n = 1)! v2 > ur 
= Bate +n x 5) 1—- / ai 
j=0 
n-1 25 
= Spe ae 242 v 
=> U + 2D 1- py ria 


Now observe that the first term matches the one in the sum for 7 = n. 


The case of an even index follows a similar pattern. 


LEMMA 4.2.3. The function Fo,(v) has the form 
(2n = 1)! 1 2 


(4.2.5) Fon (v) = an Fo(v) — ante P,,(v), 
where P,(v) satisfies the recurrence 
(4.2.6) P,,(v) = 2" 1v?"? + (2n — 1)Pa-1(v) 


with initial condition Po(v) = 0. Therefore P,(v) is a polynomial given ex- 
plicitly by 


n-1 


(4.2.7) RO= Ss. 


k=0 


(Qn—1)N2F 5, 
Qk+nN ” 


PROOF. The details are left to the reader. 


4.3. Elementary scaling 


Several entries in [35] are obtained from the expressions in the last section 
via simple changes of variables. For example, a linear transformation gives 


ee 1 
(4.3.1) ‘s xe F* dx = sai Fn (qv). 
0 q 
This section presents some examples of this type. 


EXAMPLE 4.3.1. The case n = 0 yields entry 3.321.2 


(4.3.2) 7 en? dy = VE rita: 
0 2q 
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EXAMPLE 4.3.2. Entry 3.321.3 
(4.3.3) | pte a a VE 
0 2q 


is obtained by simply letting u — oo in Example 4.3.1 and using erf(oo) = 1. 


EXAMPLE 4.3.3. Entries 3.321.4, 5,6, 7 are obtained from the recurrence 
for Fy: 


a 1 
/ ze? dx = aT (1 - cr) , 
0 2q 
sa 2 —q2a? d _ 1 
re £o= — 
i 2q° 
x 3 —q2x? a 1 
i ge t* dy = ma 
1 


id 3 3 
i ete tt el: sa ( VF exé(qu) - (5 +40?) ae"). 


EXAMPLE 4.3.4. Simple scaling produces other integrals in [35]. For 
example, starting with 


(4.3.4) / e-*” de = va (1 — erf(a)), 

the change of variables t = qa yields 

(4.3.5) / et? dt = va (1 — erf(qa)) . 
a q 


The integral 
(4.3.6) / ote pe gy — VE opal? (1 one (P27) 
a 2q 2q 


is now computed by completing the square. The choice gq = 1/2\/8 and p= 
appears as entry 3.322.1 in [35] 


(4.3.7) ie exp (-5 = 7) dx = \/7Beb? (1 —erf (5 i vB7) ) 


In order to minimize the choice of Greek letters (clearly a personal choice of 
the authors), it is suggested writing this entry using the notation in (4.3.6). 


EXAMPLE 4.3.5. Entry 3.322.2 


(4.3.8) | en FP Pe dy = VT og? a? 1— erf(2 
) 2q 2q 


comes from letting a + 0 in (4.3.6). 
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EXAMPLE 4.3.6. The choice of parameters gq = 1 and a = 1 in (4.3.6) 
produces 


(4.3.9) | ent PE dy = VE ss (1 ~ erf (2=*)) 
‘lt 


This appears as entry 3.323.1 (unfortunately, with p instead of g. This is 
inconsistent with the notation in the rest of the section). 


EXAMPLE 4.3.7. The evaluation 3.323.2 


(4.3.10) /- exp (—p’x? + qx) dx = a exp (4) 


ae Ap? 


follows directly from completing the square 


2 
(4.3.11) —p?x? + qx = —p? (w F q/2p?)” + Te 


4.4. A series representation for the error function 


The table [35] contains some series representation for the error function. 
Entry 3.321.1 contains two of them. The first one is equivalent to 


1)Fu 2k+1 
=F Gee ki (2k +1)’ 


which comes from term by term integration of the power series of the inte- 
grand. The second one is more interesting and is given in the next example. 


(4.4.1) erf(u 


EXAMPLE 4.4.1. Entry 3.321.1 states that 


2 i. Qh 
4.4.2 f =. er" ee ae 
<ea2) eS » Qk+ DN" 


To check this identity, we need to prove 


= (=1)* 2k — 23 Qj+1 ) _ ~ (=1)e 2r+1 
(>. ie ae OE" = 2oni@r ro 


k=0 


Multiplying the two series on the left, we conclude that the result follows from 
the finite sums mac 


1 kor k —1)" 
(4.4.3) i ae A, 
=p Rl (2r — 2k + 1)! r! (2r + 1) 
This can be eereees as 
2 r\ (2k\~*" 2 +1 
4.4.4 —4)k =1 
(44) er) ae 
which is now established using the WZ-technology [55]. Define 


(4.4.5) A(r, k) = (—4)* o) & ese 
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and use the WZ-method to produce the companion function 


(4.4.6) FIC eT a ed a 

= an k-1/)\k 
The reader can now verify the relation 
(4.4.7) A(r +1,k) — A(r,k) = B(r,k +1) — B(r,k). 


Both terms A and B have natural boundaries, that is, they vanish outside 
the summation range. Summing from / = —oo to k = +00 and using the 
telescoping property of the right-hand side shows that 


(4.4.8) ay = S> A(r,k) 
k=0 
is independent of r. The value ag = 1 completes the proof. 


4.5. An integral of Laplace 


The first example in this section reproduces a classical integral due to P. 
Laplace. 


EXAMPLE 4.5.1. Entry 3.325 states that 


ise 1 
(4.5.1) | exp (—ax” — br~?) dx = syne, 
0 a 


To evaluate this, we complete the square in the exponent and write 
(4.5.2) | exp (—ax? — ba”) dx = ee eo (Vax—vo/2) de 
0 0 
Denote this last integral by J, that is, 
(4.5.3) Js / eo (Vax—vo/2)” de 
0 

The change of variables t = Vb/,/ax produces 

vb [* 2 dt 
4.5.4 Jia We 
(4.5.4) va 
The average of these two forms for J produces 

1 lo) 
(4.5.5) T= xf e~ (Vae—vb/2)? (va+ vb/2") de. 
0 


The change of variables u = ax — V’b/x now yields 


1 ee =p - Jr 


and the evaluation is complete. 
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The method employed in this evaluation was expanded by O. Schlomilch, 
who considered the identity 


(4.5.7) is f ((ax — be~1)*) dz = -f f(y”) dy. 


The reader will find in [3] details about this transformation and the evaluation 
of many related integrals. 


EXAMPLE 4.5.2. Entry 3.472.1 of [35] 


(4.5.8) i‘ (exp (—a/2) — 1) et de = ava Gag - 1) 


can be evaluated directly from 3.325. Indeed, 


‘is (exp (—a/x?) — 1) eH dz = i. exp (—a/x? — px?) dx 
0 0 


= | a ae ee 1 ja (ae = 1) 
) 2V u 
EXAMPLE 4.5.3. Entry 3.471.15 


(4.5.9) | ae Nea a [ter 
0 a 


can be reduced, via t = x!/2, to 


as required. 


(4.5.10) I= 2 | eat? ae, 
0 


The value of this integral is given in (4.5.1). 


EXAMPLE 4.5.4. Differentiating with respect to the parameter p shows 
that the integral 


(4.5.11) In(p) = A gr—V/2e—pe—a/e dep 
0 
satisfies 
An 
(4.5.12) 25 —In+1(p). 


Using this, it is an easy induction exercise, with (4.5.9) as the base case, to 
verify the evaluation 


5.13) fh aera de = (arya (SZ) [ven 
P 


0 
This is entry 3.471.16 of [35]. 


4.6. SOME ELEMENTARY CHANGES OF VARIABLES 51 


4.6. Some elementary changes of variables 


Many of the entries in [35] can be obtained from the definition 


De SPP ets 
(4.6.1) erf(u) := —= | e” dx 
Vi Jo 
by elementary changes of variables. Some of these are recorded in this section. 


EXAMPLE 4.6.1. The change of variables x = ,/tq in (4.6.1) produces 


wu —qt 
(4.6.2) : . | dt = [Teattu. 
Now let v = u?/q to write the previous integral as 
vena 7 
(4.6.3) one dt = [Text va) 


This appears as 3.361.1 in [35]. 


EXAMPLE 4.6.2. Let v + oo in (4.6.3) and use erf(+oo) = 1 to obtain 
3.361.2 


(4.6.4) f. — dt = = 


The change of variables x = t + a produces 


(4.6.5) ie OS gee coe 2 
.O. LE 4 
a Vt— a qd 


The special case a = —1 appears as 3.361.3 


(4.6.6) / Pee tes ial @ 
VU. ——_ ar —e =; 

—-1 V@+ 1 qd 
and a = 1 appears as 3.362.1 

ee erige 7 
4.6.7 / ———_ dx = e 4, /-. 
(4.6.7) . eq ; 
EXAMPLE 4.6.3. The evaluation of 3.461.5 
2 AL L453 

(4.6.8) i e! mee m — /mq (1 — erf(u/q)) 


is obtained by integration by parts. Indeed, 
(4.6.9) i, er Sg a 24 | en dz, 


and this last integral can be reduced to the error function using 


(4.6.10) | et” dx =) ee ax — [ e® da. 
u 0 0 
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EXAMPLE 4.6.4. The evaluation of 3.466.2 


2 2,2 


ee) —a°x b 
(4.6.11) | ps a oh 
0 


x? + b? ‘Oa 2 


is obtained by writing 


ace (ee = —2ae-0 i re? ® dex 
Oa 0 


and the integral J can be evaluated via the change of variables t = ax, to get 


0 (ere) = VT as? 


Oa 2a? 
Integrate from a to oo and use 3.461.5 to obtain 
—a7b? 
(4.6.12) i _ (: —b/r(1— ao) 
a 


Now simplify to produce the result. 
EXAMPLE 4.6.5. The evaluation of entry 3.462.5 
a 1 VY 42 T 
4.6.13 | ze He 248 dy = — — ee” /™ [201 — erf(v//n)) 
( ) 0 2 Le vi 
can also be obtained in elementary terms. The change of variables t = \/px 
followed by y = t + c with c = v/,/p yields 


(4.6.14) (ea 
Lb 
where 
(4.6.15) j= / (y—cje~¥ dy. 


The first integrand is a perfect derivative and the second one can be reduced 
to twice the normal integral to complete the evaluation. 


EXAMPLE 4.6.6. The integral in entry 3.462.6 


(4.6.16) i we Pe '— 298 day — tft exp(q° /p) 
=e PVP 


is evaluated by completing the square in the exponent. It produces 
(4.6.17) T=et/P qe ze P(e—a/P)* day 

and shifting the integrand by t = x — p/q yields 

(4.6.18) [T=et/P he (t+ p/qje-”" dt. 


The first integral is elementary and the second one can be reduced to twice 
the normal integral to produce the result. 
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EXAMPLE 4.6.7. Similar arguments as those presented above yield entry 
3.462.7 


co 2 2 
(4.6.19) i; gre Ht? —2ve dy — “oe fag i wea —erf(v/ V7), 
and 3.462.8 


iad 1 Tv 2 
4.6.20 / pte He tee dy — fA (1 + Qu? /pe”/™. 
( ) 7 Tht eth /b) 


4.7. Some more challenging elementary integrals 


In this section we discuss the evaluation of some entries in [35] that are 
completed by elementary terms. Even though the arguments are elementary, 
some of them require techniques that should be helpful in more complicated 
entries. 


EXAMPLE 4.7.1. Entry 3.363.1 states that 


(4.7.1) a ee dx = jae — mVu(l — erf(\/qu)). 


The evaluation is elementary, but more complicated than those in the previous 
section. 


We first let c = u+t#? to produce I = 2e—™ J, where 


lo-e) t? 
(4.7.2) J= i ——e at. 
o tf+u 
The next step is to write 
foe} 5 co ena” 
(4.7.3) i= et au | — jt. 
0 o utt 
The first integral evaluates as /7/2,/q and we let 
Co —r? 
e€ 
4.7.4 K= ———-_dr, 
(4.7.4) | wm 
so that 
(4.7.5) T= [67% — Qu/geK. 
qd 
The change of variables s = r? + qu produces, with v = qu, 
1 ~ e *ds 
4.7.6 K = ~e™ ——.. 
( ) 2° » svVs—v 


The scaling s = vy reduces the question to the evaluation of 


love) envy 
4.7.7 T= i. ——— dy. 
( ) 1 yvy-l 
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Observe that 


OT eo ey Tin 2 


where we have used 3.362.1. Integrate back to produce 


T= yaf <r 


al go-['54) 
= r(1—erf(Vv)). 


This gives the stated result. 


EXAMPLE 4.7.2. The identity 


VYri-u 1 1 Vi-U 
(4.7.9) == - 
x u\/t-—u x 
and the results of 3.362.2 and 3.363.1 give an evaluation of entry 3.363.2 
eo eH dx T 
(4.7.10) me 


———— = 1 —erf(,/qu)). 
a= a 
4.8. Differentiation with respect to a parameter 


The evaluation of the integral J described in the previous section is an 
example of a very powerful technique that is illustrated below. 


EXAMPLE 4.8.1. The evaluation of 3.466.1 


2,,2 
Se UX dz Tw a2b2 
(4.8.1) | ape => ap — erf(ab) )e b 5 
is simplified first by the scaling x = bt. This yields the equivalent form 
el _ 242 
e © dt TT 2 
4.8.2 —— = -(l-erf . 
(4.8.2) [SF = Fenton” 
with c= ab. Introduce the function 
oo ,—¢7?(1+t7) 

€ 
4.8. = ——_ dt 
( 8 3) fe) if ise t2 
and the identity is equivalent to proving 

T 
(4.8.4) fio = 5 —erf(c)). 
Differentiating with respect to c, we get 
8. @) =~—Dee-* e- * dt = — Te. 
4.8.5 2ce~° ("dt = —Vre° 
0 


Using the value f(0) = 5, we get 
(4.8.6) fio = (1 — erf(c)) 
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as required. 


EXAMPLE 4.8.2. The evaluation of entry 3.464 


as — px _pe2 dx 
(4.8.7) : te —e ) S = ve (ve va) 
is obtained by introducing 
(4.8.8) f(u) =| (eo = oe ae 
0 xv 
and, differentiating with respect to the parameter 4, we obtain 
co 2 Vr 

(4.8.9) f(y = -{ e * dx = -~—. 

0 2/u 


Integrating back and using f(v) = 0, we obtain the result. 


4.9. A family of Laplace transforms 


Several entries in the table [35] are special cases of the integral 


(4.9.1) Lp(a, q) = a a 


where 0 has the form n — 4 for n € N. For example, entry 3.362.2 states that 


(4.9.2) Li(a,q)=,4/ ~e"terte( ag) 
2 
and entry 3.369 is 
2 
(4.9.3) L3(a,q) = = — 2\/mqeerfe(,/aq). 
3 Ja 


The function erfc is the complementary error function defined by 
2 co 
(4.9.4) erfe(u) = 1—erf(u) = = | o-? de. 


These results are special cases of entry 3.382.4, which gives L,(a,u) in terms 
of the incomplete gamma function 


(4.9.5) I'(a,c) =| mer a 


in the form 


(4.9.6) Ly(a,u) = eu? 4T(1 — 6, au). 


1 


5 is considered. Details for the general 


In this paper only the case b = n— 
situation will be given elsewhere. 
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EXAMPLE 4.9.1. The integral in 3.362.2 


© eI dx 7 
4.9.7 = ,/—e%4 (1 —erf 
(4.9.7) [ SS -fpera-ava 


can be established by elementary means. Indeed, the change of variables 


x = s*—a yields 


(4.9.8) [= ze f e-™" ds, 
Ja 


and scaling by y = \/¢s yields 
ee aa ad 


VG Sa 


Jere Vqa ‘ 
we (Vea) 


and now just write this in terms of the error function to get the stated result. 


(4.9.9) eY dy, 


which can be written as 


(4.9.10) I= 


LEMMA 4.9.2. Let m EN anda>0O. Then 


(4.9.11) i. rayne ii dl (vier ertoVa) — eI), 


x+aymtt/2 (2m — 1)! 
where P,,(a) is a polynomial that satisfies the recurrence 
d 
(4.9.12) Play = 2" * a) + 2a5—Pm—1(a) — (2m ~ 3)Pm—1(a) 
and the initial condition Po(a) = 0. 


PrRooF. The identity (4.9.7) can be expressed as 


© e * dx 
4.9.13 = “erfc : 
( ) : aa Jreverte Va 


Now differentiate m times with respect to a and using 


d\™ 1 | (-1)™(2m-—1)! 
(a) Jere" Bee 


(4.9.14) 


and the ansatz 


d Py (a) 


49.15) (L) [vaeterte(va)] = Vaererte(ya) - ARO 


give the recurrence for P,,(a). 


It is possible to obtain a simple expression for the polynomial P,,(a). This 
is given below. 
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COROLLARY 4.9.3. Define 


(4.9.16) Rm(a) := (-1)"™"' Pn (—a/2). 

Then 

(4.9.17) AEDS Opatars, 
j=0 


PrROoF. The recurrence for eee ) gives 
(4.9.18) Rm(a) = a™—* — 2aR},,_1(a) + (2m — 3)Rm-1(a). 


The claim now follows by induction. 


In summary, the integral considered in this section is given in the next 
theorem. 


THEOREM 4.9.4. Letm€N anda>0O. Then 


ey 


ede | «(=O = —1)!! 
if Gia Ome | Ve ove “7 Be 


In terms of the original integral, this result gives 


y oo e7 dx _ (S1)omgnnl/? 
m+ (a, 4) o (2ta)m+/2 (2m — 1)! 
a d(2j a aye 
x JTree Terfc(./aqg ram a eae eee 


4.10. A family involving the complementary error function 


The table [35] contains a small number of entries that involve the comple- 
mentary error function defined in (4.9.4). To study these integrals, introduce 
the notation 


(4.10.1) Ay m(b) =| a"erfc™ (x)e~e™ dx. 
0 


The table [35] contains the values Ho,2(b) in 8.258.1, Hy 2(b) in 8.258.2 and 
8.258.3 is H3(b). The change of variables x = Vt yields the form 


1 f° mel 
(4.10.2) An m(b) = >| t 2 erfe'(Vt)e~" dt. 
0 
In this format, entry 8.258.4 contains H31(b) and H2,1(b) appears as 8.258.5. 
This section contains an analysis of this family of integrals. 


EXAMPLE 4.10.1. The value 


(4.10.3) Hoo(b) = S 


is elementary. 
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The next result presents a recurrence for these integrals. 


PROPOSITION 4.10.2. Assume n > 2 andm > 1. The integrals Hy m(b) 
satisfy 


n—-1 m 
iV. nym = —— An ym b) — —~ F,,- m— 1). 
(4104) Hn 0) = Hab) — nam (0+ 1) 
PROOF. Observe that 
ie. fe ie 
(4.10.5) Fy.m(b) = -3 f x” (erfe x) ao dx. 


Integration by parts gives the result. 


Note. The family H,,m(b) is determined by the initial conditions Ho(b), 
A (b) and Hy,o(b). Each of these are analyzed below. 


The family H,,9(b) is easy to evaluate. 
LEMMA 4.10.3. The integral Hy,9(b) is given by 
eee ee 
(4.10.6) Hno(b) = 56 2 T (24). 
PROoF. This follows from 


(4.10.7) Hy,0(b) =| ate 2” der 
0 


by the change of variables s = bz?. 


The family Ho,(b) is considered next. 


The first step introduces an auxiliary function. 


LEMMA 4.10.4. Define 
(4.10.8) Fra.m(y, 6) FI ae (/ em ar) ee as. 
0 x 


y 
Then 


d 
(4.10.9) agin (y?) — —Mfn+1,m—1(y, 6 + y?). 


PrRooF. This follows directly from the definition. 


LEMMA 4.10.5. Assume m,n €N. Then 
ee 
4.10.1 Hym(b) = Hn.o(b) -— = n+iym—1(y,b + y*) dy. 
(410.10) Hb) = H.0(0)~m (Fe) [ asam-alsb-+ 0?) dy 
ProoF. Integrating (4.10.9) and using the values 
(4.10.11) fnym(1,b) = (=) Hy,m(b) and frm (0,6) = (<) Hno(b) 


gives the result. 
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COROLLARY 4.10.6. The choice n =0 gives 


Hoym(b) = a —m (=)" fim—1(y,6 + y*) dy. 


The next examples are obtained by specific choices of the parameter m. 
EXAMPLE 4.10.7. The first example deals with m = 1. In this case, 
Corollary 4.10.6 reduces to 


(4.10.12) H (ane ae, (y,b+y")d 
-1U- 0,1 = a/b afb 1,0\Y; y y. 
The value f1,0(y,7) = = produces 


tan~! /b 
Vib 


The computation of Ho,2(b) employs alternative expression for the inte- 
grand in Corollary 4.10.6. 


(4.10.13) Ho,1(b) = 


LEMMA 4.10.8. The function fijm-—1 is given by 


(4.10.14) 
a /2Q)m-1 m—1 gm/2-1 
fim-1(y,6 +9") = So = a Hom-s ( 


PrRooF. Integration by parts gives 


co Co m-1 
fimaybty) = | ce (Oty )2* € ee ar) de 


1 oO ad 2\.2 oe 2 caer 
ey es a SP at d 
TES 7G nea . ) 


Gr oiet (m— 1 Yai ce 1 


2b + y?) — Qm-1 b+ y2 
foe) co m—2 

x | en (b+2y")a (/ en’ ir) dx. 
0 “Ly 


This expression for the integrand in Corollary 4.10.6 gives the next result. 


This is the claim. 


COROLLARY 4.10.9. The integral Ho,m(b) satifies 


A ee ee a 1 ) + mma © Ho m—a(t +2) dt 


a Sian See ieee 
2/b  Vrb vb Vor Jo #2 (t+ 1) 


EXAMPLE 4.10.10. The case m = 2 in the previous formula yields the 
value of Ho,2(b). The value of Ho,9(b) in (4.10.3) produces 
2 1 d ce dt 
Ho ,2(b) = ame —~— tan }— 
2/b Vxb 


do ie p (¢+1)vive+2 
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Evaluating the remaining elementary integral gives 
(4.10.15) 


sas 2 1 1 
Ho,2(b) = ~?#" erfc? (x) dx = —— ( 2tan™' Vb — cos"* ( —— } }. 
0,2(b) | ee” erfc*(a) dx = ( tan~! Vb — cos (=) 


This appears as entry 8.258.1 in [35]. 


The family H;,,,(b). This is the final piece of the initial conditions. 
PROPOSITION 4.10.11. The integral Hy m(b) satisfies the relation 


1 2m 
4.10.1 Ay am (b) = — | 1 — Ao m_-i(b4+1)}. 
(4.10.16) im) = (1 Etfom(6+1)) 
PrRooF. Integrate by parts in the representation 
1 fd 2 
4.10.1 Him(b)=—-z | —e fox d 
(4.10.17) 1,m(b) af, 1° x erfce”x dx, 


and use erfc(0) = 1. 


EXAMPLE 4.10.12. The relation (4.10.17) in the case m = 1 yields 


(4.10.18) Hialb) = 5 (1 i 1 


in view of (4.10.3). 


EXAMPLE 4.10.13. The case m = 2 gives 


1 4 
Entry 8.258.2 
72. -1 
4.10.20 Ay 2 := x erfe?x ew ba? dx = a 1— 4 tan(v1 +6) 
( ) 
0 2b T 1+5 


now follows from (4.10.13). 


4.11. A final collection of examples 


Sections 6.28 to 6.31 contain many other examples of integrals involv- 
ing the error function. A selected number of them are established here. A 
systematic analysis of these sections will be presented elsewhere. 


EXAMPLE 4.11.1. Entry 6.281.1 states that 


= me Qq-1 _ ies) 
(4.11.1) | (1 —erf(pa)) x dx = Dap 
The change of variables t = px shows that this formula is equivalent to the 
special case p= 1. This is an instance of a fake parameter. 
To show that 
ee) 1 
(4.11.2) | (1 —erfte)) 20-1 ae = Pitta) 
0 2/7 q 
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integrate by parts, with u = 1— erf t and dv = t?72~!, to obtain 


co 1 co 2 
4.11.3) | (1 — erf(t)) °°" dt = — | te di, 
( 0 V™q Jo 


The change of variables s = t? gives the result. 


EXAMPLE 4.11.2. Entry 6.282.1 is 


ae 1 
(4.11.4) : erf(qt)e” dt = — E — erf (4) oP /40" 
0 p 2q 


The change of variables x = gt and with a = p/2q converts the entry to 
vr 1 
(4.11.5) i erf(x)e~°** dx = — [1 — erf a] ew 
0 2a 


This follows simply by integrating by parts. 


EXAMPLE 4.11.3. Entry 6.282.2, with a minor change from the stated 
formula in the table, is 


[Porte ) —ext (Et de = Peay (HAM) |r ene (AES), 


Integration by parts gives 


a px 1 2 e —a?— Ag 
(4.11.6) | ferf (2 + 2) —erf(4)]e wet de = ef cP UHL dh, 


The result follows by completing the square. This entry in [35] has the factor 
js in the denominator replaced by (w+ 1)(u+ 2). This is incorrect. The 
formula stated here is the correct one. 


EXAMPLE 4.11.4. Entry 6.283.1 states that 


4.11.7 ) ec [1 — erf(\/azx)| dx = = (4- 1) : 
( ) ‘ [ ( )] B Va—B 
The change of variables t = fax gives 
Co 9 Co 
(4.11.8) | ef [1 — erf(.\/azx)] dx = ~ | te?” /erfe t dt. 
0 a Jo 


This last integral is H,,1(—8/qa) and it is evaluated in Example 4.10.12. 
EXAMPLE 4.11.5. Entry 6.283.2 states that 


(4.11.9) ia erf(/qt) e~?*dt = ae. 


The change of variables x = \/qt gives 
co 9 co 
(4.11.10) | erf(/qt) edt = = | ve?” /Verf x da. 
) q Jo 


Integration by parts, with erf x the term that will be differentiated, gives the 
result. 
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Note. The table [35] contains many other integrals containing the error 
function with results involving more advanced special functions. For instance, 
entry 6.294.1 

= d 
(4.11.11) | [1 — erf(1/x)] e#’®” = = —Fi(—2p), 
0 x 


where Ei denotes the exponential integral. These will be described in a future 
publication. 


CHAPTER 5 


Hypergeometric functions 


5.1. Introduction 


The hypergeometric function defined by 


Co 
Ay)k t'\An)k & 
(5.1.1) pF (a1, G2;°** ,Qp3b1, b2,+*+ bq} 2) es ) (ap) ce 
k=0 
includes, as special cases, many of the elementary special functions. For ex- 
ample, 


(5.1.2) log(l+a2) = « 2F\ (1, 1;2;-2) 
sing = «xof\ (—;3;-a?/4) 
. ote 32 
cosha = P lim oF (a, b; sie /4ab) ; 


The binomial theorem, for a real exponent, can also be expressed in hyperge- 
ometric form as 


(5.1.3) (1—2)~* =4Fo (a;-;2). 


The goal of this paper is to verify the integrals in [35] that involve this 
function. Due to the large number of entries in [35] that can be related to 
hypergeometric functions, the list presented here represents the first part of 
these. More entries will appear in a future publication. 

The hypergeometric function satisfies a large number of identities. The 
reader will find in [13] the best introduction to the subject. Some elementary 
identities are described here in detail. For example, if one of the top param- 
eters (the a;) agrees with a bottom one (the b;), the function reduces to one 
with lower indices. The identity 


(5.1.4) oF; (a, b; a; 2) = 1Fo(a;—; 2) 


illustrates this point. The binomial theorem identifies the latter as (1—x)~°. 


5.2. Integrals over [0, 1] 


The first result is a representation of 2F| in terms of the beta integral 
1 
(5.2.1) B(a,b) = | foames (eee A amg 9 
0 
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PROPOSITION 5.2.1. The hypergeometric function oF, is given by 


1 1 
(5.2.2) 2Fi (a,b 2) = CEE pe ea tide 


Proor. Expand the term (1 — ta)~* by the binomial theorem and inte- 
grate term by term. 


This representation appears as 3.197.3 in [35]. In order to simplify the 
replacing of parameters, this entry is also written as 


1 

(5.2.3) | #°(1—t)°(1—twx)* dt = B(b+1,c+1) oF, (—a, b+1;b6+¢+2; 2). 
0 

This is one of the forms in which it will be used here: the integral being the 


object of primary interest. 


EXAMPLE 5.2.2. The special case a = c = 1 in (5.2.2) appears as 3.197.10 
in [35] 


1 b-1 7 
(5.2.4) {oss ——_(1+2)-°. 


1—t)’(1+tz) ~ sin mb 
The evaluation is direct. The identity (5.1.4) gives 
(5:2:5) aF\ (1, b; 1; —2) = (1+2)~? 
and then use B(b, 1—b) = T'(b)'\(1—b) = z/ sin zb to complete the evaluation. 


EXAMPLE 5.2.3. Introduce the index r by r = a—0 and take c= b+r in 
(5.2.2). Then we have 


1 
(5.2.6) | ta — 4)" 11 — ta)?" dt = Bib, r) oF) (b+ 1, 6; b+17; 2). 
0 
The identity (5.1.4) reduces the previous evaluation to 
1 
(5.2.7) | (1 — #11 — ta)" dt = Bib, r) (1-2). 
0 


This appears as 3.197.4 in [35]. 


5.3. A linear scaling 


In this section we give integrals obtained from the basic representation 
(5.2.3) by the change of variables y = tp. This produces 


Pp 
(5.3.1) | y? (py)? | (p—ay)~* dy = p* 1B(b,c— b)2Fi (a, b; cx). 
0 
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EXAMPLE 5.3.1. The special case c = 6+ 1 produces 


P 1 
(5.3.2) | y'(p— wy)" dy = sp"*2Fi (a, b; b+ 1), 
0 


where we have used B(b,1) = 1/b. In order to eliminate the factor p~* 


choose « = —pr to obtain 


, we 


P 1 
(5.3.3) i y? (1+ ry)~* dy = —u?2F, (a, b; b+ 1;—rp), 
0 Pp 
This appears as 3.194.1 in [35]. The special case a = 1, stating that 
yo lq 1 
Y 
3.4 F, (1, 6; b+ 1;— 
(5.3.4) [? [er = ane rh sf lePD) 5 


appears as 3.194.5 in [35]. 
EXAMPLE 5.3.2. The table [35] contains the formula 3.196.1 


(5.3.5) fe iy Grain tage 


We believe that it is a bad idea to have u and yp in the same formula, so we 
write this as 


(5.3.6) fo eet eh ae 


To prove this, we let x = at to get 


(5.3.7) fe + b)”(a— a)" da = b’at fo + at/b)”(1—t)?* dé. 


0 
The integral representation (5.2.3) now gives the result. 


oF, [2,-1.1 + w=] : 


oF) [1 t+n,—2]. 


5.4. Powers of linear factors 


The hypergeometric function appears in the evaluation of integrals of the 
form 


b 
(5.4.1) I =i L(x)" Lo(x)”-1L3(x)*! dx 


where L, are linear functions and L;(a) = L2(b) = 0. For example, 3.198 
(5.4.2) 
1 


| w\(1 2)! [ax + (1 = 2) +f “OY dx = (a+ 0) #(b +c)" Blu, v) 
eee to the normal form (5.2.3) by writing 

(5.4.3) IT=(b+c) 4" [ e411 — 2)’ (1 — rr) der 

with r = (b— a)/(b+c). Then oA) gives 


b 
(5.4.4) T=(b+c)" “B(p,v)2Fi (u TY, bs LY; =). 
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To produce the stated answer, simply observe the special value of the hyper- 
geometric function 


(5.4.5) Fi (a, b; as2) = (1—z)°. 


Similarly, the evaluation of 3.199 
(5.4.6) 


b 
[ea b-ay eat de = (bay 1(b—c)-#(a—c) " B(p, v) 


is reduced to the interval [0,1] by t = (a — a)/(b — a) and then the result 
follows from 3.198. 


The specific form of the answer is sometimes simplified due to a special 
relation of the parameters yp, v and A in (5.4.1), for example, in the evaluation 
of 3.197.11 
(5.4.7) 


: aP-1/2 dy _— 2 1 _ 2p/_,) Sin((2p — 1)y) 
| @—2P (+42? = ae (p+ 5) T'(1 — p) cos (YB — Dain() <1) sin(y)’ 


with y = arctan,/q. The standard reduction of the integral to hypergeometric 
form is easy. Write 


1 

(5.4.8) I= | aP—1/2(1 — 2)-P(1 + qa)? dx 
0 

and use (5.2.3) to obtain 


(5.4.9) I = B(p+4,1—p) 2Fi (p, p+ 4; 3; -@)- 


To reduce the answer to the stated form, we employ 9.121.19 


Fi o mpd od: tan? 2) _ sinnz cost Tt 2 


2a a oe n sin z 


The evaluation of 3.197.12 


(5.4.10) 
[ xP-1/2 dy _ (p+ 3) —p) [A — Yay? — (14+ 2,79)" | 
o (1-2)? (1— qx)? Vr (2p-1) /@ 
is done in similar form. The reduction to 
(5.4.11) T= Bip+ 5,1-p)2Fi (p, p+ 33 $39) 


is direct from (5.2.3). The stated form now follows from 9.121.4 


(e+ 2)" = (t= 2)” 


n-1 n dz Ne 
2Fy (-"34,-3 +45 53 =) ss onaral 
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5.5. Some quadratic factors 


The table [35] contains several entries of the form 


b 
(5.5.1) =| Q1(x)""1 L(x)’ 1 L3(x)*71! dx 


where @1(z) is a quadratic polynomial and L, are linear functions. These are 
discussed in this section. 


EXAMPLE 5.5.1. The first entry evaluated here is 3.254.1 


, z"(a — a)!—1 (a? + 67)” da = bat" B(A, p) x 
0 


The conditions given in [35] are Re(¢) > 0, A > 0, Rey > 0. This entry 
appears as entry 186(10) of [28] as an example of the Riemann—Liouville 
transform 


1 f? el 
(5.5.2) f(a) ra f(x)(y— a)" da. 


It is convenient to scale the formula, by the change of variables x = at, 
to the form 


1 
i etd te ttt)’ dt = BA, p)3Fe 
0 


with c = a/b. The binomial theorem gives 


(5.5.3) (1+ c7t?)” = 1 Fo(-v;-;-¢7t?) = oa 
n=0 


which produces 


i er tl _ pet a. ery’ HS 3 (—V)n (22 [ "guia 6 = jeer dt 
0 0 


n=0 
= Ss as (—c?)"B(A + 2n, p). 
<1 
Now write the beta term as 
T(A + 2n) P(e) 
BiA+2 = — 
ace ae) T(A 4+ 2n + p) 


= Ty) 2r+en—IT(S + n)P(Ae +n) 


ps) 2 > 2 
Qat2ntu-1P(AtH 4 _)yp(Atett +n) 
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where the duplication formula for the gamma function 


g2a—-1 


Vit 


has been employed. The relation I(x + m) = (2)mI'(x) now yields 


(5.5.4) (2x) = 


T(x)P(x + 4) 


1 
i ef 114+ eat = 


0 
P(w)r(A)yr(ae) ( A At+1 At+p At+pu+1 ’) 
Fy | —v, =, ——; ——, ————;; - } . 


51 T(e ines : 


Now simplify the gamma factors to produce the result. 


EXAMPLE 5.5.2. The next entry contains a typo in the 7th edition of [35]. 
The correct version of 3.254.2 states that 


(5.5.5) / zg *(¢ — a)hl (a? + 62)” da = a *4?” B(u, A — pp — 2) 3 Fo 


( \-p 1+A-—p N 1+A ~) 
x (—v, v, ———- - p; ; 


2 — ee Soe ae se 


which follows directly from Example 5.5.1 by the change of variables y = a?/z. 
It is convenient to scale this entry to the form 


(5.5.6) [ tr*(e= 141? +07)" dt = 


= 1 = 1 
B(p, A-p—2v) 32 (-», a 5) e VY, aA VY; a _ pas _ “-c) 


5.6. A single factor of higher degree 


In this section we consider entries in [35] of the 
b 
(5.6.1) — i) Hy (a2)"~1 Lo(x)’1L3(2)*? dr 
where H;(x) is a polynomial of degree h > 2 and L; are linear functions. 
EXAMPLE 5.6.1. Entry 3.259.2 of [35] states that 


i (aay (a +0") de = b™ at * Ba, v) 
0 


vy v+l v+m-1 
<miaFn( 2%, a re! 


m =m m 


tv ptv4l1 b+yutm—1 a™ 
m? ai Ta m bmp 
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The scaling t = a/a transforms this entry into 


1 
if (1 2) eee”) dt = Bly, v) 
0) 


vy v+i1 v+m—-1 
<miaFn( 2%, a rs: 
mm m 
tv uwtve4+l a ptytm=1_ om 
m d m d u m ? 


with c = a/b. This is established next using a technique developed by Euler 
in his proof of the integral representation of 2 F}. 
Start with 


1 
t= i (1 — t)P1 (ome 41) et 
0 
1 
= i?" (1 — 4)" 1 Fy (-A;—3 et”) dt 
0 
using the elementary identity (10.3.2). This gives 
1 oo 
I= - aaa e) aa on (ery ai 
0 a ot 


1 
c™) —ony* | oatmeal el = t)t— dt. 
0 


ye Nn n Ty +mn)l(u) 
Tas ee) Tv +mn + p) 
(m 


n=0 
= An _gmyn Lome +) 
2G) 5. GS eee 
=l(y = n! min( ve 1 m)— rs n) ont p(etetmat + n) 
TW) _ TG) TR) y (etm), (—o') 
“1S ea) aa : meray nl 
Si te ee) . 

me T(t)... p(4tetmet) 

£2] es 
m m m m 


This is the evaluation presented in entry 3.259.2. 
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5.7. Integrals over a half-line 


This section considers integrals over a half-line that can be expressed in 
terms of the hypergeometric function. 


EXAMPLE 5.7.1. To write (5.3.3) as an integral over an infinite half-line, 
make the change of variables w = 1/y to obtain 


(5.7.1) 4, we 11 + w/r)~* dw = 
1/u 


yore 


oFy (a, b; b+ 1; —ru), 
Now replace u by 1/u and r by 1/r to produce 


(5.7.2) / we PT (1+ rw)? dw = ah (« b; b+ 1; -=) 
u burt ru 


Finally, let b = a — s to obtain 
(5.7.3) 
os s—l1 -—a 1 1 
we" (L+rw)* dw = —————_>F) | a, a-s;a-—s+1;-—]. 
i (a — s)ut—sre ru 


This appears as 3.194.2 in [35]. 


EXAMPLE 5.7.2. The change of variable y = 1/t converts (5.2.3) into 
3.197.6 


(5.7.4) / y* °(y—1)*-? 1 (ay—1)~* dy = a~* B(b, c— b) oF (a, b; c1/a) 
1 
where we have labelled a = 1/z. 


EXAMPLE 5.7.3. The change of variables y = t/(1 — t) converts (5.2.3) 
into 3.197.5: 


(5.7.5) | y? (1+ y)* °(1 + ay)? dy = B(b, c — b) oF, (a, b; 51 — a) 
0 
where we have labelled a = 1 — x. If we now replace a by 1/a we obtain 
(5.7.6) | y? T(1+y)* “(yta)~* dy = a" B(b, c— b)2F, (a, b; c; 1—1/a). 
0 


Use the identity 


(5.7.7) oF (a, b; c; 1— 1/a) = (1 — a)%2F) (a, c— 6; G a) 
to produce 3.197.9: 
(5.7.8) 


yP1(1 + y)?“(y +0) dy = 0° B(b,¢— d)aFh (a, e— 8; ¢; 1— a). 
0 


EXAMPLE 5.7.4. The change of variables y = tu converts (5.2.3), with —x 
instead of x, into 3.197.8: 
(5.7.9) 


y (uy)? (y+) * dy = a “ue " B(b, c — b) 2F (a, b; ¢; —u/a) 
0 
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where we have labelled a = u/z. 


EXAMPLE 5.7.5. The change of variables y = st/(1 — t) converts (5.2.3) 
into 
(5.7.10) 


i y (yts)* “(ytr) * dy =r %8? “Bb, c— b)2Fi (a, b6.1= =) : 
0 


where r = s/(1— 2). This is 3.197.1 in [35]. The special case a = c— 1 
produces 3.227.1: 
(5.7.11) 


co , b-1 l—c 
ti a eee (y +7) dy = r'~°s’! Bib, c— b)aF (c- 1, bs ¢5 1— =) : 
0 y+s t 


EXAMPLE 5.7.6. Now shift the lower limit of integration via « = y+ u to 
produce 


fe —u)l(¢ —uts)* (2 —utr)* dx 


= r-tutt’-¢ Bib, c — b)2Fy (a, bc 1— =) : 


Choose s = u and introduce the parameter v by v = r — u to get 
co 
i: a* "(a — u)’ (a +) oda 
UW 
= Tenet Bbc By a, bee — |: 
(vu +u) fu (b,c — b)oFi | a, ay 
Introduce new parameters via a = —p, keeping b and c= q — p. This yields 


[ * ae — u)?-Ma + v)? de 


=(vt+ u)Pu’1B(b,e— b— p)oF, (-». b; q—D; - ) 


UTrU 


UTU 


= (vt+u)Pue 4 B(b,c —b— p)aFi (. —P3 4 — DB; - ) 


where the symmetry of the hypergeometric function in its two variables has 
been used. 


This result is transformed using 9.131.1, 
(5.7.12) oF (a, b; cz) = (1 — 2) efi (a, c— b; G z/(z-1)), 
which gives 
‘ xz 4(x—u) 1 (a+v)? da = (v-+u)’tue 4 B(b, q—p—b) 2Fi (0. Gq—-D; -=) 5 


This is the form that is found in 3.197.2. 
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5.8. An exponential scale 


The change of variables t = e~" in (5.2.3) produces 


webs =: 1 ia —briq _ 4-rye—b-1yy —r)\-a 
(5.8.1) oF (a, b; ¢; *) Fea) —y | e "(l-e") (l—ae~") “dr. 


The parameters are relabeled by a = p, b = p,c =v +p,x = P to produce 
3.312.3: 


(5.8.2) | (1—e7*)""} (1— Be~*) Pe" * dr = Bu, v) 2Fi (9, ws w+; 8). 
0 
5.9. A more challenging example 
The evaluation of 3.197.7 
Ae —1/2 
(5.9.1) : at—V2(y 4 8) (a +r) 4 da = Var + Vs)! 2# De 2) 
0 


T(u) 
requires some more properties of the hypergeometric function. 


The scaling « = rt produces 


(5.9.2) [= sryr | te-1/2(1 4 t)-#(1 + rt/s) dt 
0 
and using 3.197.5 we have 
(5.9.3) T= s*J/rB(ut+5,u— 5) 2Fi (ue t 5,245 2) 
where z = 1—r/s. To simplify this expression we employ the relation 
gy. G2)? P)P(8 -a) A 
2F\ (a, B; 7; 2) a T(8 ‘Er (y- a) peat C7 dame Bya— B ee a 
(1 - 2) PP — 8) 1 
+ Saree ee B,y-— a; 8 —-a+1;— 
T@r—s) r-2 


to produce 


Lo,.,) — A= 2) *T2u)T0/2) sie “Sl 
2Ps (nace 26 2) = Erg ah (mam tb oy) 


(1 — z)-# 7/9 (2u)T'(—1/2) Fil mae iS 1 
T(p — 1/2) P(p) ie na Leer 9 
The binomial theorem shows that 


n n—-1 1 2 1 * 
(5.94) oF (-5. ee =) ae (e+ 2" + E-2)"), 


which appears as 9.121.2 in [35]. Thus 


1 1 i 
2A (mu- i) = Wawa aan (A+ v= 2)! ii 


+ (-1+V1=2z)'-*4). 


ob 
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Similarly, 9.121.4 states that 
n—-1 ee (ss 2 3 2? 7 1 
os 2.72) #2) Inztr-1 


(5.9.5) oF) (- (E+ 2)"—(—2)"), 


to produce 


1. 3. i a 1 —y)1- 2" 
2A(we-kR ES) = gaogacgeR(at vim 


—(-14+ V1—2z)'-**), 


Replacing these values in (5.9.3) produces the result. 


5.10. One last example: A combination of algebraic factors and 
exponentials 


Entry 3.389.1 presents an analytic expression for the integral 
a 
(5.10.1) i aah g¥—1(q? — 27)? eh* de, 
0 
The evaluation begins with an elementary scaling to obtain 


1 2 
I See geen _ eee 
0 a 


Now use 0 fo(;;2) = e® to obtain 


qzetey—2 1 
I= “| y” (1 —y)P* oFo(;; way") dy 
0 
q2et2v—2 1 a 
— —____ 1a — ye! 
ae ee 
q2et2v—2 OF (ua)” Fe 
= v+n/2-1 i p-lq : 
age S> a= [ y (1—y)? "dy 
n=0 
The integral is now recognized as a beta value to conclude that 
qzet2v—2 co (ua)” 


_ aet2™2T(p) Se (ua)” Ev + n/2) 
og esa) 


n=0 
sa Ow, (ua)?* (Vv) 
21 (v + p) T(2k + 1)(vt+ p)e 
gree aw a (ua)*t1T(y + k + 1/2) 
(2k+1)(v+p+k+1/2) 


73 


74 


5. HYPERGEOMETRIC FUNCTIONS 


and combining the gamma factors to produce the beta function yields 
1 Co 


_ + 2p+2v—2 (u?a?)*(v) 
a ee 2 (2k) (2k)(v epi 
de 2 gapie-t al(o) 5 eet 1/2 + 1/2) 


ah T(2k + 2) (v+p+1/2),.P(v t+ pt+1/2) 
This can be reduced to 


oO. hg 1-2k 
QT = q2zet2v- 2B(p De rants vo 2 vu — + 
au r (2k) TREE + 1/2) 


°° 1/2 2 q2)kg1—-2(k4+1) 
ate Qrer ee) Bp; y+ 1/2) (v we f Vk (wu a ) Ma 
vu tetl/2)e Pk+ E(k + 5) 


love) 2.2\k 
qzet2v—2 V)k bea 
ae CDs eae vit )+ 


4 
aA 
co k 
+1/2), pa? 
4 q2eteu— 11 B(p,v + 1/2) atts ( 
par +1/2)k (3), \ 4 
1 272 
= a2Pt+2v—2 Bip, v) 1B (unto, P53 a )+ 


3 DoD 
+ a7P¥2Y—1 1 B(p,v + 1/2) 1 Fo (v+ Let pb 1/2 hss ) 


There are many other entries of [35] that can be evaluated in terms of 
hypergeometric functions. A second selection of examples is in preparation 


CHAPTER 6 


Hyperbolic functions 


6.1. Introduction 


The table of integrals [35] contains some entries giving definite integrals 
where the integrand contains the classical standard hyperbolic functions, de- 
fined by 
(6.1.1) sinh x = —— and coshz = a 


Some of these entries are verified in the present paper. 


6.2. Some elementary examples 


In the evaluation of 3.511.1 in [35] 


od 
(6.2.1) i “_=- fora>0O, 
0 


cosh ax 2a’ 


the parameter a can be scaled out of the equation. Indeed, the change of 
variables t = ax yields 


dt T 
6.2.2 =, 
( ) | cosht 2 


This can be reduced to a rational integrand by the change of variables s = e* 


to obtain 
ie dt i” ds 
eS. 2 
9 cosht 1 & 
1 


+1 
= 2(tan7'(co)—tan7'1) = a 


Actually, the change of variables s = e’ produces the value of the indefinite 
integral, 


dt ds 
2: -2 | — 
02:8) i cosh t / s2 41? 


which leads to 


(6.2.4) / iw = 2tan7‘(e’). 


cosht 


This appears as 2.423.9. 


75 
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EXAMPLE 6.2.1. The second elementary example presented here appears 
as entry 3.527.15 


° tanh(a#/2) d 

(6.2.5) | pee 2a. 
0 cosh x 

The integral is written as 


p= 2 fo e*—1 e* dz 
0 0 


cosh x = eX +1 e2% 41’ 


(6.2.6) 


and the change of variables t = e~*” gives 


* tanh(2/2) da _ : 1-t 
(6.2.7) | = 2 | TESTES as 


The result now comes from an elementary partial fraction decomposition. 


6.3. An example that is evaluated in terms of the Hurwitz zeta 
function 


Special cases of the evaluation 


3a) f= ape kd) -6 09) 


cosh(a™) = m22P-1 


appear in [35]. Here p = “+ and 

ee 
6.3.2 C(z,q = — 
(63.2) => Gap 


is the Hurwitz zeta function. To prove (6.3.1), simply write 


© 2" dr % gree” dy 
6.3.3 ———- = 2 ——— 
( ) i cosh(z™”) i 1+e7?2” 


and expand the integrand as a geometric series to produce 


T = 25-1) [ gre 2Itl)a™ gop 
j=0 0 


— ow _(-1) [ee 
= 2) BrP ; te” dt. 


j=0 


The change of variables u = t” shows that 


[oe) He 1 [o.e) 
ie tte? dt = - | uP-te—” du 
0 m Jo 


= =T(). 


It follows that 


_ Wp) SG _(-1) 
(6.3.4) i y ESV 
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Now split the sum according to the parity of j: 


A (25 +1) ~ 2 G+Ip aa ae 


j j=0 


aa 
= > 2» (c(p, 3) — Cl 3)). 


Thus, 
(6.3.5) 
~ ade _ Vp) 1 3), _ 20 (p — 
| cosh(z™) mm 22p-1 [¢ (p, 3) <6 (p, +) om = (23 a 1)P 
as claimed. 


EXAMPLE 6.3.1. In the casen = m = 1, the parameter p = 2 and 3.521.2 
is obtained 


~~ ad 
(6.3.6) | eee ed 
9 cosha 
where G is Catalan’s constant defined by 
ded 
sao (29 +1) 
The change of variables u = e~* yields 4.231.12 
1 
Inudu 
(6.3.8) | ioe -—G 


EXAMPLE 6.3.2. The case n = 0, m = 2 yields p = 1/2 and 3.511.8 


dr 
(6.3.9) | coah(a®) = = Vr Sees ET 


follows from ['(1/2) = 7. This integral has been replaced in the last edition 
of [35] by the elementary entry 


ve... BG, 
(6.3.10) | i 
90 cosh“ (x) 


EXAMPLE 6.3.3. The case n = —1/2,m = 1 yields p = 1/2 and the 


evaluation of 3.523.12 


cd dx = (— 
(6.3.11) | ane aE JaRET 
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EXAMPLE 6.3.4. The case n = 1/2, m=1 es p = 3/2 and 3.523.11: 
oF d. 
(6.3.12) VCD 


9 cosh Vv") Ta eae 


follows from I'\(3/2) = 7/2. 


The evaluation of 


eel da al (p) = 1 
6.3.13 a Se SS 
( ) ‘i sinh(«”) m yy (27 +1)P 
with p = (n+ 1)/m is done ay as above. The acu 
ee -—1 1 
(6.3.14) Yoo 
= (29 oF 2P = jP 
yields 
a” dx T(p) 2? —1 
6.3.15 ——_——. = — : 
( ) | sinh(x2™) m  2QP-1 (p) 
EXAMPLE 6.3.5. The special case m = 1 gives p=n+1 and 
Oo pn qf gntl 2 il 
(6.3.16) if a =T(n + 1)———¢(n + 1). 
9 sinha 2” 


This appears as 3.523.1 in [35]. In particular n = 1 gives 3.521.1 


lee) d. 2. 
(6.3.17) i: ee 
0 


sinh x 4 


This comes in the apparently more general form 


co d 2 
(6.3.18) | es, 
0 


sinhax 4a? 


But this reduces to the case a = 1 by the change of variables t = ax. 


EXAMPLE 6.3.6. The special case n = 2k — 1 gives 3.523.2 


ce a a 
6.3.19 —___ = Bo, |n?*, 
( ) | sinh x Ok = anim 
using 
O78 1 Bon 

6.3.20 Ik) ak 
(6.3.20) ck) = FS 
The values By = —1/30, Be = 1/42, and Bg = 1/30 give 3.523.6 

og? dae ag* 
6.3.21 =— 
( ) [ sinha = 8’ 
and 3.523.8 


© 2 dar 76 
6.3.22 =— 
( ) i: sinha 4” 
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and 3.523.10: 


© alde 1778 
(6.3.23) i maaan eects 
0 


sinh x 16 


6.4. A direct series expansion 
Entry 3.523.3 states that 


~ebldr  20(b) A (-1)* 
ey) | coshax (2a)? » (2k +1) 


The change of variables t = az shows that the entry is equivalent to the special 
case a = 1: 


~P-ldt Tb) (-LF 
ce) | cosht re (2k +1)" 


1) 
es 


The proof of (6.4.2) is obtained by modifying the integrand and expanding in 
series 


(6.4.3) i Ce de y(n [ po-1e-(2h+1t dy 
a ; item oe : 


The result follows via the change of variables u = (2k + 1)t. 


EXAMPLE 6.4.1. In the special case b = 2n+1, with n € N, the evaluation 
takes the form 
% 22M dar = (—1)* 
44 ——_ = 2(2n)! ——.—_.. 
(6.4.4) i: (2n) » (2k + Lyenti 


cosh x 
0 


The series is represented in terms of the Euler numbers E2,, via the classical 
expression 


lee) (=1)* _ qentl |Ean| 
oo) 1S (Qk + 12+ ~ ny p2n#2 
k=0 


to obtain 3.523.4 


SS 722 dey T\ 2n+1 
6.4.6 =(5) [Banl. 
( ) i cosh x 2 |Ban| 
The Euler number can be computed from the exponential generating function 
1 Ey, 
A, — = —t”. 
ee?) cosht » n! 


The first few values are Ey = 1, Ep = —1, FE, = 5 and Ee = 61. This gives 
the entries 3.523.5, 


Oe dit ae 
6.4.8 = 
( ) [ cosha = 8’ 
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3.523.7, 

Oe da _ (ba? 
6.4.9 = 
( ) | cosha 32’ 
and 3.523.9, 

OO Ge Gla 
6.4.10 —__ = —. 
( ) fl cosh & 128 


6.5. An example involving Catalan’s constant 


Entry 3.527.14 states that 


(6.5.1) ip gt de =4G, 
0 cosh* x 


where G is Catalan’s constant defined in (6.3.7). The evaluation is obtained 
by writing the integral as 


oo . h CO p2(pk _ p—-# —2x 
(6.5.2) i eo dx =2 | (eel ad CR 
0 0 


cosh? x 


and expanding in a geometric series to produce 


°°) sinh 
(6.5.3) ‘is foe d= 29-1 yee fo x? (e® — e~®)e~?** de, 
0 


cosh? x 


Integrate term by term to obtain 


© . sinha oe 1 1 
6.5.4 2 dz = —4 Fj a 
one) [ Y cease d ) =a (Qk +13 


Simple manipulations of the last two series produce the result. 


6.6. Quotients of hyperbolic functions 


Section 3.5 of [35] contains several evaluations where the integrand con- 
tains quotients of hyperbolic functions. This section describes a selection of 
them. 


EXAMPLE 6.6.1. Formula 3.511.2 states that 


°° sinhax T TA 
6.6.1 dz = — tan —. 
ee) i: sinhbr 2b 20 
To evaluate this entry, start with the change of variables t = e~* to obtain 
° sinh ax peta ee 
6.6.2 dz = ————_,——_ dt 
ee?) sinh br [ 1-t-™ 


and continue with u = t?° to produce 


ie sinh ax 1 ft uce V2 _ ye-1/2 
0 


=— d 
sinh ba DD 0 l-u i 


(6.6.3) 
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with c = a/2b. The evaluation of this last form employs formula 3.231.5 in 
[35] 


(6.6.4) | —— da = (v) — $(u), 


where (a) = 4 InI(a) is the logarithmic derivative of the gamma function. 
This formula was established in [47]. It follows that 


(6.6.5) i. ee = (w(e+ 4) — ¥(-e+ 3)). 


sinh bx 


The final form of the evaluation comes from the identity 8.365.9 
(6.6.6) W($t+c)=V($—c) + rtante. 


EXAMPLE 6.6.2. Differentiating (6.6.1) 2m times with respect to a yields 
3.524.2 


a sinh ax ng d2™ Ta 
6.6.7 2m Fala (t =) 
oe i Y Sinhbs 2b daz \“" Op 


with special cases 3.524.9 


- 2 sinh ax nw . Ta 4 70 
xr 
0 


sinh bx apse gp ne 2b’ 


3.524.10 


ie acs dx = 8 (= sec uN sine (2 + sin 2) 
0 sinh bx ~ 2b 2b 2b 2b)” 


and 3.524.11 


°° gsinhax (Ese oma)" _ 1a t a 
gpib gin = . (45 — 30 cos? =" + 2.cost 2% 
| Spl Oe ee a): cos” a5 7 + 2cos! Db 


An odd number of differentiations of (6.6.1) yields 3.524.8 


co h q2mri 
(6.6.8) i 2m ON de = 5S ___ (tan =) 
0 


sinh bx 2b da2™+1 2b 
with special cases 3.524.16 


[ cosh aa E ua 
x (a oo === 
0 sinh bx 2b 2b) 
°°, coshar (Z ay ( : ase) 
dx =2|— — 142 — 
| PF ainhbn ap op LT AE op) 
3.524.18 


2 h 
if x ais a dx =8 (= seo 12)" (15 — 15 cos? 2 At + 2cos! ~). 
0 2b 2b 


3.524.17 


sinh bx 2b 2b 
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and 3.524.19 
Bi Goshen ae 
0 sinh bx 
Ta g TG 
=16(+s cot)" (315 — 42 AS «196608! “= 266 =). 
6 op Th 315 0 cos” = as 6 cost 3b Th 
EXAMPLE 6.6.3. Entry 3.511.4 states that 
~ coshax T 7a 
6.6.9 d —sec— 
( ) i cosh bx ee Dh 


The proof follows the procedure employed in Example 6.6.1. The change of 


variables u = e~ 2°” gives 


oe coshax uc t/2 4 y-e-1/2 
6.6.10 —————_ du. 
( ) i: cosh ae van f* =o oe 
Now employ 3.231.2 


1 .p-1 —p 
(6.6.11) fo e- = 
0 1+ sin 7p 


with p=c+1/2. This integral was evaluated in [20]. 


EXAMPLE 6.6.4. Differentiating (6.6.9) an even number of times with 
respect to the parameter a gives 3.524.6 


ee cosh ax an d2™ Ta 
6.6.12 2m d == ( ~). 
on) | Y coshbs 2b dam \P°° DH 


The special cases 3.524.20 


[ 2coshax | am (2s0c? 2 ie Ft) 
av v= = 

0 cosh bx 8b3 2b 2b)’ 
3.524.21 


°° ,coshax (2 ea g TA =) 
dx =(—sec—) (24-2 Ee 3.gos 
i: ® cosh ba ©” ~ \ 35 °° 95 CON og Oe oR)? 
and 3.524.22 
°° ,coshax 
d. 
[ ” Coshbr 
7 
= (= sec a) (720 — 840 cos* = + 184 cost 2 — cos® =) 


2b 2b 2b 
are obtained by performing the differentiation. 


EXAMPLE 6.6.5. Differentiating (6.6.9) an odd number of times with re- 
spect to the parameter a gives 3.524.4 


os hax mn d2mti Ta 
61 I ee a Frc 
onan i coshba ©" 2b dazmat °° 
The special cases 3.524.12 


[ sinh ax * mw Ta 9 Ta 
x ¢ = —~ sin — sec* — 
9 coshba 4b? 2b 2b’ 
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3.524.13 


f- 3 sinh ax f (= ses ny" . Ta (6 a2 ay 
= z= |—sec—) sin= |(6— = 
0 cosh bx 2b ab Db yh 
3.524.14 
° 5sinhaz , _ ( 2) in “(12 ma or 
| abe: dx = ap Cap) Sin gp (120 - 60 cos? = ~ + cos 5 
and 3.524.15 
i a sinh ax - 
0 cosh bx 
i ul 6 1a 
= (Fsec*) sin 5 “ (5040 — 4200 cos? * + 546 cost < — cos® =) 


2b 2b 2b e 2b 
are obtained as before. 


EXAMPLE 6.6.6. Integrating (6.6.9) with respect to the parameter a pro- 
duces 


~ sinhax dx Ta 7 
6.14 of = int (“> “). 
ioe 12) [ coshbx x sas as 


This appears as entry 3.524.23 in [35]. The evaluation employs the elemen- 
tary primitive (which appears as entry 2.01.14) 


(6.6.15) [sccudu = Intan (5 + *) 
EXAMPLE 6.6.7. Entry 3.527.6 states that 
OO pl os h ee) 
(6.6.16) / de oo: 
0 cosh* ax mae 34 7 HS 
which can be scaled to the case a = 1 by t = az, 
oo >) sinh? =. (-1)F 
6.6.17 ——_ dt = 2 ——<—$£—_. 
( ) | cosh? t () » (2k + 1)e-1 


To evaluate this last form, write the integrand as 


%° t#—-1 sinh t °° dt 
(6.6.18) i aa 2 | Poe ae Het 
0 0 


cosh? t (1 + e-?#)? 
and expand it in a power series and integrate it to obtain 
(6.6.19) 
~ t#—-lsinht S(-1)F(k+1) GQ (-1)tk 
i Milaataad dt = 20 (pu) J1+ (" - Ga 
0 cosh“ t = (2k + 1)# = (2k + 1)# 


This is the right-hand side of (6.6.17). 
The special case w = 2 and the series 


> Gel =a 
(6.6.20) [=F 
k=0 


iw) 
os 
+ 
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yield the evaluation of entry 3.527.7 


(6.6.21) | oe dee S. 
0 cosh’ 2 2 


The special case w = 2m +4 2 and the series for the Euler numbers in 
(6.4.5) produce the evaluation of entry 3.527.8 


i a?! sinh x 
0 


cosh? x 


2m+1 


(6.6.22) dx = (2m +1) (5) |Eom|: 


6.7. An evaluation by residues 


Entry 3.522.3 
v dx Qn (—1)*-} 
( 


eeu b2+22) coshar b-  2ab+ (2k — 1)x 


is now evaluated by the method of residues. The change of variables t = ba 
shows that it suffices to evaluate this integral for b = 1; that is, 


(6.7.2) ie ba =2 Ss care 
_ 9 (1+?) coshar "La 2a + (2k —1)r° 


The integrand f(x) is an even function; therefore, the evaluation requested is 
equivalent to 


co co ae | k-1 
(6.7.3) he f(x) dx = pe — 


The integral is computed by closing the real axis with a semi-circle centered 
at the origin located in the upper half-plane. An elementary estimate shows 
that the integral over the circular boundary vanishes as the radius goes to 
infinity. Therefore, 


(6.7.4) he f(x) dx = 2ni S” Res(f;p;), 


where p; is a pole of f in the upper half-plane. The integrand has poles at 
zg=tandz= kn for k € N. The poles are simple, unless (2k + 1)7 = 2a 
for some k. Aside from this special case, the residues are computed as 


1 1 
eee) 2icosh(ia) 2% cosa 
f 2, Qk-lmi\ _ (-1)*-14ia 
“ G 2a ~ Ga? — 72(2k — 1)?” 


The residue theorem and a partial fraction decomposition give the stated value 
of the integral. 
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EXAMPLE 6.7.1. The special case a = 7 and b = 1 gives 


ae dx a (eit 
6.7.5 ——_.—_——_ = 2 ———— 
( ) rf (1+ 27) coshza », 2k+1 
and 

ee a es 
(E0) > 2ke+1 4 
k=0 
provides entry 3.522.6 
cd dx ug 
6.7.7 ——_.—_——- = 2- =. 
( ) | (14+ x?) coshra 2 
EXAMPLE 6.7.2. The special case a = 7/2 and b = 1 gives 

os dx Sy 1) 
6.7.8 —_——— = —_.. 
( ) i (1+ 2?) cosh 3 ae k 

k=1 
The evaluation 
sand i k-1 
(6.7.9) x. —— =In2 
k=1 
yields 
ee dx 

6.7.10 ——_.——— = ]n?2. 
( ) i (1 + x?) cosh 4 - 


This is entry 3.522.8. 
EXAMPLE 6.7.3. The choice a = 7/4 and b = 1 gives 


ise dx ow (-1) 
oy i: (1 + x?) cosh(ra/4) pe 4k—1— 


Entry 3.522.10 states that 


oS dx 1 


This is now verified by evaluating the series in (6.7.11). Start by integrating 
the geometric series 


oo 2 
6.7.13 eg = 
(6.7.13) ears 
to produce 

=e (sane [ x? dx 
6.7.14 ———_ = —.. 


The factorization «+ + 1 = (a? — V2x + 1)(a? + V2x +1) gives the integral 
by the method of partial fractions. 
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6.8. An evaluation via differential equations 


This section describes a method to evaluate the entries in Section 3.525 
by employing differential equations. 


EXAMPLE 6.8.1. Entry 3.525.1 states that 


°° sinh d 1 
(6.8.1) i —— i 3 = ae cosa + 5 sina In[2(1 + cosa)]. 


To verify this evaluation, define 


~sinhax dz 
8.2 = , 
eee y(a) [ sinh ax 1+ a? 


Then 


°° sinh 1 
(6.8.3) y" (a) + y(a) = | ee i ae 


9 sinhax 2 2 


according to 3.511.2. Equation (6.8.3) is solved by the method of variation 
of parameters. The general solution is of the form 


(6.8.4) y(a) = (ui(a) + A) cosa + (u2(a) + B) sina 
where the (unknown) functions u;, ug are determined by solving the system 
u, cosa+u, sina = 0 
—u sna+uy cosa = : tan = 
1 2 = 9 2 
The solution to this system is 
1 1 
(6.8.5) ui(a) = 3 (sina — a) and u2(a) = 5 in( + cosa) — cosa). 
The constants A and B in (6.8.4) are obtained from the values y(0) = 0 and 
7 1 dx In2 
6.8.6 2)= eee eel 
ke80) y(n /2) | 2cosh(na/2)1+a2 2 


according to 3.522.8. This establishes (6.8.1). 
Differentiation of (6.8.1) gives 3.525.3 


(6.8.7) [ coshax xdx 1 cosa 
0 


ac eneas pers t yea | 
sinh 7a 1+ 2? 3 Ma a eb 


In[2(1 + cosa)]. 


The same procedure gives the remaining integrals in Section 3.525, namely, 
3.525.2, 


(6.8.8) ie sinh ax dx T 4 £088) 1—sina 
KOs — -  —— = - 8510 —— |= ———____— 
> simh(nz/2)I1+a2 2° 2 +1+sina 


and its derivative 3.525.4 


(6.8.9) [ coshaxr xdx —  oosa 1 — | 1+sina 
0 


sinh(w7/2) 1+a? 2 2 1—sina’ 
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as well as 3.525.6 


°° cosh d 
(6.8.10) | — 7 —3 = 2cos(a/2) — 5 cosa — sina Intan— zl 


and its derivative 3.525.5 
Qa+T 


© sinh d 
(6.8.11) ) —— = = = —2sin(a/2) + 5 sina ~ cosa In tan 


6.9. Squares in denominators 


Section 3.527 contains a collection of integrals where the integrand is a 
combination of powers of the integration variable and a rational function of 
hyperbolic functions. The majority of them contain the square of sinh or cosh 
in the denominator. These integrals are evaluated in this section. 


EXAMPLE 6.9.1. Entry 3.527.1 states that 
Oe apes hia 4v -1 
aon | pe eae 
0 sinh*(ax) (2a) 
The change of variables t = ax shows that it is sufficient to consider the case 
a= 1. This is 
le aii 2 
(6.9.2) [| SR HP Twice - 0). 
9 sinh*t 


The integral to be evaluated is 


i aa =a eo di =4f" tie hee A Pde 
ge sialie ke das (ERS te EE fy hte eeye 


Expand the integrand into series to obtain 


het ae - e 
(6.9.3) ih —; =45 0 f eter a 
(0) sinh t wal 0 
The change of variables v = 2nt yields 
ae gee ae i ia 
9.4 — =4 — x — H—le~” dy, 


The series gives the Riemann zeta function term ¢(js — 1) and the integral is 
(yu). 
The special case ps = 3 gives 


© 2 dx 
6.9.5 = —[(3)¢(2). 
(6.9.5) f Sr = Foxe 
The values I'(3) = 2 and ¢(2) = 77/6 give the evaluation of entry 3.527.12 


a dx 1? 
6.9.6 =—. 
oe ee sinh?>z 3 
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The identity 


(2a)? 
9. 2m) = ———|Bam|, 
which provides the values of the Riemann zeta function at even integers in 
terms of the Bernoulli numbers Bo», gives 3.527.2 (in the scaled form a = 1), 


ep ela 9 
6.9.8 = 71°" | Bom|. 
( ) i sinh? x "| Bam| 
EXAMPLE 6.9.2. Entry 3.527.3 states that 
peak Suan = 2 

(6.9.9) [ Se HP 0-2 rece— 
for uw #2 and 

a 
(6.9.10) | a =n? 

0 cosh* « 


for the corresponding value for 4 = 2. This integral also appears as 3.527.4. 
The evaluation proceeds as in the previous example to produce 


% gt—l dz - (-1)* 
6.9.11 = —2?-4-P : 
( ) [ cosh? x (4) > ku-1 


The last series can be expressed in terms of the Riemann zeta function by 
splitting the cases k even and odd to produce the identity 


a oa 
(6.9.12) Doge GD) 
k=1 


for p > 1. The case pp = 2 is obtained from the elementary value 


(6.9.13) 2 su =—In2. 
k=1 


As in the previous example, the identity (6.9.7) gives 
[ 2m dz (220 = 2) 
0 


= Q2m 72m 


6.9.14 = 
( ) cosh? x 


| Bom|- 


This appears as 3.527.5. 
The same procedure provides the evaluation 
a had 
(6.9.15) fo SESS = 2rncu— a2), 
0 sinh* x 
which appears as entry 3.527.16. The special case ~ = 2m +2 appears as 
entry 3.527.9 


So do Osher ye | 
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and pz = 2m +1 provides entry 3.527.10 in the form 


a h 
(6.9.17) | am — dx = (22-1) — 1)n?""| Bom|, 
employing (6.9.7). Entry 3.527.13 
ee) 2 
(6.9.18) | Boe ese 
0 sinh* x 2 


is the special case pp = 3. 


6.10. Two integrals giving beta function values 


This final section presents the evaluation of the two integrals that consti- 
tute Section 3.512. 


EXAMPLE 6.10.1. Entry 3.512.1 states that 
ve h2 4v-l 
(6.10.1) | Asean (V+ Sy 2). 
0 cosh*” ax a a a 


The change of variables t = az and replacing 6/a by c provides an equivalent 
form of the entry: 


cosh 2ct 
6.10.2 eS dt = 4“ 1B —c). 
(6.10.2) | ae (vtev—o) 


The beta function appearing in the answer is defined by its integral represen- 
tation 


(6.10.3) B(a,y) = Vy POS a. 


To evaluate the left-hand side of (6.10.2), write the integrand in exponential 
form and let w = e~ to obtain 


(oe) e2le—v)t +4 e~2(etv)t 1 we te + we 
i (1 + e-2#)2v i i (1 + w)2” 
The result now comes from the integral representation 

1, a2—1 —1 
we + wy 
6.10.5 B = ———— id 
(6.105) (ay) = f ae, 


which appears as entry 8.380.5 of [35]. An elementary proof of it from (6.10.3) 
starts with the change of variables s = t/(1 — t) to produce 


°  s*-lds 


given as entry 8.380.3, and then transforms the integral to [0, 1] by splitting 
into [0, 1] and [1,0o) and moving the second integral to [0,1] by sj =1/s. 


(6.10.4) 


The special case 6 = 0 gives 


me dx 
10. ——_— = 4h-18 
(6.10.7) i ae (ivi 
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and letting t = ax gives 


a dx quot 
10. ———_— = —-B ; 
(6.10.8) | nape = Be) 
Differentiate with respect to the parameter a to produce 
°° x sinhax dx Q?u-2 
10. ——_—.—_— = —;B ; 
(6.10.9) | Ce aan (1, 1) 


The duplication formula of the gamma function 
924-1 


Vit 


(6.10.10) T(2u) = T(w)P(u + 3) 


transforms (6.10.9) into 


he: xsinhacdr Vm IT (p) 
0 ( 


10.11 ———— SS Se 
cer0D) coshax)?#+1 — dua? T(ju + 4) 


This appears as entry 3.527.11. 
EXAMPLE 6.10.2. The last entry in Section 3.512 is 3.512.2 


© sinh! 1 tes 
(6.10.12) i. a dt ==B Ce v H) 
0 


cosh” x 2 a 


Two proofs of this evaluation are given here. The first one is elementary and 
the second one enters the realm of hypergeometric functions. 


The first proof begins with the change of variables w = cosh x to obtain 


°° sinh” ca wal 
(6.10.13) i asad ee / (w? —1)°3 -w-” dw 
9 cosh” x 1 
followed by the change of variables t = w~? to produce 
Ae i aed paola 1 tl v—-p 
10.14 = t 2 1-t) 2 dt = ~B | —— ‘ 
@aou) 5 | (1-1) se (4R 


The second proof begins by writing the integrand as exponentials to obtain 


© sinh” x I 
da =2¥—e-1 fe gv/2—H/2-1 (4 _ 4) (1 4 t)-” dt 
f cosh” x . | ( peers) 


after the change of variable t = e~?”. The integral representation 9.111 states 
that 


1 
| t-1(1 — t)°- 9-1 (1 — tz) * dt = B(b, c — b)2 F(a, b; cz). 
0 


It follows that 


°° sinh” x V-U V— pty 
ree am as = eee F 1 ;-1). 
[ cosh’ @ ( 2 +1) ah (x a ae 

Now use 9.131.1 2F i (a,b; cz) = (1 — z)~°2Fi (a,c — b;¢; z/(z — 1)) to trans- 
form the integral to the value of a hypergeometric function with z = 1/2. 
The quadratic transformation 9.133 2F (2a, 2b;a+b+ 4; z) = oF \(a,b;a+b 
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+ 4;42(1— z)) transforms it to the value of a hypergeometric function with 
z=1. The result now follows from the evaluation 


T(c) l(c -—a-—b) 


2F (a,b; ¢;1) = Tie— ale 0): 


6.11. The last two entries of Section 3.525 


This section presents a new technique that will produce evaluations of 
entries 3.525.7 and 3.525.8. This completes the verification of all entries in 
this section that started in Section 6.8. 


The first step is the computation of a Laplace transform. 


LEMMA 6.11.1. The identity 


Co 


(6.11.1) ie EE Be Sy(-1yr sin(Apn) 
0 


cosh At + cos Ap ~ Sin Ap s+tAn 


n=1 


holds. 


Proor. The factorization 
At 


(6.11.2) cosh At + cos Ap = > (1+ 672 4 eT? 4 eM?) 
gives the decomposition 
e *t Qe Ata)t 
cosh At + cos \p = (1 + eX) (1 + eA) 
et 1 1 


= —-— S > (-1)"e*™ sin Apn. 


The result now follows by integration. 


EXAMPLE 6.11.2. The special case X = 1 and p = a — q in the lemma 
gives entry 3.543.2 


co —st oe) . 
(6.11.3) i edt! <2 3 sin(gn) 
0 


cosht—cosq sing stn 


n=1 


EXAMPLE 6.11.3. Entry 3.511.5 is established next. Its value is employed 
in the next example. This entry states 


° sinh ax cosh bx q T sin 2% 
———_ dx = — | ———__*—__”, ] . 
0 sinh cx 2c \ cos #4 + cos 2 


e 
The proof starts by expressing the integrand in exponential form to obtain 


oO 4: CO .-—cx(,ax _ p,—ax bx —bx 
if sinh ax cosh ba: d 1 i) e “*(e e 9%) (e?? + e7%*) re 
0 0 


C= = 


sinh cx 2 — e72ce 
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and using the change of variables t = e~?°” to produce 
i. sinh az cosh ba 
———_ dz 
0 


sinh cr 
1 1} A-B 1/244 A+B 1/2 _ 4A—B-1/2 _ 4A+B-1/2 
af 1-t 


with A= = and B= 2. Using the formula 
1 a-1 
1-2 
eS 
| Tog ee = Oa) +7 


given as entry 3.265 (established in [47]), it follows that 


i sinh ax cosh bx 
dr = 
) 


sinh cx 


p(d+4-B)-8(G-A+B) +6 +A+B)—¥(E- 4-2). 


The result now follows from the identity 
v($+2)-—V(5 — 2) =mtant. 
EXAMPLE 6.11.4. Entry 3.525.7 is 


& n(b—a) 
° sinh(ax) sin (20>) r) 
6.11.4 —e = ‘ 
( ) i: sinh(br) s? + 22 = ae ree bs + nt 
The evaluation employs the Laplace transform 

ie —st = $ 
(6.11.5) [ e€ cos xt dt = 2 ge 


and entry 3.511.5 given in the previous example 


“sinh(ax) ~— s ot as © sinh(az) 
i sinh(bx) s2 + a? dt = if C {[ sinh(bx) cos at dx > dt 
0 6 - 
sr (ec sin 4+ 
_ ee 
[ i {a 2b cosh = am + cos oe :} 


Tv . Ta ia - dt 
= —sin— —————— 
2b b Jo cosh 3 + cos 34 


The proof concludes by choosing A = 7/b and a = p in Lemma 6.11.1 and 
using sin (n(b — a)m/b) = (—1)"~" sin (nra/b). 


EXAMPLE 6.11.5. Differentiation of entry 3.525.7 with respect to the 
parameter a gives 


“cosh(ar) x mt on (-1)""14n xan 
11. ———_ = dt = — — —. 
tte) | sinh(ba) s? + a? ee bs De we 
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b 
To simplify this expression use a =1- ae and split the series 
s+ stan 
using the Fourier expansion 
= tan 1 

6.11.7 —1)""1 cos — = =. 
(6.11.7) Seyret = 
This final result is entry 3.525.8 
(6.11.8) — edu a cos O69) 

oy 9 sinhbr s*?+2? 2bs “— bs+nr ; 


The series in (10.2.3) and (6.11.7) are both Abel-convergent. The reader is 
invited to verify that the series (6.11.8) is convergent and reduces to (6.8.7) 
when b= 7 ands =1. 


REMARK 6.11.6. Section 4.11 of [35] contains many analogous formulas 
to those considered here. For instance, entry 3.525.1 


© sinhar d 1 
(6.11.9) | ee es = Sosa + 5 sina In[21 + cos a) 
is related to entry 4.113.3 
© si d 1 
(6.11.10) i —— ns = = cosha + 5 sinha In[2(1 + cosh a)]. 


The right-hand side of the last entry appears in [35] in the equivalent form 
(6.11.11) —5 cosha+ sinha In[2 cosh a/2]. 


A systematic study of this correspondence and the evaluation of the integrals 
appearing in Section 4.11 will be presented in a future publication. 


CHAPTER 7 


Bessel-K functions 


7.1. Introduction 


This paper is part of the collection initiated in [49], aiming to evaluate 
the entries in [35] and to provide some context. This table contains a large 
variety of entries involving the Bessel functions. The goal of the current 
work is to evaluate some entries in [35] where the integrand is an elementary 
function and the result involves the so-called modified Bessel function of the 
second kind, denoted by K,(x). Other types of integrals containing Bessel 
functions will appear in a future publication. This introduction contains a 
brief description of the Bessel functions. The reader is referred to [16, 65, 
67, 68] for more information about this class of functions. 

The Bessel differential equation 

Pu du 
7.1.1 x +a—+(z?—v*)u=0 
(7.1.1) To tae + (0? - 7) 
arises from the solution of Laplace’s equation 
0?U a 0?U 7 6?U = 
Ox? — Oy? Oz? 
in spherical or cylindrical coordinates. The method of Frobenius shows that, 
for any v € R, the function 


(7.1.2) 


(7.1.3) 


29 v+2k 
=> eee aG ) 


solves (7.1.1). The function J,(a) is called the Bessel function of the first 
kind. 

In the case v ¢ Z, the functions J,(a) and J_,(«x) are linearly indepen- 
dent, so they form a basis for the space of solutions to (7.1.1). If v =n € Z, 
the relation J_»(x%) = (—1)"Jn(x) shows that a second function is required. 
This is usually obtained from 


J, (x) cosmv — J_,(x) 


sin Ty 


(7.1.4) Y,(«) = 


>) 


and now {J,, Y_} is a basis for all y € R. Naturally, when v € Z, the function 
Y,(z) has to be interpreted as lim,,_,, Y,,(x). The function Y,(z) is called the 
Bessel function of the second kind. 
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The modified Bessel equation 


dw dw 
2 2 2 
(7.1.5) wattage +v*)w=0 
is solved in terms of the modified Bessel functions 
29. 1 Lt v+2k 
1 bey 
M20) (2) LT +1 +k kl \2 
and 
I_sj(«)-f 
(7.1.7) pj eee 


2 sin TY 

As before, if v € Z, the function K, has to be replaced by its limiting value. 
The function I,(x) is called of first kind and K,(x) of second kind. The 
integral repesentation 


7 1 
(7.1.8) aC ole ee ih eta ey teg 
Te+dT® Ja 
appears as entry 3.387.1. A proof may be found in [65]. 
This paper contains entries in [35] that involve the function K,(x) in 
the answers. For instance, entry 3.324.1, which is a special case of (7.2.11), 
stating that 


(7.1.9) ie exp (-z = ax) dx = | EKu/a8), 


is an example of the type of problems considered here, but entry 6.512.9, 
which is 
oe i b? 
(7.1.10) Ko(ax)Jq (bx) dx = — In (1 + =) , 
0 2b a 
where the Bessel function appears in the integrand, will be described in a 
future publication. 

Most of the entries presented here appear in the literature. The objec- 
tive of this paper is to present several techniques that are applicable to this 
and other integral evaluations. Some typos in the table [35] have been cor- 
rected. The work presented here employs a variety of techniques. The choice 
of method used in a specific entry has been determined by pedagogical as well 
as efficiency reasons. 

Many integrals that appear in this article have integrands that are mem- 
bers of the class of hyperexponential expressions. Recall that f(a) is called 
hyperexponential if f’(x)/f() = r() is a rational function of x. In other 
words, f(x) satisfies a first-order linear differential equation with polynomial 
coefficients, namely, q(x) f’(x) — p(x) f(x) = 0, if we write r(x) = p(x)/q(x). 
A multivariate function is hyperexponential if the above property holds for 
each single variable. Almkvist and Zeilberger [2] developed an algorithm for 
treating integrals with a hyperexponential integrand in an automatic fashion. 
The idea is based on the paradigm of creative telescoping: assume one wants 
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to evaluate the integral i? f(x,y) dx. Then the goal of the algorithm is to 
find a differential equation for f of the following, very special, form 


(tt) enw SA ta real = 2 lew), 


where the c;(y) are polynomials and q(x, y) is a bivariate rational function. If 
one integrates this equation and applies the fundamental theorem of calculus, 
then one obtains a differential equation for the integral. This equation may 
be used to find a closed form or to prove a certain identity. In many cases, 
the right-hand side evaluates to zero, yielding a homogeneous o.d.e.; in other 
cases one may end up with an inhomogeneous one. Care has to be taken that 
all the integrals that appear do really converge (this may not always be the 
case). The approach just described will be employed and illustrated in Section 
7.7.2. 

The Almkvist—Zeilberger algorithm was later extended to general holo- 
nomic functions by Chyzak [25]. In this context, a holonomic function is 
one which satisfies a linear ordinary differential equation with polynomial 
coefficients for each of its variables (not necessarily of order 1 as in the hyper- 
exponential case). Implementations in Mathematica of these two algorithms 
are given in the package HolonomicFunctions [43]. 


7.2. A first integral representation of modified Bessel functions 


This section describes the integral representations of the modified Bessel 
function K,(z). A detailed proof of the first result appears as (9.42) in [65], 
page 235. 


THEOREM 7.2.1. The function K,(z) admits the integral representation 


(7.2.1) K,(z) — on | p-¥-1_e-t-2? [At dt. 
0 


This formula appears as entry 8.432.6 in [35]. 


REMARK 7.2.2. Several other entries of [35] are obtained by elementary 
manipulations of (7.2.1). For instance, it can be written as 


b 2 
—v-1 = 
(7.2.2) | t exp (-« = 7) dt = K,(2v). 


EXAMPLE 7.2.3. Let b = 1 in (7.2.2) and make the change of variables 
t =e” to obtain 


(7.2.3) / exp (—vx — 2coshxz) dx = 2K,(2). 


—oo 


Splitting the integration over (—oo,0) and (0,00) gives 


(7.2.4) | exp (—2 cosh) coshva dx = K,(2). 
0 
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EXAMPLE 7.2.4. Example 7.2.3 is the special case 6 = 2 of entry 3.547.4 
(7.2.5) | exp (—(6coshx) coshyvz dz = K,({). 
0 


The table employs ¥ instead of v. This entry also follows directly from (7.2.2). 
The change of variables t = Vb gives 


(7.2.6) he xz ’—texp (-vo (x + 1/2)) dx = 2K,(2V). 


The change of variables y = e’ gives an integral over the whole real line. 
Splitting the integration as in Example 7.2.3 produces the result (7.2.5). 


EXAMPLE 7.2.5. Entry 3.395.1 is 


— pa 


(het) [ (v2? 1+)” + (V2? 1+2)-*| a 


The left-hand side of (7.2.7) transforms as 


i) [(sinh 6 + cosh 0)” + (sinh @ + cosh @)~”] e~# °°»? do 
1 
=| [e”? at ee | e cosh 6 do 
1 


1) d cosh(v0)e—" °°"? do 
1 


and applying (7.2.5) yields (7.2.7). 
EXAMPLE 7.2.6. Entry 3.471.12 is 


(7.2.8) ie a’—lexp (-« = r) dx =2 (f) K_v(u) 


and it comes directly from (7.2.2). 


EXAMPLE 7.2.7. The change of variables s = 1/t yields 


atid 2 
| gute l/s-2z 8/4 ds, 
0 


Vad 


(7.2.9) K,(2) = sq 


and, followed by s = w/a, produces 
Vy co 2 
fae peat a Zz 

Now introduce the parameter b by the relation 4ab = 2? to obtain 

on v/2 
(7.2.11) | w’—texp (-- _ bw) dw =2 (=) K, (2Vab). 

0 w b 

In particular, if b = 1, it follows that 


(7.2.12) / w’texp (-w = “) dw = 2a”/?K,(2V/a). 
0 W 
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Formula (7.2.11) appears as entry 3.471.9 of [35]. The special case v = 1 is 
entry 3.324.1, which served as an illustration in (7.1.9). 
Now replace a by b and v by —v in (7.2.12) to obtain 


= b 2 
(72:13) i w ’—texp (—w — — ) dw = —~K_,(2V2). 
0 w pv /2 


PROPOSITION 7.2.8. The function K, satisfies the symmetry 
(7.2.14) K,(z) = K_,(z). 


PrRooF. This symmetry is suggested by the differential equation, as only 
even powers of v occur. The actual proof follows directly from (7.1.7). A 
second proof is obtained by comparing (7.2.2) with (7.2.13). 


EXAMPLE 7.2.9. Entry 3.337.1 is 
(7.2.15) / exp (—ax — Bcoshx) dx = 2K,({). 


To establish this identity, make the change of variables t = Be*/2 to produce 


co _ B a co Sues B? 
exp (—ax — Bcoshz) dx = { = t exp | —t — — } dt. 
Joss 2 0 At 
The result (7.2.15) then follows from (7.2.2) and Proposition 7.2.8. 


EXAMPLE 7.2.10. The result of Example 7.2.9 is now employed to produce 
a proof of the evaluation 


(7.2.16) / eo 2b V27 +1 dy = K, (20). 
0 
The reader will find the similar looking integral 


(7.2.17) / e241)" de = 2-8/2e- PK, 14 (b) 
0 


in Section 7.7. 
The change of variables t = sinh x produces 


/ oe 2bva7 41 dcr = - cosh x exp (—2b cosh x) dx 

0 0 

= > / (e” +e”) exp (—2bcoshz) dx 
0 


= >| exp (—a — 2bcosha) dx. 


—oCo 


The result then follows from (7.2.15). 


EXAMPLE 7.2.11. Entry 3.391 is 
(7.2.18) 


[wa + 28 + Va)” — (Va + 28 Va) eM dir = 2°10" Ky (Bp) 
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Under the change of variables x > 28 sinh? x, the left-hand side becomes 
(2a)""* i sinh 2x[(cosh 2 + sinh a)” 
0 


— (cosh x — sinh a)?” Je7 Bu(cosh 20-1) de 


_ (opyttere f ie" = entre Se usoen 2x sinh 2x dx 
0 


= Gay tte [cosh(v + 1)z] — cosh(v — 1)x]e~ BH cosh ay 
0 


= 5(28)"*16% [ele +1)x — Bucosha] 
exp[—(v — 1)a — Bucosha]}dx 
= (28)’t*e%#[K,_1 (Bu) — Kvsi(By)), 


where, in the last step, Example 7.2.9 was used. Finally, by the recursion 
formula for the modified Bessel functions, this reduces, as claimed, to the 
right-hand side of (7.2.18). 


EXAMPLE 7.2.12. Entry 3.547.2, given by 
(7.2.19) ait exp(—( cosh x) sinh(yx) sinh x dx = Fi1(8). 
follows by rewriting the integral as 
2e~8 ie exp(—((cosh 2x7 — 1)) sinh(2yx) sinh 2x dx 
0 

=e? i exp(—2( sinh? 2) (e?”” — e~?7”) sinh 22 dx 

0 
=F [ew sinh? x) [(cosh x + sinh x)?? — (cosh x — sinh x)?”] d(sinh? 2) 

0 
= 8 [2 [abe + Yay — (Ve FT - Va”) du 

0 


and applying (7.2.18). 


EXAMPLE 7.2.13. Entry 3.478.4 is 


(7.2.20) i zt’ exp (—Ba? — ya”) dx = - (3) o Ky p(2/BY)- 


To evaluate this entry, let y = Gx? to obtain 


le) 1 love) 
7.2.21 ie gt exp (—Bx? — ya?) dx = ——- if y?/P-1e-9¥-Br/y dy. 
( ) 0 ( ) pBv/P 0 


The value of this last integral is obtained from (7.2.1). 
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7.3. A second integral representation of modified Bessel functions 


The next integral representation of the modified Bessel function appears 
as Entry 3.387.3 of [35] and it can also be found as (9.43) in [65], page 236. 
In order to make this paper as self-contained as possible, a proof is presented 
here. 


THEOREM 7.3.1. The modified Bessel function K, satisfies 


oF, Of Q? 
(7.3.1) / (a? — 1)*-V? eH dy = — (=) T(a+4)Ka(p). 
1 VT \E : 

Proor. Let C be the contour starting at oo, running along, and just 
above, the positive real axis to go into a counterclockwise circle of radius 
larger than 1 about the origin and then back to oo along, and just below, the 
positive real axis. Then 


(rang tara = gf erties 
C Cc 


_ o NG; | j2v-1-2k p—zt yy 
kIT (Ss = v) G 


k=0 
The last integral in (7.3.2) is Hankel’s integral representation for the gamma 
function, so 


Qmi AT (S$ — + kz? 


T(3—v) & RP(Qk - 2v +1) 


Qt 1nje—¥™P(1/2) J_,(iz) 


Tg-) ey 


I 


(7.3.3) ¢ Co Saye edt 
Cc 


Thus 


NG ca alle (2 ee ee 
te he (t“ — 1) dt. 


Since C' encloses +1, branch points of the integrand at which it vanishes, we 
can collapse C' to the real axis from —1 to oo (the branch cut runs from —1 
to 1). We have, integrating over the two segments above (t — 1 = (1 —t)e’” ) 
and below (t — 1 = (1—t)e~’” ) the positive real axis, 


(7.3.4) Ly= 


I(3 _ pre tYs (g 10" 


(7.3.5) I_y(z) = nil (1/2) 


fore) 1 
{aera f cP ay atrie mee oer) | ere tae. 


-1 


Therefore, from (7.1.8) and (7.3.5), 
mes i lt = vy [oe] 
Geo. “eee if ot — 1)" MPat, 
1 


sin TV mI'(5) 
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Consequently, by (7.1.7), 


Gare i. é (=i) 7H = ams (2) K,(2). 


This completes the proof. 


Several entries of [35] are now obtained by simple manipulations of (7.3.1). 


EXAMPLE 7.3.2. The scaled version 


1 
on 1 (2a\""2 
(7.3.8) / (2? — 97)" 6" dz = —= (=) T(v)K 1 (ap) 
a vr \e Po, 
appears as entry 3.387.6 in [35]. To establish this formula, let t = az to 
obtain 


(7.3.9) | (x? — ater dx = af (t? = Poteet dt. 
e 1 


Now use (7.3.1) with a =v — 4 and sia instead of pu. 


EXAMPLE 7.3.3. The change of variables x — coshz in (7.3.1) yields 
entry 3.547.9 


lee) Vv 1 
(7.3.10) | exp(—S cosh 2) sinh”” «dx = —= (5) r (- + 5) K,(8). 
0) 
EXAMPLE 7.3.4. Entry 3.479.1, given by 


OO gh lexp (— BVT +2) 2 (£ Ne 
(7.3.11) | Fe t= = (5) Pies \P) 


comes from (7.3.1) by the change of variables t = 1+ a and the symmetry 
of K, with respect to the order v. 


EXAMPLE 7.3.5. Entry 3.462.25 states that 


~ exp (—pz?) 1 ap a*p 
3.12 ————— dr = = — | Ko | —}. 
(7.3.12) ew ac dx 5exP ( 5 es 


To evaluate this example, let x = at to produce 
* exp (—pz”) ree * exp (—bt?) 
with b = pa”. The change of variables y = t? + 1 then gives 
°° exp exp (—bt?) bt?) 
a ee 
Now complete the square to write y?—y = (y—1/2)?—1/4 and let y—1/2 = w/2 


to obtain 


*° exp (—pa”) L gf y 3 —1/2,,—bw /2 
(73:15) a dx = = e/ (a2? — 1)- M4078? day. 
6, Var +a? 2 1 


This is evaluated by taking a = 0 and yz = 6/2 in (7.3.1). 


(7.3.13) dt, 


(7.3.14) 
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EXAMPLE 7.3.6. After replacing a by 2a in the original formulation in 
[35], entry 3.364.3 is given by 


oe P* de 
0 a(x + 2a) 


To verify this formula, complete the square and define a new variable of inte- 
gration by x + 4 = $at. This yields 


co —px co 
(7.3.17) | de eeP (ee = jee dt. 
0 


\/u(a + 2a) 7 1 


The result now follows from Theorem 7.3.1. 


EXAMPLE 7.3.7. Entry 3.383.8 of [35] is 


(7.3.16) =e? Ko(ap). 


1 
a if 2a\% "2 
(7.3.18) i: al (¢-+ 2a)’ +e de: = — (=) eT(v)Ki1 (ap), 
) VT \ Da 
where we have replaced the original parameter (6 in [35] by 2a to simplify the 


form of the result. To establish this formula, let t = x + a to obtain 
co 


(7.3.19) | gig + 2a)” 16" de = oe (2 — a2)"-Ye—#* dt. 
0 a 
The result again follows from Theorem 7.3.1. 


EXAMPLE 7.3.8. The special case a = 1 andy =n+ 4 and replacing the 
parameter p by p in Example 7.3.7 gives 


(7.3.20) | Bg Age eee de (=) e?T(n + $)K_n(p). 
0 Jit \p 

The result is brought to the form 

(2n — 1)! 


nd 


(7.3.21) | a2 (2 4 g)P V2 e- Pt dy = e? K,,(p), 
0 
given in entry 3.372 of [35], by using the fact that K is an even function of 
its order and employing the identity 
2h 1 
(7.3.22) (2n — 1)! = alin ey, 


This reduction of the double-factorials appears as entry 8.339.2. 


EXAMPLE 7.3.9. Entry 3.383.3 is 
1 
cae Ll fa\'-3 
u-1 _ u-1 (—2ba =. aie —ab 
(7.3.23) | at" (a — a)h*e dx SE (=) T(pY)e Hct), 
where we have replaced u by a and (£ by 2b to simplify the answer and avoid 
confusion between u and py. To prove this, let t = x — a to convert the 
requested identity into 
1 
7 1 a\H->3 
3.24 T(E ay te dt = = (SZ) FP P(weK 1 (ad). 
32a) fete pate d= 5)" rae K,_ (ab) 


i 
ca 
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This comes directly from Example 7.3.7 and the symmetry of Ka(z) with 
respect to a. 


EXAMPLE 7.3.10. Entry 3.388.2 is 


1 
a 1 3f28\*"2 
(7.3.25) ‘i (28a + 27)”-1e-¥* dz = — (=) ePT(v)K 1 (Bp). 
0 ey) 
This comes directly from Example 7.3.7. 


EXAMPLE 7.3.11. Entry 3.471.4 states that 
(7.3.26) 


a 1 B 
_ —2(q — 7-1 e-B/® ga = 1/2" o—B/2ap( 11) ie 
| v (a x) € 10 Tia € (1) p—1/2 2a 


where we have replaced u by a to avoid confusion. To evaluate this integral, 
let t = a/x — 1 to produce 


-B/a po 
‘ HTP 1)P te Pe ge, 


7.3.27 [= 
(7.3.27) il 


The formula established in Example 7.3.7 now gives the result. 


EXAMPLE 7.3.12. The proof of entry 3.471.8 
(7.3.28) 


. —1/2 
= 21 (G2 — 72\H-1e-B/# g ee i : BOBIAT VEC B 
: f ilee (ae a ae 2 x Vr \B a (1) w-1/2\ 7 


is obtained employing the same change of variables as in Example 7.3.11. 


7.4. A family with typos 


Section 3.462 of [35] contains five incorrect entries involving the modified 
Bessel function. There are some typos in both the form of the integrand as 
well as the value of the integral. 


EXAMPLE 7.4.1. The first entry analyzed here is 3.462.24: it appears 
incorrectly as 


(7.4.1) ie Cae dx = (2n — 1)! (2) K,,(ab), 


with the correct version being 


oo 4,.2n ev 2 n bie 
(7.4.2) / RON I rope a (n + 4) (2) K,,(ab). 
0 Vax? + b? Vr 27 \a 
The argument of the exponential appears incorrectly as —aVx + b?. The pre- 
sentation in [35] also employs the relation (7.3.22). This becomes inconvenient 
for n = 0. 
To confirm (7.4.1), make the change of variables t = Vx? + 6? to obtain 


a/p2 a 
(7.4.3) [- a?” exp (—ava? + 6?) avr +6 v= fe = n= 1/2 e% dt. 
0 


Vx? + b2 
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The result then follows from (7.3.8). 


EXAMPLE 7.4.2. Entry 3.462.20 states incorrectly that 


(7.4.4) | ena) ye Ko(ab). 


Vx? + b? 
This should be written as 


: exp (—aVa? + 67) 
0 Va? +b? 


and follows from (7.4.2) with n = 0. 


(7.4.5) dx = Ko(ab) 


EXAMPLE 7.4.3. Entries 3.462.21, 3.462.22, and 3.462.23 are the spe- 
cial cases of (7.4.2) with n = 1, 2, 3. Each one of these entries has the term 
Vax + 6? instead of the correct Vx? + b?. Entry 3.462.22 has an additional 
typo in the answer: it has Ky(ab) instead of K2(ab). 


7.5. The Mellin transform method 


The Mellin transform of a locally integrable function f : (0,00) > C is 
defined by 


(7.5.1) MIf;s] = f(z) = i Polat 


whenever the integral converges. Suppose the integral (7.5.1) converges in a 
strip a < Rs < b. A function f(t) may be recovered from its Mellin transform 
f(s) via the inversion formula 


1 ctioo 7 
f)=so fe Fls)as 
where a<c< b. 


EXAMPLE 7.5.1. The Mellin transform of the exponential function e~” 
is w *T(s). By the inversion formula, we have, for s > 0, 


277 


at ctioco 
(7.5.2) Cre s/f x wy *T(s) ds. 


—100 


LEMMA 7.5.2. The Mellin transform of K,(t) evaluates as 


(7.5.3) ie 1K, (t) dt = 2°22 (= e =) is (5 = =) 
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PROOF. Example 7.3.12 gives 
fore) 1 fore) 
i: t-1K,(t) d= sas | aay a = a) pts-le-t/a di dx 
0 2T(v + 1/2) Jo 0 
vrI(v +s) i: —v-1 2\v—1/2 
= sy 1 ay Vv 
Mea ee 
1 
_ VaT(v +s) | yls-¥)/2-1 (4 _ uyrtt/2-1 ay 
2+IP(y + 1/2) Jo 


_ VAP + s) PEEP + 1/2) 
et D(y + 1/2) (444) 


eae pal eae 
5 2 


An alternative proof is offered next. 


BR 


PROOF. Since K, = K_,, we may assume that vy > 0. By the Mellin 
inversion formula, the evaluation (7.5.3) is equivalent to 
1 rae Sov S$ ov 

5A) K, (ax) =— 2aT (S4+5)r(S-s)a 

(7.5.4) (ax) =a | a ah 5 a ae dx 
where c > v. The integrand has poles at s = +yv — 2n for n = 0,1,2,.... 
Assuming that v ¢ Z, all poles are of first order and the residue at s = +v—2n 
is 2(—1)" /n!. Closing the contour of (7.5.4) to the left and collecting the 


residues yields 


1 (-1)” ax\—¥+2n ax\ ¥+2n 
poe ait: rw —m (¥) Faas) } 
Using Euler’s reflection formula in the form 
(ee 7 
T(1—pt+n) sin (rp)? 


— 1400 


P(u-n)= 


this becomes 


ao te eee 


n 


The definitions (7.1.6) and (7.1.7) show that this last term is K,(ax), as 
claimed. 


EXAMPLE 7.5.3. Entry 3.389.4 of [35] is 


gu-1/2 

Fee a MTU) Ks jalan) 
where we have replaced the original parameter u in [35] by a in order to avoid 
confusion with the parameter js. This identity is now verified. 


(7.5.5) | a(x? — a?)’—le-#* dx = 
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Use the formula (7.5.2) to replace the term e~“” and reverse the order of 
integration to obtain 


foe) ct+ioo love) 
i) z(a*—a?)"—*e#* dz = a pe *T(s) (| g—*(¢? — a?\¥—} ax) ds. 


21 c—100 


LEMMA 7.5.4. The inner integral is given by 
(7.5.6) 


oe 1 8 ge all 
1-s/_ 2 2\v—-1 a 2v—s os os s—2 = eA 
() x *(2" — a“) Co Ta” r(; v) P(w)2 r($+5). 


Proor. Let « = at and t = y~/? to produce 


| a9 (a? = ies ag dx = ares | one _ Le dt 


1 


1 1 
= sas | maces Ol _ y)’} dy 
2 0 


1 
= 50° B (s/2—v,v) 


a?¥—*T\(s/2—v)T(v) 
2T'(s/2) 


Now employ the duplication formula for the gamma function 


g2s—1 


(7.5.7) T'(2s) = Fz 


T'(s)I(s + 3) 


to obtain the result. 


This produces 


5 PUT feo? Pansy eT S 
Bal erie (+) Pied r(5- )a 
i x(a"—a*)” eB” da: 33/72; | 5 5 + 5 5 ¥) ds. 


—100 
The parameter v is assumed to be real. Now shift the contour of integration 
by z= s—-vt+4 to obtain, with cc =c-v+s, 


co 
if ala? — a?) ede = 
a 


v—1/2 c' +ioo - 
2 1/2 1/2 
Vm \p oe OD Le ND 2 D D 


The result now follows from Lemma 7.5.2. 


EXAMPLE 7.5.5. The special case v = 4 of Example 7.5.3 is 
°° ve #* dx 
a Va? —a? 


This appears as entry 3.365.2 of [35]. 


(7.5.8) = ak, (ap). 
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EXAMPLE 7.5.6. Entry 3.366.2 is 
i (a + B)e#* dx 
0 sfx? + 28x 


To evaluate this result, let t= 2+ 6 and use Example 7.5.5. 


(7.5.9) = Be®* Ky (Bp). 


7.6. A family of integrals and a recurrence 


Section 3.461 of [35] contains four entries that are part of the family 


(7.6.1) fn(a, 6) = ie x?” exp (-av xg? + 0?) dx. 
0 


The evaluation of this family is discussed in this section. 
The change of variables t = Vx? + b? produces 


(7.6.2) f(a, b) = h ” 2 — yr tentt at, 


This integral was evaluated in Example 7.5.3 as 


(7.6.3) fn(a,b) = sn + 4) (>) Knii(ab). 


The example n = 0 appears as entry 3.461.6 in the form 
(7.6.4) | exp (-aV? 7 b) dx = bK (ab). 
0 


The remaining examples of the stated family are simplified using the 
recurrence 


2(v — 1) 


(7.6.5) K,(z) = Ky-1(z) + Ky_a(z). 


EXAMPLE 7.6.1. Entry 3.461.7 states that 
(7.6.6) fi(a,b) = < xexp (-aV? +0) dx = 7K, (ab) £  Ko(ab) 
The form given in (7.6.3) is 
(7.6.7) fi(a,b) = ” Kalab) 
The recurrence (7.6.5) gives 
(7.6.8) Kia = = Ki(ab) + Ko(ab), 


which produces the result. 


EXAMPLE 7.6.2. The same procedure used in Example 7.6.1 gives the 
evaluation of entry 3.461.8 as 


ey — 120? 3b 
(7.6.9) fo(a,b) = Zexp (-ave +b ) dx = —a Ke(ab) + =r Ki (ab) 
0 
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and entry 3.461.9 as 
(7.6.10) 


7 90b3 15b4 
f(a, b) = i ax°exp (-av x? + 0?) dz = a Ks(ab) + ep fa (ab). 
0 


REMARK 7.6.3. The recurrence (7.6.5) converts the evaluation of f(a, 6) 
into an expression depending only upon Ko(ab) and Ki (ab). For instance, 


1207 24b = 303 
(7.6.11) fala, b) = —3 Ko(ab) + (= + =) Ky1(ab) 
and 
36067 1504 720b 1200 
a a a a 
Experimentally we discovered that introducing the scaling 
ar 2") 

eee n yap ws @ ,b 

(7.6.13) an(e) = Far fal ad) 


and label c = ab and x = Ko(c), y = Ki(c), the expressions for the integrals 
simplify. The first few polynomials are 


gs(c) = c(c? + 24)a + 8(c? + 6)y 

ga(c) = 12c(c? +16)ax + (c* + 72c? + 384)y 

gs(c) = e(ct + 144c? + 1920)a + 6(3c4 + 128c? + 640)y 

ge(c) = 24ce(ct + 80c? + 960)x + (c® + 288c* + 9600c? + 46080)y. 


Properties of the polynomials appearing in the coefficients will be reported 
elsewhere. For example, the function gn(c) satisfies the differential equation 


(7.6.14) b7g/'(b) — (2n — 1)bgi,(b) — ((ab)? + 2n + 1) gn(b) = 0, 
and also the recurrence 
(7.6.15) Gn+2(b) — 2(n + 2)gn41(b) — (ab)? gn(b) = 0. 


7.7. A hyperexponential example 


This section discusses several evaluations of entry 3.323.3 
lee) 4 
(7.7.1) | exp (—B?a* - 27a") da = 2-3/2 L_1"/28" Kis (=) : 
0 B 2B 
This example also appears as entry 3.469.1 in the form 


can 1 /2v vy? v? 
on —pa* — Qvxr?) dx = —,/— ee ie ae 
(7.7.2) i) exp ( pa” — Qua ) t=F . exp Di 1/4 Di 


The change of variables x = yt/@ converts (7.7.1) into the form 
g 
(7.7.3) | eH +1)? Ge = 2-3/2 6 K, 14(b), 
0 


with b = 7*/26?. A similar change of variables converts (7.7.2) to (7.7.3). 
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7.7.1. A traditional proof. Recall that K, is defined in terms of [,. 


The definition of J, as the series (7.1.7) is equivalent to the hypergeometric 
representation 

i 

ak 


Applying Kummer’s second transformation (see for instance [13, Section 4.1]), 
o (7.7.4), one obtains 
22) : 


Consider the integral in (7.7.3). The change of variables x = t? followed 
by a series expansion and the further change of variables s = x? gives 


“ 2 2: 1 ro 2 
i e 2b? +1)? ge — se | ga l/2——2bx"—Abe ga 
0 2 0 


1 _o — (—4b)* 7 k—-1/2 ,—2ba? 
= 3° S> il ; x e dx 
k=0 


1 —2b ~ (—4b)* mh k/2—3/4 ,—2bs 
— Ae = ko Ss e€ ds 


(1/4 + k/2) 
(20)k/2+1/4 


ene eS V26)* (5 fi :) 
4(2b)V74 24 s ae 


Writing the terms according to the parity of the index k produces 


i eo 2b(t7 +1)? dt 
0 
5 = pS om (i+ i) ~ VB OPT ae D! at (e+ 5) 


Now use the definition of the Pochhammer symbol 


(7.7.4) Pv +1)L(2) = (5) oF oe 1 


(7.7.5) Pv +10) = (2) eh tee 


(7.7.6) (ay = ae 

to write 

ar) Te+H)=(,P@), 1O+)=@,7O. 
and 


(7.7.8) (2k)! = 2°* (5), (We, (2k +1)! =2°* (3), (Le 
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to produce 


i eo 2b(t7 +1)? dt 
0 


i se [ (2) 5° 2B" Wie _ ayaer (3) $> 2" _ 


A(2b)'/4 


0 
e720 1 1/4 3 3/4 
= — = 2b) —2V2bT | -— |) iF; 2b ; 
see (8 (3) + (aja)) -2¥%" G) 8 (a) } 
Applying the representation (7.7.5) of I, gives 


79) fea at = Fe (Layald) — ya). 
0 


This completes the traditional proof. 


7.7.2. An automatic proof. This second proof of (7.7.1) is computer 
generated. The reader will find in [44] a selection of examples from [35] where 
similar computer-generated proofs are described. 

The condition Re 6? > 0, stated below, ensures convergence of the inte- 
gral. Observe that the left-hand side of (7.7.10) is analytic in both y and 
8, while the right-hand side needs to be interpreted such that it shares this 
analyticity. In order to not worry about taking the right branch-cuts on the 
right-hand side, we restrict to y > 0 and 8 > 0. These conditions can then 
be removed at the end of the argument by analytic continuation. 


THEOREM 7.7.1. For complex y, 8 such that Re (8?) > 0, we have 
(7.7.10) 


foe) 7 j 


PROOF. Since the integrand is hyperexponential, we can apply the Almkvist- 
Zeilberger algorithm [2], which is a differential analog to Zeilberger’s cel- 
ebrated summation algorithm for hypergeometric summands. These algo- 
rithms sometimes are also subsumed under the name WZ theory. In the 
following we denote the integrand by f (a, 7) := exp (—8?a* — 27727). Using 
creative telescoping, one finds that 


(rit) (A+ Dz -4y%x) - f (z,7) =0 


where A := B?y D2, - (444 + 6?) D, — 47? and D, = 4. Dy = = Hence it 
follows that 


asf seenae= [AS (enyae 


ad 
-- | Dz 4y°x- f (2,7) de 
0 


=—49T- f (T,7). 
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In the limit T’ — oo, we therefore have 


Af f (x,y) da = 0. 


Let G(7) be the right-hand side of (7.7.10). In light of the differential equation 
(7.1.5) satisfied by the modified Bessel function Ky /4, a direct calculation 
shows that G(y) is also annihilated by A, that is, 


4 2 
A:-G(y)= A: 287 exp (5) Kia (5) =); 


Thus the claim follows by checking that F'(0) = G(0) and F’(0) = G’(0). The 
explicit evaluations 


ns Ps aig ve) 
Oe) aC 
ep AN ces, ok a? ese (2 eV des = 
F'()=[-4 f exp (—67a* — 2y Jacl 0 


confirm that these values agree with G(0) and G’(0). 


REMARK 7.7.2. It remains to explain how the relation (7.7.11) can be 
found using the Mathematica package HolonomicFunctions [43]. After load- 
ing the package, one just has to type 
info]:= Creative Telescoping[Exp[—b*2 * 7*4 — 2 * c*2 * #*2], Der[x], Der[c]] 
outfegj= {{b’cD; + (—b? — 4c) D. — 4c}, {42 x}} 


REMARK 7.7.3. Instead of to (7.7.1), the creative telescoping approach 
can also be applied to (7.7.3). However, in that case, the task of comparing 
initial values is not so simple, as the integral (7.7.3) does not converge for 
b=0. As a solution, one could compute the initial values at b = 1 but the 
resulting integrals are not trivial themselves. 


7.7.3. An evaluation by the method of brackets. This method was 
developed by I. Gonzalez and I. Schmidt in [33] in the context of definite 
integrals coming from Feynman diagrams. The complete operational rules are 
described in [31, 32]. Even though this is a formal method for integration, 
some of the rules have been made rigorous in [5]. A code has been produced 
in [40]. 

The basic idea is to associate a bracket to the divergent integral 


(E712) (a) = is x*—| dx. 


This extends to the integral of a function expanded in power series: let f be 
a formal power series 


(7.7.13) fas > aggorre—*, 


n=0 
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The symbol 
(7.7.14) i faydr= oS an (an + £) 
0 n 


represents a bracket series assignement to the integral on the left. Rule 2 
describes how to evaluate this series. 
The symbol 


(7.7.15) bes ear 


will be called the indicator of n it gives a simpler form for the bracket series 
associated to an integral. For example, 


(7.7.16) i ge re Fda S- on(n +a). 
0 n 
The integral is the gamma function I'(a) and the right-hand side its bracket 
expansion. 
RULE 1. For a € C, the expression 
(7.7.17) (ay +a +---+a,)* 


is assigned the bracket series 


(0+ rma +++ + me) 
7.7.18 anit gt a ee 
i a ee 


where ¢1,2....,.r is a shorthand notation for the product ¢m,¢m,-°*:$m,- 


RULE 2. The series of brackets 


(7.7.19) Yo ont (n)(an + b) 
is given the value 
(7.7.20) f(nt)T(—n") 


where n* solves the equation an + b = 0. 


RULE 3. A two-dimensional series of brackets 
(7.7.21) = Pniynod (M1, M2) (A111 + A1gN2 + C1) (A211 + A2N2 + C2) 
n1,n2 
is assigned the value 
1 


|a11422 a 12421 | 


(7.7.22) f(nq,ng)P(—nj )P(—n3) 


where (n},74) is the unique solution to the linear system 


(7.7.23) aim t+ ain2+c, = 0, 


421N1 + agQnN2 +c. = OQ, 
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obtained by the vanishing of the expressions in the brackets. A similar rule 
applies to higher dimensional series, that is, 


So Se bee nf (may s+ Mr (arama +++ Gpty + e1) +++ (Grima +++ dprMy + ep) 


is assigned the value 
1 
7.7.24 —— f(nj,--- ,n*)T(—nj)---T(-n= 
( ) ldet(ayj? :N;.) ( ni) ( ny) 
where A is the matrix of coefficients (a;;) and {n? } is the solution of the linear 
system obtained by the vanishing of the brackets. The value is not defined if 
the matrix A is not invertible. 


RULE 4. In the case where the assignment leaves free parameters, any 
divergent series in these parameters is discarded. In case several choices of 
free parameters are available, the series that converge in a common region are 
added to contribute to the integral. 


The method of brackets is now employed to verify (7.7.1) in its original 
form 


S 2.4 229 ae cs 
| exp (—6?x — 27°27) dx =2 ago Hays —, |. 
0 


Start with the bracket series 


[eer dom PY bm (Biel +277") de 
0 0 


=H) Sen (87x? +4 Qy7)™ dx 
0 n1 


and expand the term (67x? + 2y7)"! in a double bracket series to obtain 


CO 
| eB at +297 07) gop 
0 


am ge an 2,.2\n ayng (M1 + Ne + Nz) 

=| dont : ppc a)? (27*) hoa dx 
Qn3 B2n2-y2ns 

= ddd bm bbs (2n; + 2ng +1) (—n1 +n24+ 73). 

The result is a three-dimensional sum with two brackets. The rules state that 

the integral is now expressed as a single sum in the free parameter coming 

from solving the system 


nit nN2 N3 


2n, + 2n2+1=0 


—ny, + Ne + 73 = 0. 


The system is of rank 2, so there are three cases to consider according to 
the choice of the free parameter. 
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Case 1: n, free: the resulting system is 


2ng = —2n1 —1 


ng+ng=n1, 


and the corresponding matrix has det(A) = —2. The solutions are n3 = 
2n, + 4 and n3 = —n — 4. The resulting sum is 


(—1)72.2?r1-1/2g-2r1—1 ami +1P(_2n, — 1/2)P (ni + 1/2) 
FDR) 


ny 
and it vanishes due to the presence of I'(—n 1) in the denominator. 
Case 2: m2 free: in this case the matrix of coefficients satisfies det(A) = 2 
and the solutions are nj = —ng — 4 and nz = —2n2 — 4. The resulting sum 
> (1 )neg= ere 8/2 nay snap (Bins 4 4) 

ra T(ne + 1) 
is divergent, so it is discarded. 
Case 3: nz free: then det(A) = 4 and nj = $n3 — ¢ and n} = —4n3 — F. 
The corresponding series is 


: 


1)"8Q"3—2 B—ns—1/22nsP(n3/2 + 1/4) 4nz + +) 
yer i at ee ye oem 
T(ng + 1) ii T(ng + 1) 


N3 


with 6 = 27/8. In order to simplify the result, split the sum according to 
the parity of ng to produce 


[(n+4 I(n + 3) 


62” p2nti 

ae Dae A - aad Tan +2)" 
1 1 1/4| 6? 3 3/4| 6? 

=—3 jl | -JiFf —)-or(-)iF —]>. 
saath (a) (jalz) (3) (sala 

The claim is thus seen to be equivalent to the identity 


PCa) (ial) 2 (Z) om (Spl 8) = MPR) 


where b = 67/4. The identity to be established is now expressed in terms of 
the Bessel function I, using (7.1.7). The result is 


(2m (Ys) 28) ny 
= 8(1e(8)-tn() 


Now use (7.7.7) and (7.7.8) to produce 


116 7. BESSEL-K FUNCTIONS 


Using the expansion (7.1.6) shows that the right-hand side of the previous 


expression is 7e?/? times the series 
©. 1 p2k &2 1 p2k+l/2 
» T(k + 3/4)k! 2461/2 » T(k+5/4)k! 2484/2 


Each of these series can be simplified. Introduce c = b?/16 and write 


a 1 pe te ae /2 = 
Ds T(k + 3/4)k! 248-172 ~ 13/4) as G/.e mk TG/y? eo c) 


k=0 k=0 
and 
_ 1 p2kt+1/2 _ Jb Oo. 1 ck 
TES SDRIE ~ Preya 2 Be A 
_ _vo = 
~ Tay (sya ‘) 


The proof of the main identity (7.7.1) by the method of brackets is now 
reduced to verifying 
} 


1 1/4 3 3/4 
Mae Tl -)iF b) —2vbT [| —-]) iF b} = 
cra) 6G) um (Tal) -2¥r(3) + (ia *) 
b/2 v2 F{_. re oe ae 
(a eee (s/ :) on \ 5/4 
The exponents appearing in the series above are either integers or 4 plus 
an integer. Matching these two types separately shows that the main evalua- 


tion follows from the identities 
b? 3/4 — | B 
= d 1F, b) = 0/2 oF. ss, 
) and 4 ( ) e° of 1 5 / 4| 16 


1/4 _ b/2 E 
eye b) =e oft | 374] 16 3/2 


These are special cases of Kummer’s second transformation, which is ex- 
hibited in the equivalence of (7.7.4) and (7.7.5). This completes the proof of 
Example 7.7.1. 


CHAPTER 8 


Combination of logarithms and rational 
functions 


8.1. Introduction 


The table of integrals ia ] contains many entries of the form 


where R, and Rp are bend functions. Some of these examples have ap- 
peared in previous papers: entry 4.291.1 


1 2 
In(1 + 2) T 
1.2 ——__ dr = — 
(tie) | ee 
as well as entry 4.291.2 
1 2 
In(1 — 
(8.1.3) i In(l—z) 
0 ax 6 
have been established in [10], entry 4.212.7 
© Inaedx e€ 
1.4 eee | 
eee) i, (l+Ina)? 2 


appears in [8] and entry 4.231.11 


“Incdr amma G 
wl. ee ee 
(S15) [ x? +a? 4a a’ 
where 
tet 
8.1.6 G= Sa 
6) see 
is the Catalan constant, has appeared in [20]. The value of entry 4.233.1 
1 
Ina dx 2 | 20 1 
8.1.7 —>——————— —-y' l= 
( ) [=- a #(5)). 


where ~(x) =I’ (x)/T (a) is the digamma function, was established in [54]. 
A standard trick employed in the evaluations of integrals over [0, 00) is to 
transform the interval [1,0o) back to [0,1] via t = 1/a. This gives 


(8.1.8) ie Rede i Ro . = (+) ae 
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In particular, if the rational function satisfies 


1 
(8.1.9) R (=) = x’ R(a), 
x 
then 
(8.1.10) | R(«) nadzx =0. 
0 
7 1+2? 
This is the case for R(x) = a2 and (8.1.10) appears as entry 4.234.3 
—2£ 
in [35]. 


The goal of this paper is to present a systematic evaluation of the entries 
in [35] of the form (8.1.1). 


8.2. Combinations of logarithms and linear rational functions 


EXAMPLE 8.2.1. Entry 4.291.3 states that 


Af2 In(1 — x) In?2 or? 
maak ——_\ dx = -—. 
ee) | nk ee 
To evaluate this integral, let t = — In(1 — x) to produce 
U2 tad = In2 to-t dt 
(8.2.2) | Se) he -{ - a 
0 v 0 ay 


This last integral can be written as 


In 2 In 2 
td 
(8.2.3) 7 rat | ee 
0 0 l-e 


The first integral is elementary and has value 4 In? 2. The second integral was 
evaluated as 17/12 in [9]. 


EXAMPLE 8.2.2. The change of variables t = «/2 converts (8.2.1) to 


aie t\ dt In?2 7 
24 nies | 
(e224) | a( 5) a. ae 


This is entry 4.291.4 of [35]. 
EXAMPLE 8.2.3. Entry 4.291.5 states that 


ae «| In?2 x? 
(8.2.5) fu Ce ee 
F F tap. O 1 


To evaluate this entry, let u = (1 — x)/2 to reduce it to (8.2.1). 


EXAMPLE 8.2.4. Differentiating 


(8.2.6) fo + 2)~* dx = pee) 


a-—1l 
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with respect to a gives 


il 
1 
(8.2.7) | (1t+2)~*In(1+2) dz = Gai? (2-¢(-2 + 2° + 2In2— 2aIn2). 
0 a— 
Now let a > 1 to obtain 
‘in(d 1 
(8.2.8) f i 
9 l+2 2 


This is entry 4.291.6. 


EXAMPLE 8.2.5. The partial fraction decomposition 
1 1 1 


P29) ai+z) « l+a 
gives 
1 1 1 
(8.2.10) i Ta =} te) da - | IES) 
9 «(1+2) 0 x 9 lt+2 


The first integral is entry 4.291.1 and it has value 77/12, as shown in [10]. 
The second integral is dn? 2, as established in Example 8.2.4. This gives 
entry 4.291.12 


1 2 
In(1 1 
(8.2.11) i US ee a 
9 «(1+2) 12°22 
EXAMPLE 8.2.6. Entry 4.291.13 is 


loo) 2 
(8.2.12) | In(l+a)dx om 
0 


x(1+2) G:" 


Split the integral over [0,1] and [1,co) and make the change of variables 
t = 1/z in the second part. This gives 


co 1 1 _ 
(8.2.13) | ace | nt see  f In(l+é)—Int 


Expand the first integral in partial fractions to obtain 


co 1 1 
(8.2.14) if piss =| aes) ax ~ [ ee 
0 0 0 


a(1+<2) x l+a 
Integrate by parts the second integral to obtain 
eta ‘In(1 
(8.2.15) | In(1 + 2) dx a 2 | In(l+2) 
0 «v1+2) 0 z 
The evaluation 
1 2 
In(1 
(8.2.16) | ES) ics 
0 x 12 


that appears as entry 4.291.1 has been established in [10]. 
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8.3. Combinations of logarithms and rational functions with 
denominators that are squares of linear terms 


This section evaluates integrals of the form 


(8.3.1) [ Ro(x) In Ri (ax) dx 


where R,, Re are rational functions and the denominator of Rz is a quadratic 
polynomial of the form (cx + d)?. 


EXAMPLE 8.3.1. Entry 4.291.144 is 


lind+e2 1 a+b 21n2 
and 
(8.3.3) jf patee te 
>» @+i1? D 


gives the value when a = ), after scaling. 
To evaluate the first case, integrate by parts to get 


1 1 
In(1 + 2) In2 1 ‘i dx 
8.3.4 ——_{ dx = —-——_ + - ——_—__—.. 
( ) i (ax + b)? afa+b) aJg (1+<2)(ax +b) 
The result now follows by expanding the second integrand in partial fractions. 
The case a = b is obtained by a direct integration by parts: 


1 1 
In(14+ 2) In2 dx 
3. ——_ > dz = -— ——. 
ey [ (an a (+a 
This last integral is 1/2 and the result has been established. 
The same procedure gives entry 4.291.20 


(8.3.6) [ ae - [(a +) In(a +b) — 2bInd — 2alnd] 


for a F b. 
EXAMPLE 8.3.2. The partial fraction decomposition 
1-2? eee! | 1 1 
(ax +b)? (ba +a)? a? —b? |(ax+b)? (ba +a)? 
and Example 8.3.1 gives the evaluation of entry 4.291.25 


(8.3.7) 


(1 — a?) In(1 +2) dx ” 1 a+b Inb- Ina 
i: Geapltietae sean) [a n(a +0) — SP | 
___ 4ln2 
(a2 — b2)2" 


The answer may be written in the more compact form 
—a? Ina — b[bInb + aln(16ab)] + (a + b)? In(a + b) 


(8.3.8) Da? PP ; 
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but this form hides the symmetry of the integral. 


EXAMPLE 8.3.3. Entry 4.291.15 is 
[ In(l+a2)dx _Ina—Inb 
0 


(az+b)2 ~— a(a—b) 
for a # b. In the case a = b, the integral scales to 


(8.3.9) 


°° In(1 d. 
(8.3.10) | nee = 
0 (14+ 2) 
To evaluate this entry, integrate by parts to obtain 
~ In(1 Lise 
(8.3.11) | In(L +) dx _ - | ae 
0 = (ax +b)? ajJgo (1+2)(ax +b) 
This last integral is evaluated by using the partial fraction decomposition 
1 1 1 a 
8.3.12 ee ee eee 
( ) (l+a2)(ax+b)  b (a a) 
Integration by parts in the case a = b (taken to be 1 by scaling) gives 
°° In(1 + x) dx i dx 
8.3.13 —— —, =l 
oon maser 7h Ta 


The same procedure gives entry 4.291.21 


“In(az+b)dze alna—blnb 
3.14 Ne eee 
edt!) [ (isa)? a—b 
for a # b. The value of entry 4.291.17 
* In(a + x) alna—blnb 
8.3.15 OS bg = 
cab iar eo Wena 


is obtained from (8.3.14) by the change of variables x = bt. 


EXAMPLE 8.3.4. The partial fraction decomposition (8.3.7) given in Ex- 
ample 8.3.2 produces the value of entry 4.291.26 


[ (l—a?)In(1+a2)de _Inb—Ina 
0 


(8.3.16) 


(ax + b)? (ba + a)? ab(a? — b? 
from Example 8.3.3. 


8.4. Combinations of logarithms and rational functions with 
quadratic denominators 


This section considers integrals of the form (8.1.1) where the denominator 
of Ro(x) is a polynomial of degree 2 with non-real roots. 


EXAMPLE 8.4.1. Entry 4.291.8 states that 
1 
In(1 d. 
(8.4.1) ‘i EEG, = ap, 
0 1+? 8 


The proof of this evaluation is based on some entries of [35] that have been 
established in [10]. The reader is invited to provide a direct proof. 
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The change of variables x = tan y gives 


1 “1 m/4 
i ne ee = | In(1 + tan y)dy 
0 0 


1+ 2? 


m/A m/A 
= | In(sing + cos y)ay— f Incos y dy. 
0 0 


The value 


m/A T G 
if In(sin y + cos y)dp = —~In2 + — 


is entry 4.225.2 and 
mie 7 G 
l spdp = —-—In2+ — 
i ncos y dp 1 n2z+ 5 


is entry 4.224.5. Both examples are evaluated in [10]. This gives the result. 
The same technique gives entry 4.291.10 


1 
In(l—«)dx 
8.4.2 ————__ = -ln2-G. 
( ) [ 142? 3. 
This time, entry 4.225.1 
m/A 

| In(cos yp — sin y)dp = Seis o 

is employed. 


EXAMPLE 8.4.2. Entry 4.291.9 


(8.4.3) i Te) a <in2 eG 
0 


1+ 2? 


is equivalent, via x = tany, to the identity 


m/2 m/2 
(8.4.4) i In(sin y + cos y)dy — | Incosy dy = “ n2+G. 
0 0 


The first integral is entry 4.225.2 and it has the value —inln2 + G; the 
second integral is entry 4.224.6 with value —in In2. Both of these examples 
have been established in [10] 


EXAMPLE 8.4.3. The change of variables t = 1/2 gives 


© In(a — 1) dx ' In(1 — t) dt ' Int dt 
8.4.5) = | 
1 l+z2 9 1+? 9 1+? 


The first integral has the value z7In2 — G and it appears as entry 4.291.10 
it has been established as (8.4.2)). The second integral is the special case 
a =1 of (8.1.5). This gives the value of entry 4.291.11: 


“In(a-—l1j)dx a 
A, ———— = -]n2. 
be) | 1+ a? 3 
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EXAMPLE 8.4.4. A small number of entries in [35] can be evaluated from 
entry 4.231.9 


(8.4.7) 


mtg 2 q? 


evaluated in [10]. Expanding in partial fractions gives the identity 


ie Inadx alnq 
0 


me Ina dx T Ina Inb 
8.4.8 = | 
( ) i (x? + a?)(a? +b?) — 2(b? — a?) ( a b ) 
This provides the evaluation of entry 4.234.6 
ee Ina dz a) a 
A. TO I 
ee) | (a2 +b22)(1+a2) 2a(b?—a2) db 
via the relation 
(8.4.10) ie : Inaz dx =a) Ina dx . 
» @ tele) Bl, rep \e+ 
entry 4.234.7 
oe Ina dx T Ina 
A11 SS OF [| 1+ ln 
oat i (+a) tea) 1a) ( "ehauas ) 
via the relation 
es Ina dx Lo f@ Ina dx 
(8.4.12) Se, ee, 
» @ +e) + ea) Bl, Gta) +1) 
and finally, entry 4.234.8 
as x? Ina dx Ta b 
AL J - 
Ca) | (a2 +ba2)(1+22) 20(—a2) a 


using the partial fraction decomposition 

x? _ 1 1 as 1 
(a2 + b2x?)(1+ 2?) (6? —a?)a2+1  b?(b? — a?) x? + a? /b? 
The details are left to the reader. 


(8.4.14) 


8.5. An example via recurrences 


The integral 


(8.5.1) F,,(s) -/ x"(1+2)° dx 


for n € N and s € R is integrated by parts (with u = 2"(# +1) and dv = 
(2 + 1)*~! dz) to produce the recurrence 
gent n 


8.5.2 F,,(s) = ———— —- ————_ 
( ) (s) n+s+1l n+s4+1 


F,-1(s). 


The initial condition is 
: pert 
(8.5.3) Fy(3) =} Gries 
0 


st+l1l 
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The recurrence permits the evaluation of F,,(s), for any fixed n € N. For 
instance, 


seth 4] 
eae CES CES) 
_ 2 [28(s? +842) -1] 
BOG) ea OG) 
(53 + 387 + 8s 
Fils) = 2 [2°(s? + 35? + 8s) + 3] 


(s+1)(s+2)(s + 3)(s +4) 


Differentiating (8.5.2) produces a recurrence for 


(8.5.4) Gn(s) -{ 


to” In(1 +2) 


(1+ 2)° 
in the form 
Pam Qh 2 
8.5.5 Gn 8s ie a ee 
( ) (s) ata oe eas 
n n 
—— 5 Fn ~~ S bigte na daar n— : 
hme? 2) ese (8) 
This produces the value of G,(s), starting from 
'In(1 +2) gees Ore a1, 
8.5.6 Gols) = | Se“ a& = 
ney) ots) [ (+a 1-s  G-—sp 


For example, 


2°(2s — 3) — 2In2s? + 2(3In2 — 1)s* —4In2s+4 
(8.5.7) Gi(s) = = = Oat -o 


EXAMPLE 8.5.1. Entry 4.291.23 in [35] states that 


14+ 2? In2 23 


(8.5.8) [ a+) Giare=- —— 


This corresponds to the value Go(4) + G2(4). The recurrence (8.5.5) gives the 
required data to verify this entry. 


8.6. An elementary example 


Integrals of the form 


b 
(8.6.1) / mn Ra (2) Ra(2) a 


for rational functions R,, R2 can be reduced to the integration of a rational 
function. Indeed, integration by parts yields 


b b 
d 
(8.6.2) / In Ri(a) > Ra (x) dx = boundary terms — / R3(ax) dx 


with R3 = Ri Ro/R1. 
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EXAMPLE 8.6.1. Entry 4.291.27 states that 


(8.6.3) 
1 2 2 2 
l-« (l+a)*In(li+a) In2 a T @ 
[ 0 +02) Gop Saga 2 1+a2 41+e@ 
This example fits the pattern described above, since 
1-2? d «& 
6.4 ——_ = ———. 
eee) (l+a?)? dxr1+2? 
Therefore 
1 2 1 
1-2 d & 
In(1 —— dt = In(1 —— d 
| n( + az) Tp x | n( + 0%) aa x 


In(1 + a) : x dx 
an of (1+2?)(1 + az)’ 
The partial fraction decomposition 
x a 1 a 1 1 x 
G+e)\(1+ax) 14a l+ae 1+@ilta? 1¢@lye 
and the evaluation of the remaining elementary integrals completes the solu- 
tion to this problem. 


EXAMPLE 8.6.2. Entry 4.291.28 


cs b? — 2? 1 bomb 
also fits the pattern in this section since 
d b2 oad 
(8.6.6) cae 


dx x? +b? (2-27)? 
Integrating by parts and checking that the boundary terms vanish produces 


(8.6.7) fw +2) aaa ey i eee 

6. «) —— dt = - ——_—.. 
0 RP So GP TP)G +a) 

It is convenient to introduce the scaling x = bt to transform the last integral 

to 


oo x dx CD ia t dt 
(8.6.8) | arinare 73h (1+ @)¢+0) 


with c = a/b. The evaluation is completed using the partial fraction decom- 
position 
t = c 1 4 1 1 4 Cc t 
@+1)(t+ce) @+lt+e 14+ce#+4+1 ° &@41t?41 
and integrating from t = 0 to t = N and taking the limit as N — oo. The 
reader will easily check that the divergent pieces coming from 1/(t +c) and 
t/(t? +1) cancel out. 
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EXAMPLE 8.6.3. Entry 4.291.29 appears as 


au b? — x? 2 a 7d 
Gs In?(a — 2) ———— dx = —~— [ aln- — — 
(8.6.9) | n‘(a *) Tapa t= ap (aint >) 
but it should be written as 


et b? — x? 2 a 7b 
_ 2 Se = fs 
(8.6.10) | In [(a— x)*] Cy dx Dae (« In ns ) : 


This is a singular integral and the value should be interpreted as a Cauchy 
principal value 


loo) Z b? — x? _ 
| In [(a — x)?] aan? = 


a-e b2 — x? ioe) b? — x? 
: 2 2 
aay in [(a- 2)"] prone ee +f aarp 


The first integral is 


ee b? — x? oe d « 
2 
[mle-2 Grae = ff 2me~o) yar 


—— 2(a+€) net fo 2a dx 


(@teP +R faye a) FP) 
The reader will check that the boundary terms vanish as e > 0. This produces 
foe) b2 -> qe 
2 _ 

(8.6.11) i In [(a — 2) | aap dx = 

i a Qu dx {. Qu dx 

im —.—_ —.—. 

eof Tenaya? +P) * Jay. @ aya? +) 


The partial fraction decomposition 


(8.6.12) 
22 ee 2a 1 2b b . a 22 
(a—2)\(z?+b?) a? 4+RPae—-a a2+b?22?4+b? a2 +b?2 22 +5? 
gives 
- Qu dx 7 
o 6 (a— 2) (a2 +b?) 
cL |r ea ea ge lfc ee | 
- -— —— |In[(a - - : 
a2 + be bo BEL Ga ge 2a ba? + BP? 
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A similar computation yields 


iS 2x dx 7 
Sayer) 


“__ {in(N? +B?) — 2in(N — a) + 2Ine—In [(a +e)? +8"]} 


a? + b? 
2b _1 (ate 1(N 
+ Gree an ( i ) — tan (F)| : 


Now let N — 00 and use In(N? + b?) — 2In(N — a) > 0 to obtain 


ie Qe dx _ 
paler EA) 
a 


2b ate T 
2 2 -1 


Observe that the singular terms in (8.6.11), namely, those containing the 
factor Ine, cancel out. The remaining terms produce the stated answer as 
€ + 0. This completes the evaluation. 


EXAMPLE 8.6.4. Entry 4.291.30 written as 


= P x dz 1 TO a 


is evaluated as Example 8.6.3. Start with the identity 


d 1 x 
(8.6.14) of @esa = @sPp 


and then proceed as before. The details are elementary and they are left to 
the reader. 
8.7. Some parametric examples 
This section considers some entries of [35] that depend on a parameter. 


EXAMPLE 8.7.1. Entry 4.291.18 states that 


“In(ltaxr)dr 1, _; 7 
(8.7.1) | ar = 5 tan a In(1 +a ). 
Differentiating the left-hand side with respect to a gives 
In(1 + a?) 7 x dx 
8.7.2 men! — ee 
( ) 1+a? +f (1 +ax)(1 + 2?) 


The verification of this entry will start with the evaluation of the rational 
integral 


xdz 
(8.7.3) R(a) =| Gtas\+e)" 
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The partial fraction decomposition 


(8.7.4) 
x = 1 a “ a 1 4 1 22 
(l+axr)(l+a”?) 1+a@%1l+axr  1+a?14+2?  2(14+a?)14+2? 
gives 
In(1 + a?) a ‘ In(1 + a?) 
8.7.5 R(a) = —-——__— 4+ —\; tan™ ——__. 
( ) ) 1+ a? ae calioal 2(1 + a?) 


Motivated by the expression in the entry being evaluated, observe that 


e x dx In(l+a?) 1d é 
at. ——___—— + —_— t In(1 : 
(8.7.6) | Tey +P = 5 gy [tana n+ a?) 


Now integrate this identity from 0 to a to obtain 


saa lr es x dx In(1 + b?) 
LD i if (tote) 148 


“mn1t+b?) 1. y ’ 
i ape ge a In(1 +a’). 


Exchange the order of integration to produce 


x dx are “db 
db = ——_d 
doe (1+ bx)(1 + 2?) | cz / 1+ 62°” 
oe el 
= / ae [In(1 + ax) — In(1 + x)] de. 
0 


The result now follows from (8.7.7). 


db+ 


EXAMPLE 8.7.2. Entry 4.291.16 states that 
1 
In(a + x) dar fe Seroee 


The change of variables x = \/at gives 
(8.7.9) 


1 i/Ja i/Ja 
| In(a+a)de 1 ne dt +f In(1 + t/\/a) a. 
0 0 0 


a+ x? Ja 14+? 14+? 


The first integral is elementary and the second one corresponds to (8.7.1). 


EXAMPLE 8.7.3. Entry 4.291.19 states that 
1 
In(1 + ax) dx 1 =4 
8.7.10 ——— === In(1 : 
(8.7.10) [ SESS - ppt vena +0) 
This follows directly from (8.7.1) by the change of variables x = t/,/a and 
replacing a by Va. 
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EXAMPLE 8.7.4. Entry 4.291.7 is the identity 


(8.7.11) [TORR Fina 02) [ES 
Differentiating the left-hand side gives 

d f° In(1+ az) dx at x dx 

da Jo 1+? ~ [ (1 + ax)(1 + x?) 


T @ Ina 

21+a2 14a?’ 
where the last evaluation is established by partial fractions. The result now 
follows by integrating back with respect to a. 


REMARK 8.7.5. The current version of Mathematica gives 


*Inad | 
i a tae a= 5 PolyLogl2. tal] + 5 PolyLogl2, ia] 
0 


1+ 2? 
but is unable to provide an analytic expression for the integral 
°° In(1 + ax) dx 
if l+a2 


Entries of [35] that can be evaluated in terms of polylogarithms will be de- 
scribed in a future publication. 


EXAMPLE 8.7.6. Entry 4.291.24 states that 
i (1+ 27) In(1+ 2) eh 1 [i 
9 (a? + x27)(1 + a?x?) 2a(1 +a?) 12 
The evaluation of this entry starts with the partial fraction decomposition 
14+ 2? 1 1 1 
(a? + x?)(1 + a?x?) ~ T+ a E +a? - 1+ Mo 
which yields the identity 
' (142?) n(1+2) 1 1 in(1 + 2) dx In(1 + 2) dx 


and the change of variables t = 1/x then produces 
[ In(1 +a) da _ i. In(1 + t) dt ia Int dt 
9 ita@a fy t? + a? , t+a?’ 
Therefore 


if (1+ 27) In(1+ 2) gos 1 pas is Ina dx 
9 (a? +27)(1+a?x?) Tre 0 x? + a? 1 @+a?}" 


The change of variables x = at and Example 8.7.4 give 


pes _ -f Sa 
0 0 


xz? + a? a 1+ t? 


n(1+a?)—2tan7taln a| : 


(8.7.12) 
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Therefore 
ip (1+ 27) In(1+72) 
dx 
9 (a? + 27)(1 4 a?x?) 
1 T 1 f* Inxdx © Ina dx 
(8.7.13) ae [Zina +2) f rtf =“): 
The change of variables x = at gives 
° Ina dx Ina [°° dt 1 (% Intdt 
i: a2 + a2 = “a tie be a Pres: 
Ina [°° dt 1 f* lnudu 
= ge EA), 1+u2’ 


after the change of variables u = 1/t in the last integral. Replacing in (8.7.13) 
gives the result. 
EXAMPLE 8.7.7. The last entry of [35] discussed here is 4.291.22 
“x In(a+ 2) Ta a 
> dr = —>— > | Ind + — + 1 . 
‘ Gap” Ie 4a) (1 op pe na) 
As before, start with the identity 
x d 1 

7.14 > SS 
ee) (x? + b?)? dx 2(x? + b?) 
and integrate by parts to produce 


fa ae dx 
0 (ete 6 | 2S, (etalar+e) 


This last integral is evaluated by the method of partial fractions to obtain the 
result. 


Summary. The examples presented here complete the evaluation of every 
entry in Section 4.291 of the table [35]. The entries not appearing here have 
been presented in [10, 20, 50). 


8.8. Integrals yielding partial sums of the zeta function 


Some entries of [35] contain as the integrand the product of Inz and 
a rational function coming from manipulations of a geometric series. This 
section presents the evaluation of some of these examples. These evaluations 


can be written in terms of the Riemann zeta function 
[oe) 


(8.8.1) cs) =o 
k=1 


and the generalized harmonic numbers 


“1 
8.2 Dine = ‘ 
(8.8 ) , dim 


8.8. INTEGRALS YIELDING PARTIAL SUMS OF THE ZETA FUNCTION 


EXAMPLE 8.8.1. Entry 4.231.18 states that 


1 n 
1a" 1)r? =K44 
(8.8.3) [> pa OEE eye 
0 


This can be expressed as 


Tye gntl 


The evaluation begins with the identity 


1 [oe) 
k=0 
and its shift 
1—_tt 7 : ee 
(8.8.6) Waar ee +(n+1) 5° 2%. 
(1-2) k=0 k=n+1 


Integrate term by term and use the value 
4 1 
(8.8.7) ‘h a* Inz dx = hap? 
0 


to obtain 


(8.8.8) Ss d aay Gal) Se d 
Oo. P (l—ay2 near = k+l n Z (k+12 


This can now be transformed to the form stated in [35]. 


EXAMPLE 8.8.2. Entry 4.262.7 


(8.8.9) [ap ete So 
is obtained by using (8.8.6), the identity 

"vaste 6 
(8.8.10) | (Ina)°a" dx = "Tey 
and the value 

°° 4 
(8.8.11) pe a = ¢(4) = ae 
EXAMPLE 8.8.3. Replacing x by x? in (8.8.6) gives 
1 — 22nt2 ua = 

(8.8.12) Toe = So(k+1)a*+(nt1) So a. 


k=0 k=n+1 
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This gives 
Ly _ 4 2n+2 n eae 
i Gop - De+y | x” Ina dx 
0 k=O 0 
oo 1 
+(n+1) SS / a? Ina dx 
k=n+1 0 
“k+l = 1 
aS —(n+1 
d Gripe Ve (2k +1)? 
The value 
= 1 T° 8 
8.1 = 
iS818) » Oki 7 3 7 42) 


is obtained by separating the terms forming the series for ¢(2) into even and 
odd indices. Now write 


8.8.14 ates le een deed 
eer) ys aE ie = aS) - aE ae 
k=n+1 k=1 


to obtain, after some elementary algebraic manipulatons, the evaluation 


1 2n+2 n 
1-2 3 n-k+1 
8.1 —. Inrdzr = —-(n4 ) —_——_. 
(8.8.15) i G2)? na dx ri 1)¢(2) d, (Ok —12 


This is entry 4.231.16. 


EXAMPLE 8.8.4. The alternating geometric series 
1 Co 
8.8.16 — =) (-1)*a* 
(8.8.16) ete 


is used as before to derive the identity 


(8.8.17) PEE = Gare 1)*a* x 1)*(n—k)a*. 
oe r=0 i= 
Integrating yields 
(8.8.18) 
gS ace nzdz=—(n = (1 ae “(-D*(n—k +1) 
i (Gg ee +) GaP = y . 


This is entry 4.231.17, written in the form 


1 a Nyntl in a n = kin — 
@s.i9) | OS neds = ET Se peat 


using the value 


(8.8.20) 2 CF 
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EXAMPLE 8.8.5. Entry 4.262.8 
(8.8.21) 


1+ (-1)"a"*1 F 2 yk — 


is obtained by using (8.8.17) and the identities mee in Example 8.8.2. 
The procedure employed in Example 8.8.3 now gives entry 4.262.9 


Ty g2nt2 (n+ 1)r4 “n—-k+1 
8.22 —§_ (1 dz = ———_— ——.. 
(8.8.22) i 2: (In x)? da i6 +65¢ 


8.9. A singular integral 


The last evaluation presented here is entry 4.231.10 
°° Inadx 7 
9 a— bx 4ab 
The parameters a, b have the same sign, so it may be assumed that a, b > 0. 
Observe that this is a singular integral, since the integrand is discontinuous 
at « =a/b. 
The change of variables t = ba/a gives 


~ Inedzx 1 a [* dt ~ Int dt 
8.9.2 —————_—- = — |In—- — ——_|. 
oe) [ a2 — bax? = (m5 f et f a 


The first integral is singular and is computed as the limit as e — 0 of 
(8.9.3) 


l~e dt co dt 1 Q—¢E 1 € 1 Q—E 
one aS in hin ==In 
9 1l-# wel-# 2 € 2 2+6€ 2 2+eéE 


obtained by the method of partial fractions. Therefore this singular integral 
has value 0. The second integral is 


°° Intdt 'intdt 
9.4 =2/ —— 
saa ig 


because the integral over [1,00) is the same as over [0,1]. The method of 
partial fractions and the values 


(8.9.5) fp ue- 1? a f mee 1? 
me gis: 6. le Lee ee 


which appear as entries 4.231.2 and 4.231.1, respectively, give the final result. 
These last two entries were evaluated in [4]. 
The change of variables t = Inx converts this integral into entry 3.417.2 


ve tdt a: 
(8.9.6) i, _ Geet 7p 
The same change of variables gives the evaluation of entry 3.417.1 
y t dt T b 
9. ee en 
eg) Me azet+ be! 2ab a 
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from entry 4.231.8 
° Inadzx T b 
8.9.8 oer = In 
( ) | a? + b?x? ab a 
evaluated in [10]. 
Summary. The examples presented here complete the evaluation of every 


entry in Section 4.231 of the table [35]. The entries not appearing here have 
been presented in [10, 20, 50]. 


CHAPTER 9 


Polylogarithm functions 


9.1. Introduction 


The table of integrals [35] contains many entries that are expressible in 
terms of the polylogarithm function 


lo) gk 
(9.1.1) Li@)\= > moe 
k=1 


In this paper we describe the evaluation of some of them. The series (9.1.1) 
converges for |z| < 1 and Res > 1. The integral representation 


(9.1.2) Li,(z) = TO) a os 


em~ —z 


provides an analytic extension to C. Here I'(s) is the classical gamma function 
defined by 


(9.1.3) T(s) := a x? te dx. 


The polylogarithm function is a generalization of the Riemann zeta func- 
tion 


(9.1.4) ¢(s):= So po = Lie(1). 
A second special value is given by 


: = (—1)* l-s 
(9.1.5) Lis(-1)= > = —(1-2'*)¢(s), 


ks 
k=1 


the last equality being obtained by splitting the sum according to the parity 
of the summation index. 

The first result is an identity between an integral and a series coming from 
the evaluation of the polylogarithm at two values on the unit circle. Many of 
the entries presented here are special cases. This is a classical result; the proof 
is presented here in order to keep the paper as self-contained as possible. 


THEOREM 9.1.1. Letv € C with Rev > 0 andO0O<t< 7. Then 
i a’tdx 2 (v) Gsinkt 
0 


cosha—cost  sint = ky 


(9.1.6) 
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ProoF. The integral representation (9.1.2) gives 
[ps (it (ity) — _2 ers 1 1 
i [Lis(e~) — Li(e")] = raf x =e de 


= = f x?! da 
~ T(s) Jo cosha — cost’ 


The series representation (9.1.1) gives 
Co Likt _ ,—ikt 
ek! _e 

‘ Li, ity i at = 

i [Li,(e~”) — Li, (e)] eee 
k=1 
sin kt 

ks 


k=1 


This proves the result. 


COROLLARY 9.1.2. Let vy € C with Rev > 0 andO0 <t<7. Then 


ee ag Nd ar(v) = p—1 Sin kt 
9.1.7 —_—————_ = -1)* 71, 
( ) i: cosh z + cost sint >! ) ky 


ProoFr. Replace t by 7 —¢ in the statement of Theorem 9.1.1. 


This corollary appears as entry 3.531.7 in [35]. 


REMARK 9.1.3. In the special case v = 2, the series in the corollary 
appears in the expansion of the Lobacheusky function 


Co 


t . 
1 p—1 Sin 2kt T 
(9.1.8) L(t) =-f Incos sds = t eg as, OS S: 
This special case of the corollary can be stated as 
* x dx 4(t In2— L(t)) T 
wl = t<o. 
On) i cosh x + cos 2t sin 2t ; es 2 
This is entry 3.531.2 of [35]. Observe that this is written as 
as x dx t In2-— L(t) T 
11 ——_—_ = ———— t<n. 
re : cosh 2x + cos 2t sin2t ” coe 2 


The fact that this is the only entry in Section 3.531 with cosh2x instead of 
cosh can lead to confusion. 


9.2. Some examples from the table by Gradshteyn and Ryzhik 


This section presents the evaluation of some entries from the table [35] 
by making specific choices for the parameters v and t in Theorem 9.1.1 and 
Corollary 9.1.2. Naturally a closed form for the integral is obtained in those 
cases for which the series can be evaluated. 
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EXAMPLE 9.2.1. Take v = 2 and t = 7/3. Theorem 9.1.1 gives 


‘s x dx — 21(2) 3 sin(k7/3) 
0 cosha—3  sinn/34~ Fe? 
4 Qsin(k7/3) 
_ Re Ss k2 : 
k=1 
The function sin(7zk/3) is periodic, with period 6, and repeating values 
v3, vi V3, 
2 bs 2 i ’ 2 r 2 | = 


Therefore 


To evaluate this series, recall the series representation of the digamma 
function w(x) =I’(x)/T (x), given by 


1 = x 
9.2.1 =-y-- —_ f 0. 
(9.2.1) We)=—1- 2+ )igepey bre> 
Differentiation yields 
= 1 
2:2 (x) = SCE f 
(9.2.2) (x) eras or a > 0, 


and we obtain 


= i i <— 1 Ae 
ed) 
2 GeIE 36 2 ea ap a SO 


This provides the expression 


oan, Eat (2) -v(8)-v(8)-Q) 


k=1 


The identities 
(9.2.4) wil-2)=v(2)+7cotrz, for0<a¢<1, 


and 


(9.2.5) (2x) = 
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produce 


I 
| 
or 
oe 
Zao 
— 
a eS 
+ 
e 
lor) 
a 
iw) 


It follows that 
ee x dx 2 1 Ar? 
9.2.6 EE eS fey A 
( ) [ cosha — $ 3" (3) 9 


This example appears as entry 3.531.1. The value stated there is given in 
terms of the Lobachevsky function using (9.1.9) 


(9.2.7) f= (G22 (9). 


2 
Comparing these two evaluations gives 


(9.2.8) 1 (2) 1 “(Z)+2 asta 
. . = Seo _— ooo _ n . 
3 4/3' \3/ 673 3 
This example also appears as entry 3.418.1 in the form 
ie xdz 1 1 Qn? 
9.2.9 = yy ( S|) — —]. 
Cm) f epeeai= "(5-4 


EXAMPLE 9.2.2. Entry 3.514.1 in [35] is 


it d t 
(9.2.10) | ee for0<t<7,a>0. 
9 coshax+cost  asint 


The case of arbitrary a > 0 is equivalent to the special case a = 1. This 
follows from the change of variables ax +> x. The integral 


= d. t 
(9.2.11) 7 ee —, for0<t<r7, 
9 coshx+cost  sint 


is now evaluated by elementary methods. 
The next sequence of identities gives the result 


i dx _ oe e* dx 
9 cosha + cost 9 «e*% + 2e* cost + 1 
= 2 fo dr 
1 1?+2rcost+1 


sa du 
1+cost u? + sin* ¢t 


eed me du 
_ sint cot(t/2) v2 + 1 
t 


sint 
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EXAMPLE 9.2.3. The exponential generating function for the Bernoulli 
polynomials B,,(x) is te*’/(e’ — 1), so for real x and t with 0 < |t| < 2z, 


(9.2.12) a 2573 ey 
a2 aa a as 
For n = 2m +1 an odd integer, these polynomials have a Fourier sine series 
given by 
(9.2.13) 
Padi getdccatia CoD Sad = 
Gm ep Bam (x+ 3) = poe ee Sar zee Dae for |t| <7. 
: k=1 
For example, n = 3 gives 
t(n? — t? = kt 
(9.2.14) ew =>0(-1)* od for |t| <7, 
k=1 
and n = 5 gives 
t(n? — t?)(7n? — 3t?7) kt 
(9.2.15) Mo OG 8) Seu 1 , for |t| <7. 
k=1 


These representations and Corollary 9.1.2 give the evaluations 


Pe eee t(n? — t?) 
9.2.16 _ vat _ im —t) ete 
i coshz + cost 3sint. ” orU<t<T7, 
and 
kde _ ta? = )(7n? ~ 31?) 
2.1 of OE AE a) ; | 
ae i cosh x + cost 15sint ’ or0<t<a7 


These integrals appear as entries 3.531.3 and 3.531.4, respectively. The 
Fourier sine series 


kt 
(9.2.18) p= DH yr = , for |t| <7, 


shows that the evaluation given in Example 9.2.2 is also part of this family. 


EXAMPLE 9.2.4. The limiting case t — 0 in Corollary 9.1.2 gives, for 

v # 2, the evaluation 
OP gh de 

9.2.19 = 2(1- 2°-”)T —1). 
(9.2.19) fo seer 20-P eENe -) 
The proof uses the elementary limit sinkt/sint — k as t > 0 and (9.1.5). 
The identity (9.2.19) is part of entry 3.531.6. An alternative direct proof is 
presented next. 

The integral representation 


oo 48-1 d La gi-s 
(9.2.20) i) oe DEG 
o «err +1 p® 
appears as entry 9.513.1 in [35] and it is established in [66] and in [4]. 
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Differentiating with respect to p gives 
eS eP* dx s(1— 21-8) 
9.2.21 a ee 
(9.2.21) fee OO) 
and p = 1/2 produces 
7 xs dx — 9st+1 1l-s 

The change of variables u = 7/2 and vy = s + 1 gives the result. 

The limiting case v > 2 


a dx 
9.2.23 ———— = 2]n2 
( ) i coshax +1 nea 
which is also part of entry 3.531.6, appears from the limiting behavior 
1 
(9.2.24) ¢(s) = aol + F(s) 


where F'(s) is an entire function. 


EXAMPLE 9.2.5. Let t = 27a in Theorem 9.1.1 and take vy = 2m+1 with 
m € N to obtain 


oe de 2(2m)! Q sin 2rka 
2:2 —_—__—_—__——_ = ———. 
vey / cosha—cos27a sin 27a = kam+1 


This is entry 3.531.5 in [35]. The hypotheses of the theorem restrict a to 
0<a< 1/2, but the symmetry about a = 1/2 implies that (9.2.25) also holds 
for 1/2<a<l. 

In the special case a = 4, replacing sin 27ka/ sin 27a by its limiting value 
produces 
(9.2.26) ihe ae 2(1 — 2!-2")(2m)!C(2m) 

2. ——_ = 2A(1- m)!¢(2m 
9 cosha+1 , 
in agreement with (9.2.19). For positive integer m, the relation 
greg Bs, | 
(2m)! 


expresses the integral in (9.2.26) in terms of the Bernoulli numbers Bo», as 


(9.2.27) ¢(2m) = 


CO ?™ dy 
9.2.28 = 2? 1 _ 1) 7? | Ba, |. 
( ) i cosha +1 ( ye Bar| 


CHAPTER 10 


Evaluation by series 


10.1. Introduction 


The table of integrals [35] contains a large variety of definite integrals 
that can be evaluated by expanding the integrand. The idea is remarkably 
simple: to evaluate 


(10.1.1) l= [ f(x) dx 


one chooses a set of functions {f, : n € N} for which it is possible to expand 


(10.1.2) f(@y=>_ anfa 
n=1 
uniformly on [a,b]. Then, with 
(10.1.3) bn = ie fr(x) dx 
it follows that : 
(10.1.4) [ f(x) dx = 3 Anby, 
@ n=1 


In order to obtain a simpler form of the integral J, it is required to identify 
the series in (10.1.4). 
10.2. A hypergeometric example 
The first example is entry 3.311.4 in [35] 


eI dx 
10.2.1 = 
( ) | 1—ae-Pt “Yat 4 q+ kp 


Expanding the integrand as a cals series produces 
Co 

k —kpx 

(10.2.2) oe a, ore, 


and integrating over [0, co) gives 


10.2.3 ig a f eo (G+kP)® dy — eit, 
\ > 0 » q+ kp 
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The resulting series may be identified as a hypergeometric sum. Recall 
that the hypergeometric function is defined by 


— (ai)k + (Ap)a 2 
10.2.4 Picton Meneses a 
( ) P q ( 1 priv q ) = (b1) n+ + (bq) k! 
where the Pochhammer symbol (a), is 
1 2)+-- k-1 ifk>0 
(10.2.5) usr er Sete, ake 
1 ifk =0. 


The reader will find in [41] a selection of entries in [35] that are evaluated in 
terms of these functions. 
To identify the series in (10.2.3), write it as 


(10.2.6) 3 ia Ss = 
eg ot PE Pi Pe 
where c = q/p. Now use k! = (1), and 
c(c+1)p 

10.2.7 k+e= 
( ) On 
to write 

== ak 1 2 (c)k (1) ak 
10.2.8 sig eee 
( ) ares = qo mee k! 


It follows that 


lee) —qu ¢ 1 
(10.2.9) | = Fh (4. 1,144, a) ’ 
gi Lh aeee Gg P Pp 


10.3. An integral involving the binomial theorem 


Entry 3.194.8 
» gh] de =. (m—n—1\ (-2)-* 
10.3.1 ——— =2™” 
ee: | Cseear ye 3 k = 


k=0 


is now evaluated using the binomial theorem 


(10.3.2) a eg a 
k=0 
Indeed, the change of variables t = «/(1 +2) produces 


(10.3.3) i sia iM ae 
— oe ER: Sig. Se eee 
The integrand is expanded by the binomial theorem (10.3.2) in the form 
a (ma-n-1 
10.3.4 1-t)" "= —t)* 
(10.3.4) a-1 >>) aaa oe 


k=0 
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and replacing the series in (10.3.3) produces the stated result. 


10.4. A product of logarithms 


This section considers the evaluation of entries in [35] where the integrand 
is the product of two logarithmic functions. The entries are evaluated by 
expanding the integrand in series. Alternative proofs are sometimes offered. 

EXAMPLE 10.4.1. The value of entry 4.221.1 
2 


1 
(10.4.1) | Ing In(1l — 2) dz =2—- — 
0 
can be obtained from the expansion 
ak 
A, n(1 — — 
(10.4.2) x) ae 7 


It follows that 


1 
(10.4.3) [nein - 2) ae = 23. tf Ina dx 
0 


and the integral can be evaluated by integration by parts to produce 


1 
1 

10.4.4 ky ee NS 
(10.4.4) [e nadx (e+? 
Therefore 

1 co 1 
10.4. Ing In(1 — = ——"— 
(10.4.5) | naz In(1 — x) dx as KR+IP 


and the partial fraction decomposition 

(10.4.6) a ee ee, See 
k(k+1)? k k+1 (k+1)? 

gives the result. 


EXAMPLE 10.4.2. The evaluation of entry 4.221.2 


1 2 
(10.4.7) | Inz In(1+2)dz =2- - —~2In2 
0 
can be obtained by using the expansion 
See eae 
(10.4.8) In(l+2)= 5° a 
k=1 


and replacing the series in the integral to obtain 


= (ye p 
(10.4.9) | Ing In(l+ <2) dx = S- | a* Ina dx. 
0 


0 k=1 
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Integration by parts produces 


1 
1 
k = ——___. 
(10.4.10) i x Inadrz = (hI 
and this leads to 
(10.4.11) fp In(1+2)d 5 ye 
A, : nz In x)dx = 24 Ket 1 
Expanding 
1 1 1 1 
(10.4.12) —, = -- — - 


kKk+12 k k+l. (k+1? 


and using the values 


co ( 1)" Se. ( i} 1 
A, = —In2 and =-— 
(10.4.13) > i n2 an 2 Be 1D 


produces the result. 


EXAMPLE 10.4.3. The evaluation of entry 4.221.3 


. 1— az 
10.4.14 l =— ary (1+k) 
0 ) | n(—*) = ey a 


is obtained via the change of variables 2 = e~* to produce 


1 -t oo -t =; 
1—ae dx 1—ae e 
A, ———. ] — =- In | ———— } — dt. 
(10.4.15) [»( ea )< i a( f=% ) j 


The expansions 


Co Co k 
=H ae ng = a” 
(10.4.16) In(1 — ae =-») 7e and In(1 — a) = — 2 ; 
k=1 k=1 
produce 
. l—ae*\ dz a’ fee Mid 
A. =<} |) = = ———e dt. 
(10.4.17) [»( —— ) = a ed 


The integral 


co eke | 
(10.4.18) g(k) =i —— edt, 
0 


appearing above, satisfies g(0) = 0 and g’(k) = —1/(k +1). Thus g(k) = 


—In(1 +k) as required. 
The series 


(10.4.19) h(a) = — s “in(1 +k) 
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in the formula (10.4.14) is related to the ee aaa function 


(10.4.20) Lip (« = 3 re 
Indeed, h(a) satisfies 
oo 
Sie Min(l+k) = ae pao (a) 
ra a a? Ob b=0° 


10.5. Some integrals involving the exponential function 
This section presents some examples involving the exponential function. 
EXAMPLE 10.5.1. The evaluation of entry 3.342 


1 1 fag 
10.5.1 —px Ina) dx = TP? dy = = = 
( ) | exp(—pax In x) dx | x x p> () 


k=1 
can be established by expanding the integrand in series. Indeed, 
1 oo kpk pl 
—1 
(10.5.2) iL exp(—pr lnxz)dx = yor | a* In* dz. 
0 a) : 0 


The change of variables x = e~' gives 


1 oo 
| vin’ edz = (-1)* f Re PTD! ae 
0 0 


(Spe [ a 
Dee |, s"e *ds 
(—1)* k! 
(K+ 1)et1- 
Replacing this expression in (10.5.2) gives the result. 


EXAMPLE 10.5.2. A similar procedure provides the evaluation of entry 
3.466.3 
1 
(10.5.3) 


0 


= 1 
t= DRS)’ 


Expand the exponential in the integrand and integrate term by term. The 
resulting series can be identified as 


(10.5.4) SRS 71+ VFenhlt, 
k=1 


where 


(10.5.5) erfi(x) = — | et dt. 
0 
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The generalization 


1 nr 2k 
1 Be x 


k=0 


is evaluated as 


= 1 
10.5. — ——____—_., 
02) dn = )) WQRDMOD 
| 
The first few values are 
dg = 1-—e+-¥Vrerfi(1) 
4 2 
dy => 3 —-et+ 3 Vm erfi(1) 
31 Be 4 
do — 30 _ 5. + TeV erfi(1) 
71 lle 8 
dj = —-—+- = fi(1 
: 105 35 + on™) 
379 19e 16 
d4 340 T05 ogg V7 erfi(1). 


The reader will check that the coefficient of \/7 erfi(1) in dy, is 2"/(2n + 1)!!. 
The remaining coefficients will be explored in a future article. 


10.6. Some combinations of powers and algebraic functions 


This section considers entries of the form 
(10.6.1) | a A(e*) dx 
0 


where A is an algebraic function; that is, it satisfies P(x, A(w)) = 0, for some 
polynomial P. 


THEOREM 10.6.1. Leta >0. Then 


Ui tee = (2k)! 
10.6.2 EP geo as a cs 
Up ds eG re > 3 (E+ 1)lAl(b-+ ak)? 


with b=1-+a. 


PROOF. The binomial theorem shows that 


co 


Tae = Se, (7) (—1)*e~oh* 


k=0 
3 a (2k)! e ake 
4 (2k 1) PRR 


k=0 


I 
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Integration yields 


“ —a,/ —ax = (2k)! we —(1+ak)x 
4 ve l-—e dx = sy S- (2k — 1) 2*K2 ‘5 ve ( ) dx 
k=0 


_ > (2k)! 1 
7 = (2k — 1) 2?*k!? (1 + ak)?" 
Now shift the index of summation to obtain the stated form. 


In the examples below, the notation 


(10.6.3) I(a) = ss ze *V1—e-“ dx =1—- S(a) 
0 
where 
_< (2k)! 
(10.6.4) S(a) := » SIRT (ky IRTP 


is employed. 


EXAMPLE 10.6.2. Entry 3.451.1 states that 


is 44 
(10.6.5) se *V1—e-*dx = 3 € —In 2) : 
0 
This entry corresponds to [(1) = 1 — S(1), where 
= (2k)! 

10.6. 1)= Oooo 

mee es d DRI (k + 2)2(k+ KE 

To evaluate this sum by elementary means, start with 

(2k)! , 1 

1 . . = V——_—__ _————d 

(10.6.7) f(a) > we? = Se 
where the last evaluation comes from the binomial theorem. Define 

(2k)! htt 

10.6. = t)dt = ; 

(10.6.8) aa) = fo feat So ee 

An elementary calculation shows that 

1 
(10.6.9) g(x) = rite —v1-4a2). 
Now define 
(10.6.10) 
e (2k)! ht? | a re 3/2 
h(a) = t) dt = eS ee et 
(2) i, a(t) » Be (kt D(RED) 2 tt *) 
and 
* h(t) (2k)! ght? 
10.6.11 = —dt= : 
( ) w(z) [ t ae (+ D(k+ 2 
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The relation S(1) = 8w(1/4) comes by comparing this last series to the one 
defining S(1) in (10.6.6). Now observe that 


” h(t) oe 
(10.6.12) w(x“) = ‘i = dt = a + 7p7@), 
where 
* (1 —4t)3/2 -1 
(10.6.13) J(x“) = / — dt. 
0 
The change of variables u = 1 — 4t gives 
1 1 2 
(10.6.14) I(x) = -2 | De ay 
Ji—4e l+u 


and the further change of variables v = 1 + u gives 
2 
(10.6.15) J(z) = -2 | (v? — 2u +2 —1/v) dv, 


where o = 1+ /1—4a. This last integral can be evaluated in elementary 
terms to produce 


w(2) = = ( 4+ 4/1 — 42 + 2(9 — 4/1 — 4x) + 31In2 — 3ln(1 + V1 — 42)). 


In particular, w (4) a z (3 In2— t) and then 


4 
(10.6.16) I(1) =1—S(1) =1-8w (4) = AG —3ln2) 
as required. 


EXAMPLE 10.6.3. The second entry in this family is 3.451.2, which states 


(10.6.17) i} ve~*/1—e* dx = = (5 + In 2) . 
0 


4 


The same technique used in the previous example is now used to evaluate 
I(2) =1—S(2), where 


= (2k)! 


10.6.1 2) = 22 eer FEL 
(10.6.18) S(2) 2 SES MOET SP 
Start with 
© (2k)! , 1 

10.6.19 = = 
( ) f(z) » Meo ae 
and then evaluate 

oe C2 
(10.6.20) g(z)i= J f(t)dt = » Weep 
and as before 

1-vV1-4 

(10.6.21) g(x) = =: 
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The next step is to form 


7 foe) 2k)! g2kts 
6.22 h(a) = d= a 
(10.6.22) (x) [ g(t’) < (e+ 1k! 2k +3 


Now 


A(z) = sf a= Vvin aaa 


2 
1 x 
e. s-5/ Jl — 48 dé. 
0 


Elementary changes of variables yield 


1 
(10.6.23) h(x) = 5 — 5sin7!(22) — sev — 422. 
Define 
ee ss ee ee oe 


k=0 
so that Sy = 4w(1/2). Now, 


ier = [G-222-pre) dt 


2 8 t 4 
ei if 1 /* sin7'(2t) 
= 2 Lg /1— 42? — = sin“1(22) = | “2 at. 
5 3 w* — 74 sin (22) sf ; 
The change of variables y = sin~'(2t) yields 
® onl oe sin 1 (2a) 
(10.6.25) i en) 5 =} y cot ydy. 
0 t 0 
It follows that 
1 «r 1 [7 ody 
10.6.2 i ne 
p28) we) =a a) tan 
The evaluation 
m/2 d 
(10.6.27) , es i 
9 tang 2 
appears as entry 3.747.7 and it has been presented in [10]. Therefore 
(10.6.28) 1(2) = =(1 +21n2), 
as claimed. 


The integral in Theorem 10.6.1 is evaluated in an alternative form. The 
answer involves the digamma function 
AT) d 


(10.6.29) YO) = Foy = Geel. 
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The reader will find in [47] a variety of entries from [35] evaluated in terms 
of this function. 


THEOREM 10.6.4. Leta >0. Then 


(0.6.30) [ ne~*/Tae=* de = AES (o(3+2)-¥(2)). 


j 2a2P (+4 


PrROoF. The change of variables t = e~” gives 


love) 1 
(10.6.31) se *V1—e-* dx = -{ Int V1 — ¢t¢ dt. 
0 0 
This last form of the integral is evaluated by differentiating the identity 
1 T (442 
(10.6.32) i (1 — #9)/24? dt = a) 
0 2aD (5 + 2) 


at b=0. 


The special values required for the evaluations of the entries discussed in 
this section are 


(10.6.33) T'(n) = (n — 1)! and T' (n+ 4) = ven) 


227 n! 
which appear as entries 8.339.1 and 8.339.2, respectively, and also 


n—-1 


(10.6.34) (n) =-y+5_ : and (n+4)=—-y+2 bs — - na] 
k=1 k=1 


which are found as entries 8.365.4 and 8.366.3, respectively. 


10.7. Some examples related to geometric series 


The paper [48] contains a variety of entries in [35] that are obtained by 
manipulating the geometric series 


1 Co 
(10.7.1) aie 
and the alternating version 


1 CO 
10.7.2 = —1)Fx". 
(10.7.2) < d Nar 


A couple of examples are presented here. 
Integrating term by term yields 


1 ym co 1 
(10.7.3) i Inadr = (1 | a**™ In x dx 
0 1l+2 » 0 


Integration by parts gives 
1 


1 
10.7.4 aad | = —-—————_; 
(10.7.4) fe nadxz (ktm +1)’ 
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therefore 
(a on Inedr = Se ae 
0 x = esl)? 
m = (—1)* 
= (1) Ds 2 
k=m-+1 
= =| m+1 T ( 
(1) et ass 
k=1 
using 
oo (=1)* 7 nr 
(10.7.5) > aaa DG 
k=1 
This establishes 
1 m 2 m k 
x 1 (—1) 
10.7. l = (—1)™*1 | — . 
(10.7.6) la nadz = (—1) BS Bp | 


EXAMPLE 10.7.1. Entry 4.251.5 states that 


1 2n ar 2n (—1)* 
10.7.7 Ina dx = —— — 
( ) i Page ID d ke 


This is the case m = 2n, an even integer of (10.7.6). 


EXAMPLE 10.7.2. Entry 4.251.6 states that 


1 ,.2n—1 Q2  2n—l k 
x T (-1) 
10.7.8 Inadx = — 
( ) | ite 3 Re 


This is the case m = 2n — 1, an odd integer of (10.7.6). 


EXAMPLE 10.7.3. The integral 


(10.7.9) T(a) = [ (1m =) ; 1 a 


is evaluated by expanding 1/(1 + x) as a geometric series to obtain 


(10.7.10) (a) = (9 f x7) (—Inx)* dx. 


=0 


& 
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The changes of variables u = — Ina and v = (27 + 1)u give 


I(a) = ) (-1)' f ure PI+D)" dy 
j=0 . 
— a ye ° du 
oo ; atl 
jz0 (27 +1) 0 


= re+D) appar ee 


Entry 4.269.1 is the special case a = 4 that produces 


(10.7.11) fyeie-4 Se 


and entry 4.269.2 


a da _ =~ (-1) 
(10.7.12) | moan [ee 


corresponds to a = —4. 


CHAPTER 11 


The exponential integral 


11.1. Introduction 


The exponential integral function is defined by 


x t 
(11.1.1) Ei(z) =i — dt 
for x < 0. In the case x > 0 we use the Cauchy principal value 
=€ et lee} et 
(11.1.2) Ei(z) = — lim / — a+ | =a , 
e30t+ 22. tb G t 


This appears as entry 3.351.6 in [35]. 


Another function defined by an integral is the logarithmic integral 
(11.1.3) li(w) := : nls 
This is entry 4.211.2. The change of variables t = Inx shows that 
(11.1.4) li(w) = Ei(In u). 

Observe that the integral defining li diverges as u + oo. Indeed, entry 4.211.1 
states that 


© 
(11.1.5) / "= +00. 


Inz 


This is evident from the change of variables t = In, which yields 


Re ° ef dt °° dt 
(11.1.6) / ae =) : >| =o. 
- maz 1 t pt 


11.2. Some simple changes of variables 


The change of variables t = —as yields 
(11.2.1) / “ds = —Ei(z). 
-a/a § 
Replacing x by az, this gives 
co pt 
(11.2.2) ‘| —dt = —Fi(az). 
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The special choice « = —a in (11.2.1) yields entry 3.351.5 


(11.2.3) i ey ees 


Ss 


The expression 


(11.2.4) Ei(—a) = -[- 2a 


is an analytic function of a for Rea > 0. This provides an analytic extension 
of Ei(z) to the left half-plane Rez < 0. Several entries of [35] are derived 
from here. 


EXAMPLE 11.2.1. For any @ such that u+ 6 > 0 


(11.2.5) Ei(—au — a8) = Ei(—a(u+t 8)) = -{ Sd 
u+B v 
and then the shift 4 x + 8 produces 
co eo 
rE. Ei(—au — a8) = —e~ d 
( 6) i(—au — af) e€ i rau: aD: 
which can be written as 
(1152-7) i — 3 dx = —e*°Ei(—au — af). 


This appears as entry 3.352.2. This representation is valid for G € C outside 
the half-line (—oo, uJ. 


EXAMPLE 11.2.2. The special case u = 0 and 8 ¢ (—o«, 0] gives 


(11.2.8) - — dx = —e** Ri(—a8). 


This is entry 3.352.4 in [35]. 
EXAMPLE 11.2.3. The difference of (13.2.16) and (11.2.8) produces 


(11.2.9) | de =o [Bi au — a3) — Ei(—a8)). 


This is entry 3.352.1. 
EXAMPLE 11.2.4. Entry 3.352.3 states that 


(11.2.10) is —— dx =e" [Bi(—a(v + 8) — Ei(—a(w + 8))). 


This comes directly from (13.2.16) 


0 ea day ee dx eat dy 
11.2.11 = = — 
( ) | r+ 6 | r+ 6 i r+ ph 


—e* Fi(—au — a8) + e*Ei(—av — a8). 


I 


This is the result. 
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EXAMPLE 11.2.5. In the expression (13.2.16), when u > 0, the parameter 
8 may be taken in the range 6 < u, so that x — 8 > 0 for all x > u. This 
produces entry 3.352.5 


(1.2.12) i — “= = —e~Ei(—a(u — B)). 


EXAMPLE 11.2.6. In the case u = 0 and £ < 0, the entry in Example 
11.2.5 can be written as 
oo eat da 
0 b-« 
This is entry 3.352.6 in [35]. 


(11.2.13) = e Ei(a8). 


11.3. Entries obtained by differentiation 


This section presents proofs of some entries in [35] obtained by manipu- 
lations of derivatives of the exponential integral function. 


EXAMPLE 11.3.1. Entry 3.353.3 is 


ve eh dg~ 1 
11.3.1 i —~ = = + ae" Ei(—a). 
( ) o: ee = 8 ( ) 
To establish this, differentiate (13.2.16) and use 
d e” du 
os: = Ei(u) = —= 
(11.3.2) FF i(u) nar 
to obtain 
aa Raia © MR ih 
—____ = —_ 0B Bi (—aqu — 
(11.3.3) i (GB? aes + ae*’ Ei(—au — af). 


The choice u = 0 with Re 8 > 0 and Rea > 0 gives the result. 


EXAMPLE 11.3.2. Entry 3.353.1 states that 
(11.3.4) 


ede au ys (R-1!(-a)"*? (0) espe ay 
[ (2+ f)” — » a= Tat 8) Ge= 1)! a 8). 


This can be easily established by induction. The initial step n = 2 is (11.3.3). 
Simply differentiate (11.3.4) with respect to 8 to move from n ton +1. The 
details are left to the reader. 


EXAMPLE 11.3.3. The special case u = 0 of (11.3.4) gives 


CO pat dx = n—-1 (k ot Gear t (—a)" F 
(11.3.5) i. (e+5) 2, (nee = rca ie ®Ri(—a8). 


This is entry 3.353.2 in [35]. 
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EXAMPLE 11.3.4. Entry 3.351.4 states that 


n 


(11.3.6) [ Se Se D Gs Meo + (-1)"41< Fi(—au). 


grt ret niuk n 


This results follows directly from (11.3.4) by taking 8 = 0 and u > 0 and then 
replacing n by n+1. Changing the index of summation k +> n—k, this may 
be written as it appears in [35] 


OO pax qa - enw n (—1)Fa*u* ean ; 
(11.3.7) i "eel = ae 5 A=) == Tp ei(-au). 


EXAMPLE 11.3.5. Entry 3.353.5 states that 


(k—-1)'(—B)"*u-*. 


bs 


(11.3.8) [ <> dx = (—1)""18"e"" Ei(—a8) 4 


k=1 
In the special case n = 1, this reduces to 
eras omatas 1 
11.3.9 dx = Be? Ei(—a8) + -, 
(11.3.9) fo yea set Bi(-08) + 5 


which follows by differentiating (11.2.8) with respect to a. The general formula 
(11.3.8) is obtained directly by further differentiation. 


NOTE 11.3.6. The entry 3.353.4 


1 
xe® dz e€ 
11.3.10 —, = --l 
(1.3.10) | oaeaersct 
which does not involve the exponential integral function, can be evaluated by 
simple integration by parts. This entry has been included in Section 10 of [8]. 


11.4. Entries with quadratic denominators 


This section considers the entries in [35] where the integrand is an expo- 
nential term divided by a quadratic polynomial. 


EXAMPLE 11.4.1. Entry 3.354.3 is 


% e% dx 1 
11.4.1 ss = ae [e P Ei(aB) — e*? Ei(—a8)] . 
(11.4.1) faa = 9g le Bilas) — €°*Bi(—a8)] 
To evaluate this integral, assume 6 ¢ R and use the partial fraction decom- 
position 


1 1 1 1 
(11.4.2) ores oe 
b2-a? 22\B-x« B4+2 
to obtain 
ee dx 1 Set dx 9 Eat yr 
11.4.3 ——— = — ——_ 
( ) 9 B-2? a (/ B-2x +f ==) 


and now the result comes from (11.2.8) and (11.2.13). For 8 € R the results 
are valid as a Cauchy principal value integral. 
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EXAMPLE 11.4.2. Differentiating (11.4.1) with respect to a produces 
“are “dx 1 
11.4.4 ——r =- 
(11.4.4) eed 


This appears as entry 3.354.4 in [35]. 


e “PEi(aB) — e*Ei(—af)] . 


EXAMPLE 11.4.3. Entry 3.354.1 
oo eo 1 
(11.4.5) ‘ ie = 3 [ci(a8) sin a — si(aZ) cos af} 


involves the cosine and sine integrals defined by 


t t 
(11.4.6) ci(u) = -[- — dt and si(u) = -[- me dt. 
Start by replacing 8 by i in (11.4.1) to obtain 
CO 6 ax | 1 , : 
(11.4.7) <__“* = — [e!#Fi(—iaB) — e~*Ei(iap)] . 


9 B62 +27 26 
The classical identity of Euler 
(11.4.8) e*"® — cosaB + isinaB 


gives the relation 
(11.4.9) Ei(+ia8) = ci(aB) + isi(af). 


Replacing these expressions in (11.4.7) gives the result. 


EXAMPLE 11.4.4. Differentiation of the entry in Example 11.4.3 gives 


sb 4 
This is entry 3.354.2 in [35]. 


(1.4.10) [3 Freee TEES) ei naNenioe~ (aR eoeae. 


The entries in Sections 3.355 and 3.356 are obtained by differentiation 
of the entries in Section 3.354 given above. 


EXAMPLE 11.4.5. Entry 3.355.1 is 
Px EO 1 
a1at/ Pre = ygz {cilaB) sin(as) — si(ag) cos(as)— 
af [ci(aZ) cos(aB) + si(aB) sin(aB)}} . 

This is obtained by differentiation of Entry 3.354.1 given in (11.4.5). 

EXAMPLE 11.4.6. Entry 3.355.2 is 

~ re dx 1 . . : 

(11.4.12) | (awe = 35 [1 — af (ci(aB) sin(aB) — si(aB) cos(aB))] . 
This entry appeared with a typo in [35]. This entry is obtained by direct 
differentiation of (11.4.11). 
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EXAMPLE 11.4.7. Differentiation of entries 3.354.3 and 3.354.4 produces 
(11.4.13) 


i a = iF [(aB — 1)e*PEi(—a8) + (1 + af)e~°*" Ei(a8)] 
and 


ge da 1 
= a8 py ab Ri 
These are entries 3.355.3 and 3.355.4, respectively. 

EXAMPLE 11.4.8. Differentiating (11.4.5) 2n times with respect to a gives 


(11.4.15) 


co ,,2n ,—ax 
[PSE = Carrs teas) costes) + si(as) sin(ap)] + 


pane S 5 (2n — 2k + 1)'(—a?8?)F1. 
B2n = 


This appears as Entry 3.356.2. The identity 


(11.4.16) fe a a oc [e~ *Ei(aB) a e*PEi(—a8)| 


as S-(2n - 2k)!(a2B7)k-4 
B k=1 


is obtained by differentiating (11.4.1). This appears as Entry 3.356.4. 
EXAMPLE 11.4.9. The entries 3.356.1 


(1.4.fr) ee = (-1)"~'6?" [ci(aB) cos af + si(aZ) sin af] 
0 
ton Da = 9h + 1)\(—e2p7)*"" 
and 3.356.3 
(11.4.18) [ a = 56" [e*?Ei(—af) + e~*PEi(a8)| 
_— (2n — 2k + 1)!(a28?)*-4 


k=1 


are obtained by differentiating the entries in Example 11.4.8. 


11.5. Some higher degree denominators 


This section evaluates a series of entries in [35] where the integrand is 
an exponential times a rational function with a denominator of degree larger 
than 2. 
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EXAMPLE 11.5.1. Entry 3.358.1 is 


~ e% dx 
11.5.1 ————_ = 


i {e~ PEi(aB) — e*Ei(—aB) + 2ci(aB) sin(aB) — 2si(a8) cos(a)}. 


Start with the partial fraction decomposition 


Aces a 1 1 

ee Bt—at 282 B2 — 22 2 © Bice } 
which shows that the integral in question is a combination of (11.4.1) and 
(11.4.5). The result follows from here. 


EXAMPLE 11.5.2. Entry 3.358.2 


e % dx 
(11.5.3) fs wees 


TP fe Ei( (—aB) + e~*°Ei(aB) — 2ci(aB) cos(aB) — 2 si(aB) sin(a{3) } 


is obtained by differentiation of (11.5.1). The entries 3.358.3 
xe % da 
11.5.4 ss 
asa) f° 
1 
BB {e~*"Ei(aB) — e**Ei(—af) — 2ci(aB) sin(aB) + 2si(a8) cos(af) } 


and 3.358.4 


© 7 ee dy 
: {e*Ei(—a8) +e “Ei(aB) + 2ci(aB) cos(aB) + 2si(aB) sin(a@) } 


come from further differentiation. 


The entries in Section 3.357 can be established by algebraic manipula- 
tions of the examples given above. 


EXAMPLE 11.5.3. Entry 3.357.1 states that 
(11.5.6) 


ii e%* dx Hs As 20 ; 
| B+ Ba + Bar +28 = 2B? {ci(a8)(sin ap a cos(aZ))+ 
si(a)(sin a8 — cos(a8)) — e*’ Ei(—aB)} . 
This formula is obtained from (11.5.1) and (11.5.3) and the algebraic identity 


(11.5.7) pe 
Go Oe Ora - pea 
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EXAMPLE 11.5.4. Differentiation of (11.5.6) gives 
(11.5.8) 


- mak: ls. : 
| eee = 2B {ci(a8) (sin aB = cos(a(3)) 
—si(aZ)(sin a8 + cos(af)) — e*Ei(—aB)}. 
This is entry 3.357.2 in [35]. 


EXAMPLE 11.5.5. Differentiating (11.5.8) produces entry 3.357.3 
(11.5.9) 


co 2 —ax q 1 
| BE Met ira 7 7 {-eilo8)(sin af + c0s(08)) 
—si(a)(sin af — cos(af)) — e*Ei(—af)}. 


The identity 

ee eee a 

B— Bat Bxr—a2> Bt—at 

and the method used to establish the last three entries produce proofs of the 
next three. 


(11.5.10) 


EXAMPLE 11.5.6. Entry 3.357.4 is 


fe = FE [silay(sin ap - cos(a8)) 
—si(a8)(sin a8 + cos(aB)) + e~“’ Ei(aB) } 
and 3.357.5 is 
| SSS = FE iles)(oin as + cos(a5) 
—si(aZ)(sin a8 — cos(a8)) + e~ “’Ei(aB)} 
and, finally, 3.357.6 is 


eee d: 
Je Bo ae aa aE =a 5 {ci(a3)(cos a8 — sin(af)) 
+si(a8) (cos a8 + sin(af)) + e “’Ei(aB)} . 


11.6. Entries involving absolute values 


This section presents the evaluation of some entries in [35] where the 
integrand contains variations of the function In |z]. 


EXAMPLE 11.6.1. Entry 4.337.3 states that 


(11.6.1) 7 e"" In|a — 2| dx = — [Ina— e “Ei(ap)] . 
0 


ele 
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To establish this entry, observe that the singularity at x = a is integrable and 
that 


d 1 
(11.6.2) —Inja-2|= ; 

dx a-x 
Integration by parts produces 


co 1 co 
| e ** Inia — a| dx -</ In |2 — alde~** 

0 HK Jo 

1 2° gue 
-—- (- loga— em | e ax) 
ML Oy ere 
(matem [ = wu) 

Set 


(Ina — e~"*Ei(ya)) . 


1 
m 
1 
m 


This is the result. 


EXAMPLE 11.6.2. Entry 4.337.4 states that 
(11.6.3) i: e In B 
0 


This evaluation is obtained directly from (11.6.1) and the identity 
(11.6.4) 


e "In 
fr etinls 


11.7. Some integrals involving the logarithm function 


1 
| dz = ne BilBy). 


B 


irae bs 


| ae =1n)o} f ede — f e ** In|G—«2| dx. 
0 0 


The exponential integral function Ei allows the evaluation of a variety of 
entries in [35] containing a logarithmic term. For instance, 4.212.1 


1 
d 
(11.7.1) | = = ¢~*Fi(a) 
9 ating 
follows from the change of variables t = a+Inz. Similarly, 4.212.2 
1 
dx 
11.7.2 = —e°Hi(- 
2) | a—Ing oni) 


is evaluated using t = a — Ing. 


We now consider the family 


1 
dx 
11.7.3 n(a) = ——_—_.. 
(11.7.3) fla)i= fo 
The change of variables t = a + Inx gives 


(11.7.4) fn(a) ae ber de: 


—oco 


162 11. THE EXPONENTIAL INTEGRAL 


Integrate by parts to produce 


eat. etqieh 1 * edt 
(11.7.5) i= —= wf 
This yields a recurrence for the integrals f,,(a) 
ai-” 1 
(11.7.6) fr(a) =— + ——~ fn-1(@). 


n-1l1 n-I1 
The initial value is given in 4.212.1. From here we deduce and prove by 
induction formula 4.212.8 


1 dx é 4 . 1 — | 
(11.7.7) | (cane as mone a S- ee 


Using (11.7.4), we obtain 3.351.4 


SO 6 Pe dy —1)rt1 pyr ; eo oP n-1 
(11.7.8) ip —— = (ap) + S¢(-1)'pka*(n—k-1)! 


grt n! ! 
k=0 
The integral 4.212.3 
1 
dx 1 
11.7. —, =-- ~°Ri 
Che) [ (a+Inz)? a Pere) 
is the special case n = 2 of (11.7.7). The integral 4.212.5 
1 
Ina dx 
11.7.1 ——; = l 1-—a)e °Ei 
(11.7.10) [ Gains? + (1—-a)e~°Ei(a) 


can be obtained from 
Ing 1 a 


11.7.11 ————_ = — - ——: 
aa (a+lInz)? at+lnxg (a+lnz)? 


Similar arguments produce 4.212.9 


(11.7.12) 

1 der (—1)"e*Ei(—a) | (-1)™"2 

a SS Re —k—1)!(—a)\*-. 
[ (a+ Ina)” (n—1)! % (n—1)! le (a) 
The formula 4.212.4 
2 dx 1 

11.7.1 —— = - “Ri(-— 
(11.7.13) i Gna? Aone i(—a) 
is the special case n = 2. Writing 
(11.7.14) Ing =a-—(a-In2), 


we obtain the evaluation of 4.212.6 


(11.7.15) i ana =1+(1+a)e*Ei(—a). 
0 


a—Ina)? 
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11.8. The exponential scale 


Several of the entries in [35] contain integrals that can be reduced to the 
definition of the exponential integral. This section contains some of them. 


EXAMPLE 11.8.1. Entry 4.331.2 states that 


ee 1 
(11.8.1) 7 e “" Inadx = ——Ei(—p), for Rep > 0. 
1 fd 
To evaluate this entry, assume «4 > 0 and integrate by parts to obtain 
[o.e) = 1 [oe) e he 
(11.8.2) e * Inadxr = — dx. 
1 BS w 
The change of variables s = —yax now gives the result for 4 € R. The case 


ft € C follows by analytic continuation. 


EXAMPLE 11.8.2. Entry 4.337.1 
(11.8.3) 


1 
e '* In(B + 2) dx = — [InB — e”°Ei(—By)| , for larg B| < 7, Rew > 0 
) 
can be transformed to 4.331.2 by simple changes of variables. Start with 
6 > 0 and make the change of variables x = (t to obtain 


a ] 
(11.8.4) ? Heine Eads 2" eof et In(1 + t) dt. 
0 
The change of variables s = t+ 1 and pee 4.331.2 give the result. 
EXAMPLE 11.8.3. Entry 4.337.2 is 


(11.8.5) ie e **In(1+ Bx) dx = ——et/*Bi(—n/. 


The change of variables t = 8x reduces this integral to 4.337.1 with pH p/8 
and Bw 1. 


The change of variables t = —ae™ produces 
(11.8.6) Ei(a) = —n i exp (—ae”") du, 
where c = + In(—a/a). The choice x = —a produces 
(11.8.7) Ei(—a) = -n fo exp (—ae”"). 


This appears as 3.327 in [35]. 


Some further examples of entries in [35] containing the exponential inte- 
gral function will be described in a future publication. 


CHAPTER 12 


More logarithmic integrals 


12.1. Introduction 


The compendium [35] contains a large collection of evaluation of integrals 
of the form 


(12.1.1) [ae In Ro(x) dx 


where R, and Ry are rational functions. The first paper in this series [49] 
considered the family 


ce in’! ade 
12.1.2 “aya | —= = = torn Dando SO: 
( ) fn(a) | CCT or n and a > 


The function f,,(a) is given explicitly by 


(12.1,8)(@) a + ("I C(n) 
1 [n/2} n 23 pan gs os 


Here ¢(s) is the Riemann zeta function and Bo; is the Bernoulli number. In 
particular, (12.1.3) shows that (1+ a)f,(a) is a polynomial in log a. 

Other papers in this series [10, 48, 50] and also [46] considered examples 
of integrals of this type. The results in [10] can be used to provide explicit 
expressions for an integral of the type considered here, when the poles of the 
rational function R2 in (12.1.1) have real or purely imaginary parts. The 
present paper is a continuation of this work. 


12.2. Some examples involving rational functions 
This section considers integrals of the form 
b 
(12.2.1) / Ri (x) In Ro(x) dx 


where R, and Ro are rational functions. 


EXAMPLE 12.2.1. Entry 4.234.4 is 


oe Tag T 
12.2.2 ————— _ Inrdzr = —-—. 
( ) | (+222 nzdzx 5 
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To evaluate this entry, observe that 
d & 1-2? 
12.2.3 — —_ = —_., 
( ) dxl+a?* (1427) 


and integrating by parts gives 


° 1-2? dx T 
12.2.4 — Inrdz = — =-—-. 
tea) | Gtx? | ite? 2 
EXAMPLE 12.2.2. Entry 4.234.5 states that 
(12.2.5) is x? Ine dx = Wr 
- o (l—27)1+24) 16(2+4/2) 


To prove this, use the method of partial fractions to obtain 
(12.2.6) 


[ x? Inedz ee (x? — 1) Inadx 
o (l-2#2)\1+24) 4), l-x 4/jJ, lt+az 2fy 1+ 24 : 
The first integral is —7?/6 according to Entry 4.231.2 and the second one is 
—n?/12 from Entry 4.231.1. These entries were established in [4]. This gives 


1 ¢? Inedz m1 ff? (2? —1) Inada 
(12.2.7) eee et sf OO 


To evaluate the last integral, observe that 


Co 


2_4 3 
(12.2.8) — a Sey te - Sete 
n=0 


Now recall the digamma function )(z) = T’(z)/T(z) and the expansion of its 
derivative 


oe il 
12.2.9 wv (2) = S> ——,. 
( ) dX (x +n) 


Details about this function may be found in [17] and [65]. This gives 
(12.2.10) 


[ a= aly @)-»@)-¥@) +" ©) 


The classical relation 


(12.2.11) T(2)P(1—-2) = — 

sln 72 
can be shifted to produce 
12.2.12 Dts ga 
( ) (5 + 2) (5 x) sas 


Logarithmic differentiation shows that the digamma function satisfies 


(12.2.13) wp (5 + r) —w (5 - c) =Ttan7e. 
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This appears as Entry 8.365.9 in [35]. Differentiation produces 


1 1 
(12.2.14) oy" (5 > r) +y (5 - c) =n" sec” ra. 
Now use (12.2.14) and group 1/8 with 7/8 and 3/8 with 5/8 to produce 
“(a =1)Ingde 1 f An? An? 2 
(12.2.15) [ee -s( fan ger )-5 
_ +2 64\2-V2 24+V2 8/2 


NOTE 12.2.3. The reader should evaluate the family of integrals 
1 2n 
a” Ina 
12.2.16 I, = ——_.———_—— dx, EN, 
on Limi ™ * 


by the method described here. The computation of the first few special values 
indicates an interesting arithmetic structure of the answer. 


12.3. An entry involving the Poisson kernel for the disk 


This section discusses a single entry in [35], where the integrand involves 
the Poisson kernel for the disk. Further examples of this type will be presented 
in a future publication. 


EXAMPLE 12.3.1. The next evaluation is Entry 4.233.5 


es Ina dx t Ina 
(12.3.1) CE, ers ee = arn cl | 
9 «2+4+2xacost+a? sint a 


The integrand is related to the Poisson kernel for D={z EC: |z| < 1}. 
THEOREM 12.3.2. Define 


1+re? 
(12.3.2) P,(0) = Re-——. 
Then P,(@) is given by 
~ ; 1-r? 
12.3. (0) = In| in@ 
tas) Ps?) pik ‘ 1 — 2rcos@ + r? 


Moreover, given f defined on the boundary of D, the expression 


as 


(12.3.4) net — P,(6 — t) f(e!*) dt 


for0<r< 1 ts a harmonic function on D and it has a radial limit which 
agrees with f almost everywhere on the boundary of D. 


The form of the Poisson kernel can be used to establish the next result. 


LEMMA 12.3.3. Fora, «ER with |x| < |al, 


ak x? + 2ax cost + a?” 


(12.3.5) ‘ (=f sin((k + De)at _ a” sint 
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NOTE 12.3.4. The Chebyshev polynomial of the second kind U,,(t) is 
defined by the identity 


(12.3.6) Sa) ser aeady. 


sin 6 


The result of Lemma 12.3.3 can be written as 


oS i 
12.3. t)2* = ——_—______, 
22%) 2, Yel Je x? —2x¢cost+1 


Lemma 12.3.3 produces 


(pf ee 
oe 0 xv? + 2ax cost + a? a? sint ak (k+s+1) . 


Now write sin((& + 1)t) in terms of exponentials to obtain an expression for 
the previous integral as 


fe a’ dx Re+1 eae eee 
> —-—,l,s 
9 «&% +2axcost 4+ a? 2ia? sint aett’ ? 
. R 
—e"® (-4.15+1)) 
ae~* 
where 
oo k 
7, 
(12.3.9) ®(z,5,a) = ——. 
2 


is the Lerch Phi function. 
Now differentiate with respect to s and let s > 0 to produce 


R 
Ina dx imnR 
>———\!—; = log(1+e7” — log(1 + e” 
: xu? + 2ax cost + a? 2asint ( pail pe Ha) eet re R/a)) 
a ee _ Ti. (_e-it 
Saat (Liz(—e~” R/a) — Lig(—e~*R/a)) , 
where 
(12.3.10) Lie(z) = SoS 


is the dilogarithm function. Then use the identity 
(12.3.11) 


i (Lig(—e~* R/a) — Lig(—e~" R/a)) = — i In ( 72 


a? eet | 
———_—— ]} dz 
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to obtain 
(12.3.12) 
R : 
Ina dx imR . . 
——— eS log(l+e—” —log(1 +e” 
| x? + 2ax cost + a? Zasint (08( Pe *R/a) leg le Rj) 


1 g a? + 2Racosz+ R? 
_ - In | —————.———_ ] dz. 
2asint Jo a? 


The next step is to differentiate (12.3.12) with respect to t and let R — ov. 
The left-hand side produces 


od 2ax In x sint dx 
12.3.1 Ooh: {2 a Oar conte a2\2 
(12.3.13) (a, t) | (x? + 2ax cost + a?)? 


Direct differentiation of the right-hand side yields 


(12.3.14) T2(a,t) = jim Vi (R; a,t) + V2(R; a, t) 
— 00 
where 
(12.3.15) 
Rin R(R + acost) 1 a? + 2aRcost + R? 
“=e gyi oe COS TED 
VAG ast) asint(a? + 2aRcost+ R2) 2asint 2 ( a? 
and 
icostIn R ; 
V2(R:a,t) ce (log(1 +e R/a) — log(1 + e~**R/a)) 
2asin* t 


cost 4 a? + 2Racosz + R? 
ln | —————.——_ ] dz. 
0 


2a sin” t a? 
PROPOSITION 12.3.5. The function To(a,t) is given 


Ina 


(12.3.16) To(a,t) = (tcott — 1). 


~ Qasint 


PROOF. Start with the computation of the limiting behavior of V;(R; a, t). 
The claim that 


Ina 
12.3.1 li ;a,t)= 
eon) as a) asin(t) 
is verified first. 
First note that since 
l 
(12.3.18) ee ee 


R00 a? + 2aRcos(t) + R? , 
then 
lim V\(R; a, t) 
R-0o 


R?lnR 1 
=a li ———— ees | 2 ») t 2 l ’ 
Fanhn aot 5 n(a? + 2aRcost + R?) + na) 
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The claim is equivalent to 


R?inR 


12.3.1 li — So 
er) Rae (sos 


1 
5 In(a? + 2aR cost + r)) = 0. 


The identities 


R?InR nR 


12.3.20 >= SSS |S OOo > 
( ) a? + 2aRcost+ R? = a?/R?2 + 2acost/R+1 


and 
1 1 
(12.3.21) 5 In(a? + 2aRcost + R?) =InR+ 5 In(a?/R? + 2acost/R+1) 


can be used to see that the left-hand side of (12.3.19) is equivalent to 


1 1 
li 1 = - 1) — Ina? /R? +2 t 1)} =0. 
tim, (6? (seo ) 2 Ra A Se AB CORE ) 


It is clear that the second term vanishes as R — oo. For the first term, observe 
that 


1 2a cost 1 
12.3.22 LIE O| = 
( ) a?/R? + 2acos(t)/R+1 R a (=z) 


and thus the first term also vanishes as R > oo. This concludes the proof. 


The next step is to verify that 


;cottIn R | 
ee (log(1 + e* R/a) — log(1 + e~* R/a)) 
2asin* t 


cost t a? + 2aRcosz + R? 
See) ip | a 
2asin* t 


(12.3.23)(R; a, t) 


a 
satisfies 
; tcost 

(12.3.24) lim V2(R;a,t) = -——,-lna 

Roo sin® t 
The proof begins with the identity 
(12.3.25) log(1 + b/x) = log(b/x) + ae yr- ae 
to obtain 
(12.3.26) 


log(1+e" R/a) —log(1+e~" R/a) = log(e”) —log(e~*) + O(a/R), as R - oo. 
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The bounds 0 < t < m imply log(e’’) — log(e~“) = 2it. This gives 


eee 242 + R? tcos z1 
Jim Vane) ts ( cos fu aRcosz+R ) ae — 18082 n) 
00 0 


Roo \ Qasin? t a? asin? t 


t 2 9) 1 R2 
= lim oe (/ In ee dz —2tIn R) 
R>o 2asin* t \Jo a 
t t 24 2  p2 
= lim ae 5 | eh cen eae ES) In(R?) dz 
Roo 2asin* t \Jo a? 


t t 
= lim (/ [In (a? + 2aR cos z + R”) — In(R?)] dz — 2tIn a) 
0 


Roo 2asin’ t 
The identity 
: 5 . 5 : a? 2acosz 
[ml + 2aRcosz+ R*) —In(R az = f'n (+ R +1) dz 


gives the result. The proof of the proposition is finished. 


The evaluation of Entry 4.233.5 is now obtained from the identity T,(a,t) = 
T2(a,t). Observe that this implies 


‘me 2ax Ina sint dx Ina 
o 


(12.3.27) = (tcott — 1). 


a? + 2axcost+a?)?—asint 
Integrating with respect to t gives (12.3.1). Entry 4.231.8 in [35], established 
in [10], 


v+ta2 2a 


© Ined 1 
(12.3.28) if lec ya 
0 


can be used to show that the implicit constant of integration actually vanishes. 
The evaluation is complete. 


12.4. Some rational integrands with a pole at 7 = 1 


This section contains proofs of the four entries appearing in Section 4.235. 
These are integrals of the form 


co 1b pe 
(12.4.1) f(a,b,c) =f ~—* inedz 
0 1— x 
where a, b, cE N. These integrals are evaluated using Entry 4.254.2 
gen g mr 
12.4.2 ——— dr = —-—_—.. 
( ) [ l-a7 @ sin? ore 


To obtain this formula, start from 3.231.6 


foe) gP-1 _ git 
(12.4.3) i ——_—— dx = x (cot mp — cot 7q), 
0 1-2 
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established in [47 
CO pp-l_y 1 f ti/q-1 _ 4p/q-1 
0 


i 
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], and make the change of variables t = x4 to produce 


C£o= -- 
1-24 q 1-t 


T T TD 
= ——{|cot——cot—}. 
qd qd qd 


Differentiating with respect to p gives (12.4.2). 


LEMMA 12.4.1. Let a,b, cE R. Then 
(12.4.4) fe rae = SO eh) 
= 0 La. a? sin? b; sin? c; 


where b; = 1b/a and cy = 1c/a. 


PROOF. Simply write 


co got = get : Co got co geo 
—————— Inzdr = — lnadz— — lnadzx 
0 Lee py ae og 6 Lax 


and use (12.4.2). 


The four entries in Section 4.235 are established next. 


EXAMPLE 12.4.2. Entry 4.235.1 states that 


(12.4.5) 


© (1—a2)2"-? "7 9 7 
7a eS a oe an 


Lemma 12.4.1 is used with a = 2n, b=n-—1, andc=n. This gives 


(12.4.6) b= = > and ¢ = 4 

and 

[ase ae = A Go 

0 1-22" An sin z_ =) An 
EXAMPLE 12.4.3. Entry 4.235.2 is 

OO “fie 2) ~.m—1 2 Ss 

12.4.7) / Ce nea sae ere ee 
0 la * sin ? (2) sin 2 (ae r) 


Lemma 12.4.1 is now used with a = 2n, b= m, and c= m+ 2. This gives 


(12.4.8) 


e1— by =“ and ey +b = “(m +1) 


to produce the result. 


EXAMPLE 12.4.4. Entry 4.235.3 states that 


(12.4.9) 


© (1—27)2"-3 1? 97 
i Toya Inedr=—7 5 tan ee 


The values a = 2n, b=n— 2, and c=n give 


(12.4.10) 


eae es 
2 én 


wlaA 
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This verifies the claim. 


EXAMPLE 12.4.5. Entry 4.235.4 appears as 


1 m-1 n—m—1 2 
fore ae 
0 1—«a” n? sin® 2 
The change of variables t = 1/2 shows that the integral over [1, 00) is equal 
to that over [0,1]; therefore, this entry should be written as 


co 1.m—-1 n—-m—-1 2 2 
(12.4.12) / acne ee = 
0 


Inadzx = — 


1-2” n? sin? 2 


Tn 
to be consistent with the other entries in this section. The proof comes from 
Lemma 12.4.1 with a=n, b=m, andc=n-—™m. 


12.5. Some singular integrals 


The table [35] contains a variety of singular integrals of the form being 
discussed here. The examples considered in this section are evaluated employ- 
ing the formula 


say as 71 
(12.5.1) i = 7 cot Ty. 
ae =r 
To verify this evaluation, transform the integral over [1,co) to [0,1] by the 
change of variables 1 +> 1/x. This gives 


eh Lat oe eee 
(12.5.2) ‘i =} —____— ft. 
i De Me ee 
This is Entry 3.231.1. It was established in [47]. 
Differentiating with respect to yz, the formula (12.5.1) gives 


ge And 7 
(12.5.3) i: ee, 
0 1-t sin* 7 jt 
and the change of variables t = x* gives 
2 oT ae 7 
12.5.4 w(a, b) := ——— dr = —-—_,—. 
(12.5.4) (a.b)= ff FE rae 
EXAMPLE 12.5.1. Entry 4.251.2 states that 
[oe p-1 l 
(12.5.5) i “SF = nat} (ina cot(mp) — — 7 ) ; 
0 a-—2x sin* Tu 


The change of variables x = at yields 


ghd | ° t+-l Int %° tel dt 
(12.5.6) | eee | ee ee ae ina [ ; 
0 0 0 


a-—2x Lot Lt 
The result now follows from (12.5.1) and (12.5.3). It is probably clearer to 
write this entry as 


ed 1 
(12.5.7) | ne wal ( Be ae ) 
0 a-z tant sin“ Tu 
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to avoid possible confusion. 


EXAMPLE 12.5.2. Entry 4.252.3 is 


oo p-l] 2 
(12.5.8) i: — dx = — “cose? 


This is w(2,p) and the result follows from (12.5.4). 
EXAMPLE 12.5.3. Entry 4.255.3 states that 


[o-e) 1 _ pp 2 
(12.5.9) | “ned = — tan? (=) : 
: 4 2 


1-2? 
This is w(1,2) — w(p+1,2) and the result comes from (12.5.4). 


EXAMPLE 12.5.4. Entry 4.252.1 is written as 
i ah" Inede a ja Knpeee hh po 
9 («+a)(a+b) (b—a)sintp tan 7p 
This value follows from the partial fraction decomposition 
eae eS ee ee ee eo 
(cta)(a+b) b-ax+a b-ax+b 


and Entry 4.251.1 


co jul l 1 
(12.5.11) | oad ee (Inc — cot Tp) , 
0 r+c sin TLL 


established in [51]. Differentiating (12.5.11) with respect to c yields 


2 ghoh | —1)ch-? 1 
(12.5.12) 7 “A dw = ea Cle Ine~neot xu ++) : 
9 (+c) sin TU p-l 
This is Entry 4.252.4. 


EXAMPLE 12.5.5. Entry 4.257.1 


apes ie xc! In(x/a) dx — 7 [b4 In(b/a) + r(a" — b“) cot Ty] 
5. 0 (x+a)(x+b) — (b— a) sina 
follows from (12.5.11) and the beta integral 
CO eI pl 
(12.5.14) | gh de _ nah 
) r+a sin TL 


This appears as Entry 3.194.3 and it was established in [51]. 


EXAMPLE 12.5.6. The change of variables t = x7 gives 


2 Pl dy 1% pe/a-1 
(12.5.15) / a re = Feo () 
g Se) Gy: at q q 


from (12.5.3). This is Entry 3.241.3. The special case gq = 1 gives 


% @P—1 da: 
(12.5.16) = 7 cot Tp. 
0 
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Differentiating with respect to p produces 


% ¢P—l Ing 1 
(12.5.17) —— dx = -— —.. 
0 1-2 sin” 1p 


The partial fraction decomposition 

1 1 1 1 1 
(e@+a)\@—1)” at+lz—-1 a+lz+a 
then produces Entry 4.252.2 


(12.5.18) 


(12.5.19) 
as ee ae dz = ——_"__ [x — a’—" (Ina sinap — 7 cos TA) 
9 (x+a)(x—1) (a +1)sin? ry , 
EXAMPLE 12.5.7. The change of variables t = x? produces 
(12.5.20) ic Ina dx 2 at ie GP) lak Iné dt 
9 xP(at—1) q Jo 1-t 


Then, (12.5.3) gives 


(12.5.21) ie Inadx 1? 1 
LO. ‘ xP (x4 = 1) ~ q@2 aoe Ee ii 


This is Entry 4.254.3. 
EXAMPLE 12.5.8. Entry 4.255.2 is 


1 2) »p—2 2 
(1 + a*)a? 1 9 7 
12.5.22 —__—_ Inedr = - | — ec* —. 

( ) | or na dz op sec Op 
The evaluation of this entry starts with Entry 3.231.5 

1 gh-l  gv-l 
(12.5.23) | ar = (un) + HY), 

0 —2 
which was established in [47]. The special case p = 1 
1 1 _ gut 
(12.5.24) | Se ee a) 
0 l-«x 
is differentiated with respect to v to produce 
1 v-1 l 
(12.5.25) i a dx = —y'(v). 
o. Le 
The change of variables 7 = t? gives 
1 4c-1 
t—* Int 1 Cc 
12.5.26 dt = - Su (£). 
( ) | 1-—¢ b? b 
Therefore 
1 _— p2\pp—2 1 p—2 1 p 
| iene) Ingadzx = : a neds + _* ~~ nade 
0 1 — x2? 0 1 — x2? 0 1 — x2? 


Te iP ateie dh 45h phe Mews oi 
sae Woo) *¥ a) 
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The result now follows from the reflection formula for the polygamma function 
w’ given in (12.2.14). 
12.6. Combinations of logarithms and algebraic functions 


This section presents the evaluation of some entries in [35] of the form 


(12.6.1) [ FE, (a) In E(x) dx 


where £ or FE is an algebraic function. Some of these have appeared in 
previous papers in this series. For example, Entry 4.241.11 


1 
Inad V2 1 
(12.6.2) gE te ee (3) 

Vx(1— x?) 8 4 
and Entry 4.241.5 

(2n — 1)! 
(12.6.3) a Inez /(1 ans Tag =n, W(n+1)+74+1n4] 
4(2n)!! 

were evaluated in [47]. Here y(a) is the digamma function and ¥ is Euler’s 
constant. 


NOTE 12.6.1. Define the family of integrals 


124 In’ adr 


12.6.4 n(@) = ——-.. 
satay. sae eee se 
Special cases include Entry 4.241.7 

1 
Ina dx T 

12.6.5 ————. = —-—]n2 
( ) = 
which was evaluated in [47], and Entry 4.261.9 

1 42 2 
In* x dx 

12.6.6 ——— = =(In’2 

\ le ee “<2 5( ef i) 


A trigonometric form of the family is obtained by the change of variables 
x =sint 


n/2 
(12.6.7) fn(a) >i sin* t In” sin ¢ dt. 
0 
THEOREM 12.6.2. The integral f(a) is given by 
. i 
(12.68) f(a) = tim () m0), 
where 
me 1 11 Pies. 
(12.6.9) ns) = [ sin’ tdt = 58 ( 3) = an Va) 
0 2 mes) 2 reya): 


This appears as Entry 3.621.5. Therefore, the evaluation of fr(a) requires 
the values of 1) (x) forO<k <n atx =(a+1)/2 anda =a/2+1. 
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EXAMPLE 12.6.3. For example, 


_ ! Inedz _ y d Vr ($+) 
a re ins [er 
_ vera/2ra) -rayra/2) 
m T2(1) 
The values 


(12.6.10) IY ($) =-Vm (y+ 2In2), I’(1) = -7, P'($) = Va and (1) = 1 
give 
(12.6.11) fi(0) = —Fin2. 


PROPOSITION 12.6.4. The derivatives of the gamma function satisfy the 
recurrence 


(n+1)(») = A (n (k) (ap \ah(™—¥) (a), 
(12.6.12) r+) (z) eh (x)p"—") (a) 


EXAMPLE 12.6.5. A direct application of formula (12.6.8) evaluates Entry 


4.261.9 

1 in? x dx 
12.6.13 0) = —_——-.. 
( ) fo( ) " JLo 


Indeed, using I'(1) = 1 gives 
(12.6.14) 


fo(0) = va [-al" (2) PG) + at (3) PO)? + a0" (2) — a0 (3) PO). 
The values 
2 
(12.6.15) rd)=7 + - and I” (4) = 5m? + /n(y + 21n2)? 


give the identity (12.6.6). 

It remains to explain the values given in (12.6.10) and (12.6.15). The 
recurrence (12.6.12) reduces the computation of the derivatives of I(x) to 
those of ¢(x). The special values given above come from the next result. 


LEMMA 12.6.6. The digamma function satisfies 

yO) = (YH ale(n +1) 

pm (A) = (-1)"ttnlartt — 1)¢(n + 1). 
ProoF. This comes directly from (12.2.9). 


EXAMPLE 12.6.7. The values given in Lemma 12.6.6 yield 


1 ine edz 7 
0)= | ——=— = —-=(n?in2+ 41n? 2+ 6¢(3 
£0) = | 73 3 (m* In2+ 4In* 2 + 6¢(3)) 
1 4 
fa(0) = HET «2 — (1914 + 120m? In? 2 + 240 Int 2 + 1440 n2.¢(3)) 


0 V1 — 2x2 480 
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and 
noe 1 Jz Ina dx (7 — 4) (3) 
t\a) 0 vVl-2? V2r 4 
1 2 
i Vz In* «dx bien (3) 
ey (ee Ace r?( =) (32-16G +(x —8)), 
fo (3) Vi— x 2/ on 4 ( ( )) 
where G is Catalan’s constant 
etal 
12.6.16 G= —— . 
288 > Gat iP 
EXAMPLE 12.6.8. Entry 4.261.15 states that 
1 an 2 
xe” In* a 
12.6.17 ———_- dz = 
( ) er spear 
2n 2n 2 
(2n—1)! J x? (-1)* (—1)* 
——— 71 < — —— + 1n2 
22m)” pil. et je ee 
k=1 k=1 
This is obtained by differentiating h(s) twice with respect to s to produce 
1 8 In? oda = 
0 V1— x? 7 
Ja T (4) C ) Spay. feel “C ) 
“ Sei ee 4h (2 44 
Seay a a ay ee ey 
Therefore 
1 .2n ],,2 1 
x?" In* a dx Val (n+$) 1\\2 
eee ee ee y= i 
eet eer 8 Fart | eens yew) 


The special values 
2n — 1)! 
(12.6.18) re eel 
give 
1 42" In? x dx 
0 V1— x2 


s etal [in +1)- vats) tv @tsy—wes). 


Now use the special values 


(12.6.19) #(n +1) ae and se al a 2k —1 


k=1 
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as well as 
(126.20) Winti=F-S ge andvint =F —4y 
.O. n — 6 oa k2 an nm D4. 9 oo (2k — 1)? 
to obtain 
feo 2n (—1) 

(12.6.21) vrtn vent a2 SE 49m 
and 

2 2n k 

T —1 
(12.6.22) ving) —vint =o 4p 9) 

k=1 


This gives the result. 
EXAMPLE 12.6.9. A similar analysis gives Entry 4.261.16 


1 2 
cert! In? 


ae ere 
(2n)!! 7 
in ie? 22 


EXAMPLE 12.6.10. Entry 4.241.6 states that 


VV? Inede _ 
0 Jl—a2 
The change of variables x = sint gives 


W/Vv2 Ineda a4 
12.6.24 ——— = In sin t dt. 
( ) ae 


This integral is entry 4.224.2 and it has been evaluated in [10]. 


(12.6.23) —zin2- 


2° 


12.7. An example producing a trigonometric answer 


The next example contains, in the logarithmic part, a quotient of linear 
functions. The evaluation of this entry requires a different approach. 


EXAMPLE 12.7.1. Entry 4.297.8 states that 


1 
l+azx dx 

12.7.1 | Lig} esi 
( ) 9 l-azr gV1— 2x? 
This evaluation starts with the expansion 

Ly et +ax 2a" 

12.7.2 — = 

et?) "a — ax -> 2n+ Te 
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to obtain 
1 ie) 2Qn4+1 1 2n 
1 d 2 d 
(12.7.3) / ase a ag A 
0 l—azx rvV1 — x? a ee A 0 Vl—-2? 


The change of variables x = sin @ gives 


een a dar BIA. Sy T 2n 


The last ee is the famous Wallis formula. It appears as Entry 3.621.3 
and it was established in [7] and =e Therefore 


1 q2rtt 
l+az 2n 
1, ic 
ae, [ eae eae ). 


The series is now identified from the classical expansion 


sinota2 = 5a gent 
mo ! 


= 2n+1)n 


ss 1 2n qontl 
Pr (Qn+1)\n 


obtained by expanding the integrand in 


(12.7.6) 


as a binomial series and integrating term by term. 


Further examples in [35] of the class considered here will be presented in 
a future publication. 


CHAPTER 13 


Confluent hypergeometric and Whittaker 
functions 


13.1. Introduction 


The confluent hypergeometric function, denoted by 1 F(a; c; z), is defined 
by 


[oe) (a) yn 
(13.1.1) F(a; ¢; z) glo. To). 
with (a), being the rising factorial 
T(a+n) 


(a)n a a eC a ia aes eee 


for a € C. It arises when two of the regular singular points of the differential 
equation for the Gauss hypergeometric function 2F} (a, b; c; z), given by 
(13.1.2) 2(1— z)y" + (c— (a+b4+1)z)y’ — aby = 0, 


are allowed to merge into one singular point. More specifically, if we replace 
z by z/b in oF) (a,b;c;z), then the corresponding differential equation has 
singular points at 0, b, and co. Now let b > oo so as to have infinity as a 
confluence of two singularities. This results in the function F(a; c; z) so that 


(13.1.3) 1f\(a;c;z) = lim 2Fi (a,b; G =) ; 
b—- 00 b 

and the corresponding differential equation 

(13.1.4) zy” +(c—z)y’ —ay =0, 


known as the confluent hypergeometric equation. The following two transfor- 
mation formulas for ; F,, due to Kummer, are very useful: 


iF (a; cz) = e71Fi(e— a; ¢;—z) (6.0,—1,—2,:+-), 
(13.1.5) 
1 2 


1 F(a; 2a; 22) = e* oF, (-: at+= 53 ri 


=) (2a is not an odd integer < 0). 


The confluent hypergeometric function has many different notations other 
than 1 F\(a;c; z), for example, ®(a; c; z) [35, p. 1023] or M (a; c; z) [65]. Closely 
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associated to | F(a; c; z) are the Whittaker functions M;,,,,(z) and W;.,,(z) de- 
fined by [35, p. 1024] 


1 1 
(13.1.6)Miu(z) = zttte 7/2. F, (u- b+ 52+ 1:2) ; 
T'(—2y) P(2u) 
(13.1.7)Wip(z) = = = Ma (2) + — i, - 1. (2). 
i Tg-p-ky OP TG +k) 


In this paper, the formulas in Sections 7.612 and 7.621 of [35] are estab- 
lished. These involve the confluent hypergeometric function and the Whit- 
taker functions. The remaining entries involving these functions will be con- 
sidered in the future. 

The asymptotic formulas for these functions have been well studied in the 
literature. Some are collected here for the benefit of the reader. The first one 
is an asymptotic expansion for ; F 


T(c)e*z*~* s (c—a)n(l—a)n _» 


T(a) aI z as Z —> 00, 


for |arg(z)| < 5. This appears in [65, p. 174, Equation (7.9)]. The more 


general asymptotic expansion 


(13.1.8) iFi(a;gz)~ 


n=0 


(13.1.9): Fi(a;e;z) ~ gaye) yo (6 @ olan 


T(a) = n! 
Dicer? con Gn Fe One voy 
7 I(c—a) d n! ees 


where the upper sign is taken of in <argz< oir and the lower sign in the 
case —3 < argz < $7. The first part dominates the second when Re (z) > 0 
corresponding with (13.1.8). The second part is dominant for Re(z) < 0. 
This appears in [65, p. 189, Exercise (7.7)]. 

The W-function is defined in [35, p. 1023] by 


(13.1.10) 
ra - Tie-1 
W(a;c;z) = la c;z)+ Se (a—c+1;2-—6c;2z) 
and its asymptotic behavior is given by 
(13.1.11) 
-a = (@)n(a—¢+1)n —n 3 
Wlargz)~z ar age , as z — oo for larg z| < 57, 


(see (65, p. 175, formula (7.13)]). 

The first formula established here is Entry 7.612.1. This is a standard 
result for the Mellin transform of ;F(a;c;—t) [13, p. 192]. A proof is pre- 
sented here to make the results self-contained. The argument begins with an 
entry in [35]. 
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Entry 7.612.1 states that, for 0 < Re(b) < Re(a), 


(13.1.12) | 1 Fy(a;c; —t)dt = 
0 


Proof. We need Re(b) > 0 for the convergence of the integral near t = 
0. Since the argument of ;F;(a;c;—t) is in the left half-plane, the second 
expression in the asymptotic expansion in (13.1.9) becomes dominant. Hence 
we require Re (b) < Re (a) for the convergence of the integral near oo. 

Apply Kummer’s first transformation in (13.1.5) on the left-hand side of 
(13.1.12) so that 


ft un@e—pa= | t-te", F\(e — a;c;t) dt 


0 0 
oe iy b-1,-t (c= a)nt” 
-| t eal dt 
& — (c= @)n se b+n—-1,-t 
=e eat | t dt 
a (c-@)nT (b+ 2) 
= D5 (c)nn! 


0 
= T(b) 2Fi(c— a,b; 51) 
T'(b)T'(c)T' (a — b) 
T(a)[(e—b) ? 


where the last equality follows from Gauss’ formula for evaluating 2F; at 1 
[13, p. 66, Theorem 2.2.2]. 


The next evaluation is Entry 7.612.2. It states that, for 0 < Re(b) < 
Re (a) and Re(c) < Re(b+ 1), 


(13.1.13) ie th W(a;¢;t) dt = ST CES 


where the function U(a;c;t) is defined in (13.1.10). 


Proof. Use (13.1.10) in the integrand and write the given integral as the sum 
of two integrals. The condition Re (b) > 0 is required for the convergence of the 
first integral near t = 0, whereas the second integral requires Re (b — c+ 1) > 
0. The behavior of the integral in (13.1.13) near oo requires Re (b— a) < 0, 
as can be seen by using (13.1.11). 

The following integral representation for U(a;c;z), valid for Re(a) > 0 
and Re(z) > 0, is used in the argument 


1 - —ztya—1 -a-1 
— ee Hae ee, 
T(a) Jo 


This is Entry 9.211.4 in [35, p. 1023]. A proof appears in [65, p. 174-175]. 


(13.1.14) W(a;c.z) = 
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Using (13.1.14) on the left-hand side of (13.1.13), it follows that 
(13.1.15) 


lore) 1 65 a 
?-1W (a; ¢;t) dt = —— i oe at | eye 1(1 4 2) 9? da. 
| T(a) Jo , 


Interchanging the order of integration, one obtains 
co 1 co co 
t?-1W(a;c;t) dt a / a? *(14+2)°%} a | MA aman | 
I ae (a) Jo ( ) 0 


zs eo | x11 4 2) 8} dy 
T'(b)B(a — b,b—c+1) 
D(a) 
(bd) (a — b)T(b-— ce +1) 
T(a)T(a—e+1) ’ 
where the last two steps follow from the classical representation for Euler’s 
beta function B(x, y) 


l| 


co a-—1 
(13.1.16) B(a,6) = | aaa for Re(a) > 0, Re(b) > 0 
0 


1l+a)er6 
and its expression in terms of the gamma function 
P(@r) 
13.1.17 Bia, b) = ———_. 
(13.1.17) (0.0) = Top 


This completes the proof. 


13.2. A sample of formulas 


This section collects a selection of formulas from [35] involving the con- 
fluent hypergeometric function. The first example is 7.621.4. 


EXAMPLE 13.2.1. Entry 7.621.4 states 


i, e 4-1 Fy (a; c; kt) dt 
0 


s 


T'(b)s~ oF ( ae 
T(b)(s — k)~boFi ° 


where Re(b) > 0 and Re(s) > max{0, Re (k)}. 
Proof. Assume first Re(k) > 0. Using (13.1.8), it follows that, as t > oo, 
the integrand behaves like e(*—*)*, and in order to ensure convergence, the 
condition Re(k —s) < 0 is needed. This explains the condition Re(s) > 
Re(k). As t + 0, the integrand behaves like t?~!. The condition Re (b) > 0 
is required for the convergence of the integral. 

The discussion above guarantees the validity of interchange of summation 
and integration in the next steps: 


t) if |s| > || 
(oa = 
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(13.2.2)/ e 48-1 Fi(a;e;kt)dt = a, 
0 


:) 


provided |k/s| <1, ice., if |s] > |k]. This proves the first part. 


In the case Re (k) < 0 one has Kummer’s relation 
(13.2.3) 1F\(a;c;w) =e" 1 Fi(c— a;c; —w) 


(see [13, p. 191, Equation (4.1.11)]). Therefore, as t + oo, the integrand 
behaves like e~* and convergence requires the condition Re(s) > 0. Then 


| et!" Fi(ase;kt)dt = | eW (8—k)tgb-1, FY (e — a; c; —kt) dt 
0 0 


_ ODS (c— a), T(b+n) (—k)” 


7 woah oe A). 


Now apply Pfaff’s transformation ([13, p.68, Equation (2.2.6)]) 


:) (ie Sie oe ? =) 


c 
to the hypergeometric series above to obtain the result. This establishes the 
first formula when Re (k) < 0. The second formula, for the range |s—k| > |&l, 
is established along similar lines. 


b 
(13.2.4) oF (“ 
Cc 


A direct application of the more general asymptotic expansion (13.1.9) 
then reduces the case Rek = 0 to the previous two cases (according to the 
sign of Imk). 


EXAMPLE 13.2.2. Entry 7.621.5 states that 
(13.2.5) ‘h t°"1 1 Fi(a;c;t)e dt =T(e)s *(1—s"')* 
0 


for Re(c) > 0 and Re(s) > 1. 
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Proof. This is actually the special case k = 1 and b = c in the first part of 
7.621.4. The condition |s| > 1 implies Re(s) > 1. Then 


i, te iFi(asctle “dt = Tics % . 
0 Cc 


using 
A Rae cra 
= (l-u)* 


by the binomial theorem for |u| < 1. 


EXAMPLE 13.2.3. Entry 7.621.6 states that, for Re(c) < Re(b) +1, 


(13.2.6) | t?-U(a;c;t)e~* dt 
0 


1-s) Re (b) > 0,|1— | < 1, 


T(b)l(b-ct+1 af ( a+b—c+1 
1- :) Re(s) > 


Tae ed) min ( = 


Nile 


a+b—c+1 


Proof. The integral in question is now evaluated in two cases, according 
to the conditions given in (13.2.3). The assumptions on the parameters will 
appear as conditions in the proof. 


(i) First part. Using the expression for (a; c;t) in (13.1.10) gives 


(13.2.7) 
OS pe = T(1-c) ene a _ 
Po W(acte dt = oS! t?-1, Fy(a;c;t)e** dt 
| (a;c;t)e Maesee dy 1 F(a; t)e 
T'(c-1) iE eas 
(a) 0 


x Fi(a—c+1;2-—cGte * dt. 


The first integral requires Re(b) > 0 for convergence near t = 0 and the 
second integral requires Re (c) < Re(b) +1 in order to apply the first formula 
in 7.621.4, with k = 1. This also requires the condition |s| > 1. However, the 
behavior of the integrand on the left-hand side at infinity renders the integral 
convergent when Re(s) > 0, and, as will be seen below, the result holds for 
|1 — s| < 1 by analytic continuation. 
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A direct application of 7.621.4 gives the value 


ree = T(1 — e)l'(b)s~* a 6|1 
2. b-1 vss st ep le SE ROD Fy = 
(13.2.8) | t?-*W(a;c;t)e * dt To—-6+1) of) Bosley 


T(c— 1) (b— 1 _ 1 b- 1 
ss (c— 1) (b-—e+ ) go-P-1, pr, a-—ct+ c+ 
T(a) 2—-—c¢ 


7 


The answer is simplified using the identity (see [65, p.113, (5.12)], 


a b|) _T@PO-a),, 4, (a e-5] 1 
oe = F7\r/>, >) — “oF 
(13.2.9) 2 ( ‘ :) Oneal 2 
PQK(@=b),, 5» (b e-al_1 
= FE 
ET @nes) °  \ese4d|ie 
to produce 
(13.2.10) 
co 7 T(b)P(b-—c+1 Or Del 
b-1 es st dp = Foe Le 
; t?-"W(a;c;t)e* dt T(iatb—c+1)? idmas | Ss], 


as claimed. Note that the presence of the hypergeometric function on the left 
of (13.2.9) requires |z| < 1, that is, |1 — s| < 1 in this example. The above 
identity also requires |arg(1 — z)| < 7, that is, |arg(s)| < 7, which is satisfied 
when |1 — s| < 1. 


(ii) Second part. The formula (13.1.10) gives 


(13.2.11) 
oo T(1—c) ar e 
to W(actle dt = os! t’-1, Fi(asc te” dt 
| (a; c;t)e Tae Du, 1 Fi (a;c;t)e 
T(c- 1) [ee 
(a) 0 


x Fi(a—c+1;2-—cGte* dt, 
and then the second part of 7.621.4 gives 


(13.2.12) 


| t?-W(a;e;t)e~* dt 
0 


“renee a(S “f5) 
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which is valid for |1 — s| > 1. To reduce this expression to the form stated in 
(13.2.6), one uses the identity 


(13.2.13) 
n(* |.) _ sO AG ie) 


c T'(c—a)I'(c— 6) a+b—c+l1 z 
P(o)P(a+b—c) ee ieam 
L— C—4 a—c 
rere 
c—a l-a 1 
F 1-- 
oo ieee -) 


valid for jarg(1— z)| < a and |arg z| < a. This appears in [65, p. 113, (5.13)). 
Now take z = 1—1/s and replace c by a+b—c+1 to obtain 
a b 1 
13.2.14 F; Ls) = 
as ) ° teeta -) 
T b- 1rd — iy ee —b} 1 
(atb-c+1)P0-9 (,_ 1)", (a © i 
T(b—c+1)l(a-—c+1) 8 c l-s 
T(a+b—c+1)[(ce-1) 1 eae lee, b-c+1 1-a) 1 
T(a)T(b) s eo 2-—c¢ 1l-s 
for |s| > |s — 1], Jarg (1/s)| < a, and |arg(1 — 1/s)| < 7. Euler’s relation 


= =a 
:) —) (1 = Fo aman 3 (“ ae :) 
Cc 


on the first hypergeometric function on the right of (13.2.14) produces 


b-a 
a c—b| 1 1 c-a b| 1 
dag an (* 412) a(1- haa (8 HL). 


Now use (13.2.14) and (13.2.16) to produce the desired result. It is easy 
to check that the conditions |s| > |1 — s| > 1 and the principle of analytic 
continuation coupled with the fact that the integral on the left-hand side 
converges for Re s > 0 implies that the result is true for Re s > 1/2. Also, 
the conditions |arg(1/s)| < a and |arg(1 — 1/s)| < 7 are satisfied for these 
values of s. 


+ 


b 
(13.2.15) oth ¢ 


EXAMPLE 13.2.4. Entry 7.621.1 states that 


i Tr 3/2 3? Am 1 
| eM. y(t) dt = ea) wai 2) oF oe 2 ¥— wt? 
0 (s+ 242 2v+1 


2 
2s+1 


for Re (a+ y+) >0 and Re(s) > 3. 
Proof. Note that, from (13.1.6), 
(13.2.17) My v(t) = tt? 2-8/7 Fy (v — wt 43 2v + 158) 
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and this gives 
(13.2.18) 


) eteM,, (at = f e (Stl /aeglatvt3/2)—1, Fy (y— pth; Qv+1;t) de. 
0 0 


Now use the first part of 7.621.4 with s 1H s+ 4, bRatve+t 3 and 
kK=lavwv-pt 4, ch 2v+1. This gives the required result. The 
asymptotics of ;F, as t > oo shows that the integrand behaves like e(!/2-9). 


Therefore the condition Re (s) > $ is imposed for convergence. 
EXAMPLE 13.2.5. Entry 7.621.2 states that 


i, e *t#—-1/2 My (qt) dt 
0 


A—p—-1/2 —A-p—-1/2 
= eevee n(e$) ogy 


for Re(y) > —4 and Re(s) > $| Re(q)|. 
Proof. Assume first that g > 0. The change of variables w = qt gives 


(13.2.19) i eW (S4/2)8 get 1/2 gH-1/2, Fy (yy — X 4+ 4520+ 1s qt) dt = 
0) 


1 


—an | e (9/44 1/2) ay Pet 1 Fy (uy — + 4:90 + 15 w) ie 
0 


The evaluation of this last integral uses Entry 7.621.5 with chy 2u+1, aH 
w—-A+5, 54> ar 4. This requires Re(c) > 1, that is, Re () > —4 and also 
Re(s) > 1, which translates to Re(s) > q/2. This gives the stated result. 

This result is now extended to q € C by analytic continuation. The proof 
uses the asymptotic expansion (13.1.9) for z = gt, where —$7 < arg q < 37. 
Note that, when Reg > 0, the first term in the asymptotic expansion is 
dominant and convergence of the resulting integral requires the restriction 
Res > Re(qg/2). Since the right-hand side is also analytic in the region 
Res > + Req > 0, analytic continuation established the formula. A similar 
argument can be made for Req < 0. In the case Reg < 0, the leading term 
in (13.1.9) is now the second one. The details are omitted. 


EXAMPLE 13.2.6. Entry 7.621.3 states that, for Re (a + ys + 2) > 0, Re(s) > 
—# and q > 0, 


(13.2.20) 
i 3 
oA Ta+ p+ 3)l(a- p+ 3)q"*? q\ ~O-#-3 
OW gan =. eS ( +) 
[ x ra(gt) T(a—A+2) an 
x oF atp+2 p-rA+$|28-—q 
sale a-A+2 2s+q)- 


Note that, from (13.1.7) and (13.1.10), 


1 
(13.2.21) Wy u(x) = 2! 2e-*/2 (uy — A+ 4524+ 152). 
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The evaluation begins with the change of variables x = qt to produce 


Co 1 Co 
i e t°Wy (qt) dt = re | e 8/1 Wy (x) dx 
0 0 


1 ev _(s11), 3 
7 i, o (G43) * pote Wi — d+ 3; 90+ ;2) de 
0 


1 T(a+p+3)P(a- p+ 3) 

ral Tla—A+2) 
1 sos 
ee 


atpt+2 a-pt 3 

Xo F, 2 2 
a ( a-A4+2 

using the first part of 7.621.6 in Example 13.2.3. The application of formula 

7.621.6 requires the conditions 


1 
(13.2.22) Re(a+p+#) >0, Re(a—p+ 3) >0 and 5-2 


1. 
5 < 


The last condition is more restrictive than the conditions given for the present 
entry. This can be relaxed to Re (:) > —4, that is, Re(s) > —$ using 
(13.1.11). This shows that the integrand behaves like e~(*/4+1/2)* at, infinity. 


Convergence requires the stated restriction Re (s/q¢+ 1/2) > 0. The final form 
of the answer can now be produced by using Pfaff’s transformation. 


The special case a= v—1,s=4, and q=1 produces 
fe T(v+5-w(v+5+py) 
13.2:2 mk dae Fe dz = —+____* —.. 
(13.2.23) | eng? Wr, (a) de sae 


This is Entry 7.621.11. Observe that, given the specialized parameters, the 
hypergeometric term in 7.621.3 reduces to 1. 


EXAMPLE 13.2.7. Entry 7.621.7 is evaluated next. This evaluation will 
show that the answer stated in [35] contains a typo. The entry, as stated in 
the table, is 
P14 2wr(«-v)l(F+ut+v), 

M(g+ytan)l($+p-v) : 


co. b 
(13.2.24) i e 2% ¢"—1 M,, ,(bx) dx = 
0 


for Re(v + w+ 5) > O and Re(K—v) > 0. 
Proof. Assume first that 6 > 0. Then 


| e 2°" 1M, , (bx) dz = =| e*/24”-1 MM, ,(t) dt 
0 0 
To of di, 
J =f e/g Nets e421 (wu — K+ 45 2u + 158) dt 
0 


1. f°? ZA 
= nah ete tet a)-1 Fi (u— «6+ 45 2u +1; ¢) de. 
0 
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The convergence at t = 0 requires Re(+v+4) > 0, and, near infinity, 
observe that 


T(Qu+1) 4 .-n—y—t 
Fy (u— K+ 432u4+1;t) ~ ————— et 2 
; T(u-«% +4) 
oo 1 1 
~ t t aZ)/n t +5 n 
(13.2.25) x NS (Got nt g(=B tet On in 
= n! 


Since the exponential factors cancel, the leading order term at infinity is 
t”-*~1; therefore, convergence requires Re (K — v) > 0. 

The evaluation of the integral is obtained using the first part of Entry 
7.621.4 in Example 13.2.1. This gives 


Lice i 
(13.2.26) mah era) Bg See $;2u+1;t)dt= 
0 


Twtyts) , (Mowty wtyts 
by pl 2u+1 


1). 


The value of the hypergeometric function is obtained using Gauss’ formula 


) _ P(r (e-a—d) 


(13.2.27) se (“ aa) = Tec ORES) 


Cc 


valid for Re(c —a—b) > 0. In the case considered here, this condition be- 
comes Re(k —v) > 0, which is satisfied. To complete the evaluation, the 
restriction b > 0 is now removed by analytic continuation. 

The correct value of the entry is 


T(1 + 2uw)l(« — v)T(s phe 
N(gt+p+nK(4+p-—v) 


i.e., the exponent of the parameter b has an error in (13.2.24). 


29 b 
3.228) [ e 2° a"—1 M,, ,(bx) dx = 


EXAMPLE 13.2.8. Entry 7.621.8 states that, for Re(w+ 3) > 0 and 


Re(s) > 3, 
(13.2.29) 
K/2 
is d ar(1+2 wn (8-3 
if e-**M,.,(«) — = aie: + 2H) nix (= ¢) Q" ,(2s). 
: a T(i+p+n) st+4 -3 
Proof. Start by using the definition of M,,,,,(x) to obtain 
(13.2.30) 
oY d. re i i 
: e *” My. (x) — = f e tg) gt-3 1Fi(u— K+ 4; Qu +1; 2x) dx. 


The behavior of the integrand at 0 requires Re(j+ 4) > 0 and at infinity 
Re(s) > $. 
To produce the evaluation of this entry, assume first |s _ 3| > 1, in order 


to use the second part of 7.621.4 in Example 13.2.1, with s 1H s+ 4, be 
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2 
1—2s)° 
bed 
5} 


aszay a (*%,Pf2) =(0-8) "08 (F(a) 


with ar+ w+ 5,bH wt+K+ 5, and x = 2/(1— 2s) to obtain 


+5; k=1, ah w—K+5, and c= 2u+1. This produces 
(13.2.31) 

= —sx dx ayo pre+ee pee 
| e Mg,u(2) — =T(u+3)(8-9) e oF ( 2 2 
0 


2u+1 


Now use the transformation [13, p. 127, equation (3.1.7)| 
b 
2 


0 d 
(13.2.33) if e~*= My, (2) — 
0 x 
gutR+3) But K+5) 
+l 


Use the duplication formula for the gamma function 


i 
= Put le — ys HaF 


1 
4s? } - 
g2u-1 


Vit 


(13.2.34) T(2u) = T(u)P'(u + §) 


(Entry 8.335.1 in [35]) to obtain 


a K/2 
a QT (Qu + leWi™™ (s— 5 
[ PUG) ae (: z) 
0 ; x T(u+Kt 5) ST 5 


UK als 
eo Usa 2) (492 i 1)*/2(Qg)~ > B)- BI 
262 T(e+ 1) 
1 dy a 3 
(13.2.35) el 2 ee gy ae. 
+l 4s? 


The convergence of the hypergeometric term requires |s| > 3. But, as has 
been stated before, the convergence of the integral requires a more restrictive 
condition Re(s) > 3. 

The function Qfi(s) is called the associated Legendre function of the second 
kind and is defined in Entry 8.703 of [35, p. 959] as 


e™T(y+u+1)P (3) 
av+ID(v + 3) 


1 1 
s(utv+2) s(utv+l 
oan (# ‘ 2( 
2: 


(2? _ Wa eae a 


1 
72 . 
EXAMPLE 13.2.9. Entry 7.621.9 states that 


= dx T s—i 
13.2.37 SW, — = — 2 P® 
as2sr) f° eWay) = Fae (54) 


Qr (2) 


(13.2.36) 
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+) > 0, Re(s) > —5. The function P/(z) is defined in Entry 


1 z+1 une —-y v+Il1/1l—z 
13.2. P#(z) = ———— F- 4 
03238) HO = pga (Sq) 2a", | a 


Proof. Start with the expression 


1 
(13.2.39) Wrp(e) = e7 ah 20 (py — e+ 4324+ 1; 2) 
to obtain 
(13.2.40) 
oT aioe dx - ~(st4)2,(uth)-1 1 
e Wu (2)— = e 2 ETE Wp — w+ 55 2+ 1; 2) de. 
0 wt, 0 


The convergence of the integral at the origin requires Re (ju) > —3 and con- 
vergence at infinity requires Re (s) > —4. 
The first formula in Entry 7.621.6 shows that 


oD 1 1 
(13.2.41) | eta) Du — e+ 4526+ La) dx = 


The conditions on 7.621.6 require the restriction Re (u) < 4. 
The expression (13.2.41) can be written in the form (13.2.37) by using 
the elementary identity 


13.2.42 T(h+y)P(2—p) =— _1¢27, 
(13.2.42) Gta G-w= Go won ee, 
which appears as Entry 8.334.2 in [35]. 
EXAMPLE 13.2.10. Entry 7.621.10 is 

(13.2.43) 

fore) 1 1 

| ght e-30/2y7, (x) Sg Tawjtpt 2) r La(en + 6+ 5)] 
0 (K+ 34+ 4)T [F(2u- 2« +4 3)] 


under the conditions Re (k + 4) > —4, Re(k + 3p) > —4. 
As usual, the conditions on the parameters can be established by exam- 


ining the convergence of the integral. The proof begins with 
(13.2.44) 


o 1 
| gh t2n-le—8a/2yy7 (a) da = e722 Betet aly (u —K+ 4; 2u +1; x) dx. 
0 


-1). 


The first part of Entry 7.621.6 gives the value of the integral as 


TQetk+a)PutK+s) 5, eae eteth 
SS = YO pan = ee 


13.2.45 
( ) Tu +1) 1+2u 
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The form of the answer given in [35] is obtained by using Kummer’s theorem 
(see [57, p. 68]) 


a b T(a—6+1)T(1+ $) 
13.2.46 F -1) =—_____.. 
( ) : ts al ) T(i+2-8)T(1+a) 
EXAMPLE 13.2.11. The final entry established here is 7.621.12. It states 


that, for Re(v + 4+) > 0 and Re(« +v) <0, 


(13.2.47) 
oo eS i i _ 
/ sy ie EC Eee Gey 
0 T(y-e-aw) (3 +H-#) 


The evaluation comes directly from Entry 7.612.2. The convergence at 
x = 0 requires Re (vt p+ 4) > 0 and at infinity o(u — «+ 4; 2u +1ja)~ 
x #+*-1/2 and this shows that the integrand is asymptotic to 2”+*—!. There- 
fore Re(«K + v) <0 is needed for convergence. 


CHAPTER 14 


Evaluation of entries in Gradshteyn and 
Ryzhik employing the method of brackets 


14.1. Introduction 


The problem of providing a closed-form expression for a definite integral 
has been studied by a variety of methods. The corresponding problem for 
indefinite integrals has been solved, for a large class of integrands, by the 
methods developed by Risch [58, 59, 60]. The reader will find in [21] a mod- 
ern description of these ideas and in [70] an interesting overwiew of techniques 
for integration. 

The lack of a universal algorithm for the evaluation of definite integrals 
has created a collection of results saved in the form of Tables of Integrals. 
The volume created by I. S. Gradshteyn and I. M. Ryzhik [35], currently in 
its 8th edition, is widely used by the scientific community. Others include 
[14, 22, 26, 56]. The use of symbolic languages, such as Mathematica or 
Maple, for this task usually contains a database search as a preprocessing of 
the algorithms. The question of reliability of these tables is essential. 

The method of brackets employed here was developed by one of the au- 
thors in [33, 34] in the context of evaluations of definite integrals obtained 
from the Schwinger parametrization of Feynman diagrams. The method is 
closely related to the so-called negative dimensional integration method de- 
veloped by I. G. Halliday and R. M. Ricotta [36] and A. T. Suzuki et al. 
[61, 62, 63]. The reader will find a nice collection of examples in [11, 12]. 
The use of this method in the general framework of definite integrals has 
appeared in [31, 32]. In the present work, the flexibility of the method of 
brackets is illustrated with the evaluation of a selected list of examples from 
[35]. 

With just a few rules, the method can easily be automated. Code has 
been produced in [40] using Sage with calls to Mathematica. Testing this 
implementation against [35] has suggested adjustments to the original set of 
rules in the method. This modified set of rules is presented here. 

The main rule of the method of brackets corresponds to one of Ramanu- 
jan’s favorite methods to evaluate integrals of the form jee dx x”—1 f(x). This 
is the so-called Ramanujan Master Theorem. It states that if, f(a) admits a 
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series expansion of the form 


(14.1.1) fo) = > etn) 


n= 


0 
in a neighborhood of x = 0, with f(0) = y(0) 4 0, then 


(14.1.2) ye a’—" f(x) dx =T(v)y(—v). 


0 

The integral is the Mellin transform of f(x) and the term y(—v) requires an 
extension of the function y, initially defined only for v € N. Details on the 
natural unique extension of y are given in [5]. Observe that, for v > 0, the 
condition y(0) 4 0 guarantees the convergence of the integral near x = 0. 
The proof of Ramanujan’s Master Theorem and the precise conditions for 
its application appear in Hardy [39]. The reader will find in [5] many other 
examples. 


14.2. The method of brackets 


This is a method that evaluates definite integrals over the half line [0, 00). 
The application of the method consists of a small number of rules, deduced 
in heuristic form, some of which are placed on solid ground [5]. 

For a € R, the symbol 


(14.2.1) (a) 4 | x?! dx 
0 
is the bracket associated to the (divergent) integral on the right. The symbol 
(-1)" 
IT(n+ 1) 


is called the indicator associated to the index n. The notation ¢j,;,...i,, oY 
simply ¢12...-, denotes the product ¢;, ;, +++ @i,. 


(14.2.2) on t= 


Rules for the production of bracket series 


Rule P,. Power series appearing in the integrand are converted into bracket 
series by the procedure 


(14.2.3) So ana? *P-1 +4 NS” an(an + 8). 
n=0 


n>0 


Rule Pe. For a € C, the multinomial power (a; + a2 +---+a,)® is assigned 
the r-dimension bracket series 


(14.24) So SoS boa mane ap Om Ee ne 
ni>0n2>0 nr >O (—a) 


Rule Pg. Each representation of an integral by a bracket series has an asso- 
ciated index of the representation via 


(14.2.5) index = number of sums — number of brackets. 
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It is important to observe that the index is attached to a specific representation 
of the integral and not just to the integral itself. The experience obtained by 
the authors using this method suggests that, among all representations of an 
integral as a bracket series, the one with the minimal index should be chosen. 
Rules for the evaluation of a bracket series 

Rule E,. The one-dimensional bracket series is assigned the value 


(14.2.6) So bnf(n)(an +b) 4 =F (n*)P(—n"), 


n>0 |a| 
where n* is obtained from the vanishing of the bracket; that is, n* solves 
an+b=0. This is precisely the Ramanujan Master Theorem. 


The next rule provides a value for multi-dimensional bracket series of 
index 0, that is, the number of sums is equal to the number of brackets. 


Rule Ez. Assuming the matrix A = (a;;) is non-singular, then the assignment 


is 
3 oad yy Ony-n, f (Ma,+** Mr) 


ni>0 Nr>O 
(ayyny tee + aipny +1) +++ (Gp Hes + Apply + Cr) 
1 
KH ———— 
jacay 
where {n*} is the (unique) solution of the linear system obtained from the 
vanishing of the brackets. There is no assignment if A is singular. 


mj,-++n,)P(—nj)---T(—n,) 


r 


Rule Eg. The value of a multi-dimensional bracket series of positive index 
is obtained by computing all the contributions of maximal rank by Rule Eg. 
These contributions to the integral appear as series in the free parameters. 
Series converging in a common region are added and divergent series are dis- 
carded. Any series producing a non-real contribution is also discarded. There 
is no assignment to a bracket series of negative index. 


The next sections offer a variety of examples that illustrate these rules. 


14.3. Examples of index 0 


This section contains some integrals from [35] that lead to bracket series of 
index 0. The evaluation of these entries by the method of brackets illustrates 
the rules described in the previous section. 


Example 3.1. Entry 3.310 states the elementary result 
(14.3.1) I =) e *dr=1. 

0 
The method of brackets begins with the integral representation 


(14.3.2) et = s sails 


n 


n,=0 
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with its corresponding bracket series 


Co 


(14.3.3) S- cur (ny +1) >> dn, (m1 +1), 
1 


n1=0 n,=0 


and the associated function f(n,) = 1. Therefore, this problem produces 
one sum and a single bracket giving a sum of index 0. The vanishing of the 


brackets gives nj = —1. Rule Ey gives the integral as 
(14.3.4) T=[(nj) =TQ)=1. 
Example 3.2. The integrand now involves the Bessel function 
r\Y — (-1)” z\2n 
143, ep ee 
ee?) TON 2s eH) 2 
The bracket series corresponding to the integral 
(14.3.6) I= | J, (bx) dx 
0 
is 
1 b2r1 
14.3. = 4 SS 2 1 
ae : (3) Leute iam) oe om te ty. 


This bracket series also has index 0: one sum and one bracket. The vanishing 
of this bracket yields nj = —4(1+v). Therefore, the integral is assigned the 


value 
b uy p27 
—) ~~ n* 
(5) 92n} iv +1+n* ( nt) 


) 
b ws p-l-v 5 
3) ee) 
2 


Sle NLR wle 


This agrees with Entry 6.511.1 in [35]. 
Example 3.2. Entry 6.521.11 gives the identity 


2 
(14.3.8) l= : a? Ky (aa) dx = 
0 a 


for a > 0. The integrand now involves the modified Bessel function of the 
second kind. Use of the integral representation 


eT 4 #2 41)¥t2 


produces the double integral 


(14.3.10) a a? Ky (ax Jae = fr [ x cos( i) 
0 a (#2 +1)2 +1)3 
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The cos(axt) factor is written as a series in ny 


cated 2 5 fey 
(14.3.11) s(axt) Dea | =) 


and Rule P» assigns to the factor (t2 + 1)~? the bracket series 
(3 +n +n3) 


14.3.12 Prig nat??? 1"? 2 —. 
oe ae r® 


n2>0n3>0 


The final step in producing the bracket series is to replace t?”+?"2 with 
(1+ 2n1 +2n2) and x't?"! with (2+ 2n,). The bracket series 


(14.3.13) 
9i- — 
se » ») (a3 7a) (2+ 2n1) (1 + 2ny + 2ng) (2 + nz +3) 


n1>0n2>0n3>0 
is of index 0. 


The linear system constructed from the vanishing of the brackets is 


2 0 0 Ny —2 
(14.3.14) 2 2 0 no}=|{-1 
011 n3 -3 
with the matrix A having rank 3 and determinant 4. The solution of the 
system gives nj = —1,n5 = 4, and n3 = —2. The value of the integral by 
Rule Eg is 
1 g1-2n; q7it2n} 
I= =| — — J] P(e ni) (-n5)T(-n3 
i( T (3 +n%) ( pr 3) ( 3) 
1 f- 22a: 4 
= - P(r (-5) T(2 
:(255) ( ) ( 5) ( ) 
2 


verifying (14.3.8). 
14.4. Examples of index 1 


This section considers integrals that lead to representations of index 1. 


Example 4.1 The first example provides an evaluation of the elementary 
entry 3.311.1 in [35] 


od In2 
(14.4.1) | eee 
0 ePpr + 1 P 


The method of brackets will reduce the problem to a triple series and two 
brackets, leading to a representation of index 1. Rule £3 reduces the number 
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of sums by two and the answer is expressed as a single series. The remaining 
series is elementary and is recognized as In 2. 


The first step is to replace the integrand by its brackets series 


S S> or,2( (er*) mye SS S> ¢12 e™PF(1 + ny +g). 


ni>0n2>0 ni>0n2>0 


The power series representation of the exponential is now employed to produce 


So YS bie eS (l+mi +72) = 


n120 n2>0 n320 
S> ¢1,2,3(—m1) "p20 (1 + m1 + 12). 
n1,N2,n3>0 
This form of integrand produces the bracket series 
(14.4.2) T= So b1,2,3(—n1)"p"8 (1 + m1 + ng) (ng + 1) 
n1,n2,n3>0 


for the integral. 
There are now three sums and two brackets, giving a representation of 
index 1. The matrix equation associated to the vanishing of the brackets 


(14.4.3) ee) m - (21) 


3 


has rank 2. It follows that the problem has 1 free parameter. Observe that 
the equation coming from the vanishing of the bracket (n3 + 1) determines 
n3 = —1. The system has reduced to the single equation n, + ng = —1. The 
choices of free indices are ny and nz and their contributions to the integral 
are described next. 


Case 1: n is free. The relation among the indices yields n3 = —n; — 1 and 
the corresponding determinant is —1. The contribution of this index to the 
integral is 


* —71)mitt 
(14.4.4) s ae (—nip)™T(—n3)P'(—n3) = S- aa 
ni>0 n1>0 1p 


The term n; = 0 yields the series divergent, so its contribution to the integral 
is discarded. 


Case 2: nz is free. Then nj = —ng—1 with determinant —1. The contribution 
of this index to the integral is given by 
1 (—1)” 
14.4.5 o2— (—nip)"3T'(—n7)T(—n3) = —_——_.. 
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Adding all the finite contributions of free indices gives the evaluation 


(14.4.6) ie _ oe ye 1)" 
0 


em+1 fash (no +1)p 


In order to present the integral in its simplest possible form, it is now required 
to identify this series. In this case this is elementary: the result is 


(14.4.7) S- ai a. 


nano 2 +1)p  p 
Thus 
od In 2 
(14.4.8) i) es eal 
go ert +1 p 


as stated in [35]. 


Example 4.2. This example illustrates the fact that the method of brackets 
gives, as the value of a definite integral, a finite number of series. The question 
of reduction of these series to their simplest form is a separate issue. As of 
now, there is no algorithmic solution to this question. 

Entry 3.452.1 states that 


d. 
(14.4.9) te fa es OD. 
0 et —]1 
The brackets series for the integral is obtained as before, with the result 
1 n nN. 
(14.4.10) I= SS $1,237-(-1) 2+" (ns + 2)(n1 + ng + 4). 
nN1,N2.N3 


This is a representation of index 1 (three sums and two brackets). 

The vanishing of the brackets shows that nz is fixed: n3; = —2 and the 
relation ny + n2+ 4 = 0 must hold. Therefore, the integral is given in terms 
of a single series. 


Case 1: if n, is free, then n3 = —n, — 4 and the corresponding series is 
2 2 
= T'(n, + 1/2) 
14.4.11 SS — 1)? 45/2 
( ) peat) Janz P(n1 + 1) 


n1=0 


This series is discarded due to the presence of the singular term at n ; = 0. 


Case 2: if ng is free, then nf = —n2 — 4 and the corresponding series is 
_ AT (ng + 1/2) 

14.4.12 So = SENT eh) 

( ) ‘ pz, (Qng + 1)? /rl (no +1) 


The duplication formula for the gamma function 


(2m)! i 


~ 92m m! 


(14.4.13) T'(m + 3) 
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reduces the series to 
= [2ne\. 2-2" 
14.4.14 gist en, 
(14.4.14) 2 GD ren, 
no= 


The method of brackets now yields 
— SS /2n2 ar Sa ang 
14.4.15 
To evaluate the series, start with 
(2m 1 
14.4.16 CS 
( ) 25 ( m ) V1l—4a 
replace x by x, and integrate from 0 to 1/2 to produce (after simplifications) 


g-2m _ [ Arcsin u 5 
) 


U 


(14.4.17) S- a 


m=0 


Finally, integrate by parts to obtain 


foe) en) n/2 
m —2m __ : 
m=0 


Euler showed that this last integral evaluates to —$In2. Details of this ele- 
mentary evaluation can be found in Section 12.5 of [17]. Formula (14.4.9) has 
been verified. 


Example 4.3. Entry 6.554.1 gives the evaluation 


ia dx yh 


for y > 0 anda €C with Rea > 0. Here Jo is the Bessel function 
oS x 
(14.4.20) Jo(x) = SC eae: 


The bracket representations of the terms in the integrand are 


(14.4.21) (a oF te —3/2 _ S bp b19a2"'x pane +n +N) 


ni>0n2>0 lr (3) 


and 


1 
14.4.22 =)5 ng Sr 2n3 
( ) <,° 3 92n3 T(l+n3 y (ey) 
ng 
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Therefore the integral is assigned the bracket series 


dx 


(14.4.23) | tdo(ey) Tay eer? 
23 G21 


y 
No Oy oy TT + ma) 


n1 20 n220 n3>0 


(3 + NY + n2) (2ne + 2n3 + 2) 


This is a representation of index +1. 


Case 1: n, free. The linear system from the vanishing of brackets is 


(14.4.24) ( 5) « rs es ’) 


with determinant 2 and solutions nj = —n, — 3 and n3 = ny + 4. The 
contribution to the integral is given by 


(21g An lg tery ema (ap _ 4) 
[= ee ee 


mse JrT (ny + 1) 
_ (ay)? 
Se 25 Qn, +1)! 
ny= 
= sinh ay 
? a 


Case 2: ng free. Proceeding as before, it is found that this case leads to a 
divergent series so its contribution is ignored. 


Case 3: n3 free. As in Case 1, the system has determinant —2 with solutions 


nt =n3 — 4 and n5 = —n3 — 4. The contribution to the integral is 
fon ae ee 
ae n3>0 Vm 22s P(ng + 1) 
_ coshay 
= Pak 


Summing the finite contributions by Rule E3 gives 


(14.4.25) i. Gy 
4. 4 LIO\LLY (x? + a2)3/2 1 3 a? 


as stated. 


Example 4.4. Entry 6.512.1 provides the value for the integral 
(14.4.26) | J,,(ax) J, (bx) dx. 
0 


The answer in [35] is divided according to conditions on the parameters. 
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The integral is provided a brackets series by the usual method: 


‘ pf es Ce) 
if J, (ax) J, (bx) dx =| Ta) 22 GD 


(u el ni=0 b+ 1)ny ny} 


rt ae ey ve 
(4) ae ) 


x ——_—__—_ | dx 
Dy +1) &, (Vt 1)nz re! 
is given by the series 
g = ab’ 
ete D (pe + 1) (vy + 1) 
q?™ p2nr2 


> (2 2 1). 
x d, ogame Gg FT) @ +1) (2n1 + 2ng+puty +1) 


n1,n2 fe se 
This is a representation of index 1. 


Case 1: nz free. Then nj = —$(2n2+y+v +1) and the contribution to the 
integral is 


= ab’ b2ne 1 a\2ri T(—nj) 
or WHT (n+ DP +1) De be (V + lng 22” (5 (5) ( ) 


qo’) (—1)” a nap (a + n2) T(u +1) 
Et (a) en 


~ Det DP +1) Pes ne! a2 (vt 1)n, T (= — nz) 
2\r2 
warrar (meget)  (-) | (HH), 
= Nee py Fao! pa ))... (Baw 7 
Be Ay pe ee OP De (a) 
Simplifying the Pochhammer with negative index using 
ee 
14.4.27 <7 
(14.4.27) (n= Wy 
gives 
2 \"? 7 pty $1 =v41 
é Ba-v-1 p (ett) (-5) amare Pee cect eae! 
1 — +1—v = ee Mae ih fee 
Tv +r (4) nal(v + Vnz(—1)” 
b\"? (tut =ptutl 
_ ee ee) (5) Cae ee ae 
Tw+lr (4-*) ae ngl(v + 1)ns 
ban’ Ip pty+l1 ak aed b2 
= ( va 2Fy ( ° =) y 
Tv + IT (==) y+l a 


The series converges provided |b| < |al. 
Case 2: no free. The calculation is done as in Case 1. The result is the 
formula in Case 1, with w and v interchanged and a and 6 interchanged. 
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Example 4.5. Entry 3.423.1 is 
© gl dr 


The method of brackets provides a direct evaluation. The bracket series 
corresponding to the integral is 


aan nes = 
[2B ED Y daar ins 9 (msm 42) 


n1>0n2>0n3>0 


This is a representation of index 1 and n3 = —v is determined. Choosing n 
as a free parameter gives the series 


so prin +2170) 


et, ny T (ny +1) 


The term n; = 0 makes the series diverge, so its contribution is ignored. 
The choice of ng as a free parameter gives the series 


3 (-1)*T (m2 +2)P() _ (ng + 1) Tv) 


n2>0 ( n2>0 


The answer is obtained by writing no + 1 = (nz + 2) —- 1. 


14.5. Examples of index 2 
This section considers integrals that lead to representations of index 2. 


Example 5.1. Entry 7.414.9 provides the value 


(14.5.1) ee cP ett 4 (x) L? (x) dx = (-1)™*"(a +b)! ‘ a ™) (’ a 


nm m 


with Rea+b > -—1. Here LA(z) is the associated Laguerre polynomial 


— n+n3)[(—m+ng)P(b+n+1)[(at+tm+1) 
pape 2a! +10 (m+ DP(b + ng + D(a + nz + DI (—m)P(—n) 


x (at b+n+ng+n34+1). 


(14.5.2) pis Oo De Fe Gas 


The resulting bracket series is of index +2: 


nit n2 N3 


There are three choices of free/fixed variables in the solution of the linear 
system coming from the vanishing of the bracket: 
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Case 1: With n, and ng free, the resulting series is zero and makes no 
contribution. 


3 (—1)ere ten tnat T(—m + ng) (b+n+1l(at+m+1) 
T(ng + 1)P (m1 + YEP (n + DE (m 4+ LP (a+n24+1 
. Tiatb+n+ng4+1)(-a-—b-—n-ny — ng -1) 
\P(—a — ny — ng) (—m)P(—n) 
(-1)°VT(1+a4+ dl (-—mrit+atm)r(1+b+n)l(-a-m+n) 
mw sin((a+b4+n)r)T(14+n)01+b-—m+n) 


x sin(am) sin(mz) sin(n7) = 0. 


n1,n2 


Case 2: With n; and ng3 free, the result is the same as in Case 1. 


Case 3: With nz and nz free, the resulting series can be evaluated as follows 
to match the value in the table: 


ae 


T(-n + n3)(—m + n2)P(b+n4+1)P(a+m41)P(a+b+ ne+n3 41) 
T(ng + IP (m2 + DE (n + IE (m + LLP (6 + ng + IP (a + n2 + 1) (—m)P(—n) 
_ S T(-m + n2)P(b+n+1)(a+m+1) 
7 J T(ne + OP (n+ YP (m + YT (a+ re + YP(-—m)P(- 2) 
~ T(-n)'(a+b+n2 +1) 
T(b+1) 
~ T(-m+na)P(b+n4+ 1) P(a+m4+1)P(a+b+n2 +1) 
T(ne + 1) (n+ IE (m+ 1) (at ne + IE (—m)P(b + 1) 
+ b)P(—a+n-— ne) 
+b+n)I(—a— nz) 
_ Piatm4 1(1+a+t+b) ‘ss (—m)n. (1 + a4 b)n.(—7 esc t(a— 2 + n2)) 
T'(n + 1)C(m +4 1) ng!(—n esem(a + n2))P(1+a—n+nz2) 


2F\(—n, 1 +a+b+n2;1+ 5631) 


n2 


= 


= T(atm+1)r+a+b) > (=—m)no (1 + a + b)n, (sin arr)(—1)"2) 
T(n4+ 1)? (m+ 1)C(1+a—n) ng! (sin aw)(—1)-"+"2(1+a— N)n, 


n2 


+b) 
Tato) 2F\(—m,1+a+6;1+a—n;1) 
) 


T(lt+a+b) T(l+a-—n)l(m—n- bd) 
T(n+1)C(m4+1)C(1+a—n) TA+a—n+m)l(-n- b) 

) T(a+m-+1) T(b+n+1) 
Tin+)C(at+m—n4t 1m Dr(b+n-—m+1) 
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14.6. The goal is to minimize the index 


In this section the last part of Rule Ps is illustrated. Given a specific 
definite integral, it has been conjectured by the authors that the optimal 
solution by the method of brackets is the one with minimal index. 

Observe that the index of an integral may be affected by the representa- 
tion of the integrand or the order of expansion into series. 


Example 6.1. Entry 3.331.1 gives the evaluation of 


(14.6.1) ye er dg SB ei nig 
0 


Here ¥(, 3) is the incomplete gamma function defined by 
(14.6.2) (a, x) =) ete dE, 
0 


Method 1. The integrand is associated a bracket series via 


—Be* -pr _ ot) eo he 
e€ Coke = on, (8 


nio0 

= S- bn, Be (nit+p)ex 
ni>o 

= OY Sram + wa. 
ni 20 n220 


The final step is to produce the bracket (nz +1) appearing from integration of 
z”?. Therefore, the bracket series associated with this representation of the 
integral is 


(14.6.3) i e Few diy S” S$” barnaB™ (m1 + 4)"2(n2 +1). 
0 


n120n2>0 


This representation has index +1. 
The vanishing of the bracket yields that ng is fixed as n} = —1 and ny; 
must be free. It follows that the integral is 


Eaurintorin = ln yt, p 


ni >0 
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Method 2. A second representation is produced as follows: 


—Be* -pa _ a) eT He 
e€ Ee ee = On, (8 


ni>0 

= Do on, Bre mre 
nio 

= s dn, Bb" Se, OnoNy Me g by Ong bx” 
n1>0 n2>0 n3>0 


n + 
= 5 5 5 Pry ,n2,ngB ny ga ih ta 


ni 20 n2>0n3>0 


The final step is now to replace the power x"2+” by the bracket (nz +n3 + 1) 
to produce 


(14.6.4) | e POH dey S7 SSS ba snansB™ ny? ui" (no-+n3+1). 
0 


n1>0 n2>0n3>0 


This representation has index +2. 
The vanishing of the brackets shows that n, is free and either nz or nz is 
fixed. 


Case 1: n; free and n3 = —nz2 — 1: 


ee > ys ny nob" ny? w~"?P(n2 + 1) 


n1>0n2>0 
2 anh Se) 
7 ree Gan 
= B hy (yy B). 


14.6. THE GOAL IS TO MINIMIZE THE INDEX 209 


Case 2: m1 free and nj = —n3 — 1: 


S2 = DDD bnrngB™ np” 1w"T (ng +1) 


ni >0n3>0 


oe go een (-+) ns 
ni >0 nT (ny = 1) Ny 
—B)r1 —l 
- loo (1 + +) 
n>0 M1 (ni nF ) Ny 
T 
= 2 iss ete =p 
T(u+ 1) pti 
= B y(n, 6). 
Rule E3 would return the sum $;+ 5, but this is twice the correct value. 
Between these two methods for producing bracket series, the one giving the 
minimal index should be chosen. This doubling phenomena has appeared in 


other examples where the minimal index is not chosen. The reason behind 
this phenomenon remains to be elucidated. 


Example 6.2. Entry 3.451.1 in [35] states that 


[oe) 


4 
(14.6.5) te “V1l—e-*dx= 5 (4—31n2). 


0 


To evaluate this entry by classical methods, observe that the integral is —h’(1), 
where 


(14.6.6) h(a) = | e “*V/1—e-* dz. 
0 
The change of variables t = e~* gives 
1 
(14.6.7) h(a) = i: t*-1(1 — t)'/? dt = B(a, 3), 
0 

where B is the beta function. Differentiation yields 
(14.6.8) h'(a) = h(a) [a(a) — v(a + 3)], 
where w =I’/T is the polygamma function. This gives 

oe rire 
(14.6.9) ze *V1—e-*dr = ey [w(1) — b(3)] 


0 T(3) 
The values ¢(1) = —y (the Euler constant) and #(3) = —y — 2In2+ 5 give 
the result. To obtain this last special value, use 
n-1 


(146.10) w(n)=—74 : and 2¢(2r) = 21n2+ $(2) + #(e +2). 
k=1 


This last relation follows by differentiaton of the duplication formula for the 
gamma function ['(2x) = 2?°-11P(a)P(a + $)/V7. 
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The evaluation of (14.6.5) is now obtained by the method of brackets. 
Method 1. The exponential term is ate by 


oS \rgn 


(14.6.11) et = pee » So dia™ 


n=0 ni>0 


and Rule P2 is employed to produce 


(14.6.12) JVl—e-# = S- S- 2,31" (—e~*)"5 


n2>0n3>0 


(—3 +n2 + ns) 


T(—1/2) 


Now expand the exponential terms e~”3* and replace the integral by the 
corresponding bracket to obtain the series 


(4.6.13) S> S> SO Y siz ie (ry + m4 + 2)(na +3 — 5). 


n1>0n2>0 n3>0 n4>0 
This gives a representation of index +2. 


Case 1: 11, nz free. Then n* = —n;—2 and n% = —n2+4. The correspondin 
; 4 3 3 P 
determinant is —1 and the series becomes 


—(—ne + 1/2)-™2-2(—1)™ 44/27 (np — 1/2)P' (m1 + 2) 
d. d 2/nT (ng +1) (n1 + 1) , 


ni>0n2>0 
This result is purely imaginary and therefore discarded. 
Case 2: ni, nz free. Then nj = —n,—2 and nz = —n3g+ 4. The determinant 
is —1 and the series becomes 

ying 7P (ng — 1/2 2 
a SD Sig Os A/a) 
Aa: We 2/70 (ng + LP (nm, + 1) 
2./7T(n3 +1) I(n, +1) 
3 n 

2/mP (ng + 1)(1+ns3)? 
n3 


fa,—4 
aw 2A(TY *|1) 


242 


vGa)+ 


_- 


= 5 “(4—31n2). 
Case 3: nz, na free. This case is similar to Case 1 so it is also discarded. 
Case 4: n3, n4 free. This case is analogous to Case 2 with value 2 (3 —In 4). 
Summing the results from Cases 2 and 4 would result in twice the correct 
value. This doubling is due to the fact that the series in each of these cases 
converge on the boundary. 
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Method 2. An alternative is to obtain the bracket series for (1 — e~*)~!/? 
to produce 


i, ve~*(1 — e-*)-¥/? der 
0 
ls s (-$ +n, + ne) 
aa xe” $1.21"! (—e*)"? —+_—___—*" dx, 
ee TCI) 


which can be written as 


i. ve "(1— en es dx 
0 


es _ (-i + ny + n2) 
= $1,2(—1)"?xe (t+na)e \ 2 der. 
(ey, ro) 


The exponential term is now expanded to produce the representation 
co 
| te*(1—e7*) 7? dr 
0 


a Ts De » Dy $1,2,3(—1)™ (1 + nz)"* (ng + 2) (ry +2 — 5). 


ni 20 n22>0 n2>0 
This is a representation of index +1. 
The value n3 = —2 is determined and the indices n; and nz are free. 


Case 1. 7; is free. Then n= = 4 — nj, leads to the contribution 


zm (3 


(14.6.14) Ss 1 > ma) 
ni>0 


This is discarded because it is purely imaginary. 


Case 2. nz is free. Then nj = 4 — Mn, produces to the contribution 


(14.6.15) se $A reayrn =): 
n2>0 


Therefore, the method of brackets shows that 


fore) a at 
[cette ae = pe Yo 
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This verifies (14.6.5). As in the first method for this integral, the series 
converged on the boundary, but it was counted only once in this evaluation 
using the bracket series of index +1. 


14.7. The evaluation of a Mellin transform 


Several entries in [35] are instances of the Mellin transform 


(14.7.1) M(f):= [ a*—1 f(x) dx 


For instance, Entry 3.764.2 
14.7.2 P ae =p sian pee 
(14.7.2) ‘ x? cos(ax + b) rsa (p+ ) sin ( +2) 


is of this form with p = s—1. The reader will find in [7] an elementary proof 
of this evaluation. 


The evaluation of (14.7.2) by the method of brackets uses the hypergeo- 
metric representation 


2 1=0 


Therefore, 


Tid 
(14.7.3) E eee = i a? » bu GR oat a 
0 4m. T(n Ny +3) 


The bracket expansion 


y2na = 72. HN3 oNo = 2n1 + ng + n3) 
(14.7.4) (ax + b) => s 2,30"2b ar 


n2=0 n3=0 


gives 


(14.7.5) | x? cos(ax + b) dx = 
0 


r(dareor 
a #123 aT +4 5)T(- an 1) 


n1,N2,n3>0 


(—2n1 + no +ng)(ng+ p41). 


The vanishing of the bracket (nz +p+1) determines n3 = —p—1. There 
is one sum and two possible choices for a free index. 
Case 1: nj is free. Then n3 = 2n; —p—1 and the corresponding determinant 
is —1. The contribution to the integral is given by 


1 T(4)a N32 HN3 
S, = S ra pee —n*)\T(—ni 
1 <,° = i 1j4mD(n, +4 1) T(—2n1) ( n3) ( n3) 
n1 
T(4)a —p-1p2ni+pt1 


= s on pepo et IP (—2nj4— p —1). 


ni>0 
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Each term 1/I'(—2n1) vanishes; it follows that S, = 0. 


Case 2: nz is free. Then nj = $(n3 — p—1) and the contribution to the 
integral is 


1 T($)a2b"s : ; 
So 2 Ong 2 Ta 
r(3 eel (p+ 1)2 ” 3 on wee (—ng +p+1)). 
apt — 8 onsT(d 5(n3 — p)) T(—ng +p + 1) 


The factors in the last summand can be simplified to produce 


S. = fn) a) - sin i + Me) — bcos ue . (Ste 


Tiot 
= we ) [- sin — cos b — bcos — sin b| 

Tio+ 
eat) sin (= + b) 
apr 

Adding all the finite contributions of free indices gives the evaluation 
T(p+1 
(14.7.6) | x? cos(ax + b) dx = hese sin (= ua b) 


14.8. The introduction of a parameter 


This section illustrates the evaluation of Entry 3.249 


(14.8.1) i [e~* — (1+ 2)“*] “ =~y(u), for Rew > 0. 


A classical evaluation of this entry appears in [47]. 
To apply the method of brackets, consider first the integral 


(14.8.2) ney = f° COED ae 
0 x 


The result is obtained by letting « — 0. Now compute the bracket series 
associated to the integrand in (14.8.2) to obtain 


(14.8.3) = >" de ji - set (k +e). 


D0 ny) 


Therefore, 


(14.8.4) I(e) =T(e) f - oot 
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To obtain the value of (14.8.1), simply use the expansion 


T(u-€) vu) 15 2 
rie) [1 — SR wu) — (SY — St +0) +0) 


ase 0. 


Conclusions. The examples given here, all taken from the classical table of 
integrals by I. S. Gradshteyn and I. M. Ryzhik, have been evaluated using 
the method of brackets. This illustrates the great flexibility of this method. 
The rules for evaluation have been partially justified via Ramanujan’s Master 
Theorem. 


CHAPTER 15 


The list of integrals 


15.1. The list 


This is the list of formulas in Gradshteyn and Ryzhik [35] that are estab- 
lished in this volume. The sections are named as in the table. 


n 


Section 2.14. Forms containing the binomial 1 + x 


Subsection 2.148 


5 4ues / dx ol x +s dx 98 
oaiaak (1+a22)" — In—2(14+27)"-1 ° Qn-2 J (14 42)r-1 


Section 2.42 Powers of sinh x, cosh x, tanh x, and coth x 


Subsection 2.423 


d 
2.423.9 / ~_ = 2arctan(e”) 73 
cosh x 


Section 3.13—3.17. Expressions that can be reduced to square roots 
of third- and fourth-degree polynomials and their products with 
rational functions 


Subsection 3.166 


3.166.16 i. Bi pe ee ir(a)t 2 
a o Vi-at = AV 4 

sissis f ~@t_ _ J {r(s\\ 2 
o Vl-2t~— V2 4 

Section 3.19—3.23. Combinations of powers of x and powers of bino- 


mials of the form (a + 6x) 


215 
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Subsection 3.194 


“ glldg ut 
ee oe en 
rer ougerea 


i. ct! dx i RE EF 
u (+BayY Be(y—p)” * 


1 
x (oy bu — w+; x) 
gh! da = 
/ Geigy =o Bey W) 
) 


1+ Bax)’ 
“gt-ldy ul 
= —2f) (1, wy 1+ ps — 
i aa reeks ws 1+ uw; —Bp) 
re 7 dex _. = e n ‘)! 2)-F 
o AQ+z)\" = k n+k 


Subsection 3.196 


[ete u-or ae yes 
0 ML 


Subsection 3.197 


iz GLA Garde 


+u)hry 
= (Brynn 5. — pV, p)2Fy 


x (d= 1-4) 


[etna poe 
= BA, W)2Fi(v,A;\ + us 8) 

[ 211 — a)" + a) PY dn 
= (1+a)-"B(p, v) 

[ P11 +2)"(1 + an)! de 


= BO,-p—v—A)2Fi (-4, A —H- 31 


a) 


3.194.1 


3.194.2 


63 


68 


3.194.3 172 


3.194.5 63 


3.194.8 140 


3.197.2 


3.197.3 


3.197.4 


3.197.5 


oF, (1. —vl+ ps -5) 3.196.1 63 


69 


62 


62 


68 
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[a8 x YH lag — 1)7> dx 
1 


Blu, 
ete uu; A;a*) 


| at V2 (4 4 a)-# (a +b)“ dx 


= Va va+ vim) 


pe x” a)*(u— a—)#-} de 


0 
= ult’ 1B u,v) 2Fi (-A, vn +2;-=) 
a 


om Gay Gee) ede 
0 
B(u—,A) oi, u— A551 — 8) 


—- xt! da 
9 (l—2x)4(1 + pax) 
= —" _cosec ™q 


(1+ p)2 


Subsection 3.198 


a a’—1(1 — 2)¥—1 dx B(u, v) 
» [ar Fol —2) +a” ~ toto" 


Subsection 3.199 


[ (2 — a)#-1(b—x)¥} Res (b—a)hty-1 


(a — c)etY ~ (b—c)#H(a—c)¥ 


Subsection 3.227 


oo v1 1l-pu 
| x’i(8 +2) fe 
0 yru 
v-1 
oy Y 
= Bini Bo — V)oFy (1 +d 3) 


3.197.6 


3.197.7 


3.197.8 


3.197.9 


3.197.10 


3.198 


B(p, v) 3.199 


3.227.1 


217 


68 


69 


68 


68 


63 


64 


68 


218 15. THE LIST OF INTEGRALS 


Subsection 3.231 


1 gpl ge 
if ———_ dx = cot mp 3.231.1 171 
0 l-« 
1 gh-l gol 
i, ———_ dx = w(v) — w(p) 3.231.5 78 
0 l= 
co gP-1 as gi 
i — dx = 1(cot mp — cot 7q) 3.231.6 169 
0 fmt! 6: 


Section 3.24—3.27. Powers of x, of binomials of the form a+ 6x? 
and of polynomials in x 


Subsection 3.241 


p-lq 
pv fo a Se eee 3.241.3 172 
1—«a?4 q q 


Subsection 3.265 


1— gt} 
| ZS -w+e 3.265 90 
0 


1-2 


Subsection 3.271 


Co / P _ »—p\? 
| (=—=") dx = 2(1 — 2pm cot 2pz) 3.271.1 5 
6 —2 


Section 3.3 — 3.4. Exponential functions 
Subsection 3.31. Exponential functions 


Subsection 3.310. 


bast 1 
i: e P* dr = — 3.310 195 
0 Pp 


Subsection 3.311. 


oo | In2 
| sere 3.311.1 197 
o i+eP% Pp 
CO qx d co k 
| “= 3.311.4 139 
9 l—ae-Pe q+kp 
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Subsection 3.312. 


, (1 —e7*)""1(1 — Be~*) °c #* dr 
0 
= Bp,v)2Fi(e, m3 u+V; 8) 3.312.3 


219 


69 


Subsection 3.32—3.34. Exponentials of more complicated arguments 


Subsection 3.321. 


| et de = <= 0 (qu) 3.321.2 
0 qd 
| et ® de = V* 3.321.3 
0 2q 
e 1 
| wen @* dx = => [1-e "| 3.321.4 
0 2q 
# 1 
i eee de =e MSGi —que 7™ 3.321.5 
0 2q? | 2 
¥ 1 
i we t® dx = — [1 — (14+ que"? 3.321.6 
0 2q 
? i 13 
| get” dz 5s [7 o(qu — (3+ ¢?u’) que?“ 3.321.7 
0 qd 


ov x ) 2 u 
exp (——~ — ya ) dx = \/7Be*®? f —©® ( B+ =a) | 3.322.1 
[(-% Y WE a7 
a x 2 
er Sey By = 
| exp ( 1p v2) dx TBe [1 ® (7 B)| 3.322.2 
Subsection 3.323. 
Pegg is aN a Ea TGs q 
| exp(—qa — 2°) dx se [1 ® (a+ )] 3.323.1 
fore) 2 
i exp(—p7a” + qx) dx = VE exp a 3.323.2 
Ag Pp Ap? 


44 


45 


45 


45 


45 


45 


45 


45 


46 


46 


oo 4 
/ exp(— 6724 2s 2772) dr = 9-3/2. 698/28" Ke, (33) 3.323.3 107 
0 B 4 \28 
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Subsection 3.324. 


| exp (-£ = 1") dx = [Exava 3.324.1 94 


Subsection 3.325. 


i en (—as? = =) dx = =,/—exp(—2Vab) 3.325 47 
0 a 2Va 


Subsection 3.327—3.334. Exponentials of exponentials. 
Subsection 3.327. 


% 1 
if Sp (ae yide = Baa) 3.327 161 
0 


Subsection 3.331. 


es exp (—Be~* - px) dx = B-¥y(p, B) 3.331.1 204 
0 


Subsection 3.333. 


es e H*® dx 
i, ap lezyai = PWS) 3.333.124 
C. Je GeForce 3.333.224 
ayo ea (6) 


Subsection 3.335—3.337. Exponentials of hyperbolic functions 
Subsection 3.337. 


/ exp(—ax — 8 cosh x) dx = 2K,({) 3.337.1 97 


Subsection 3.338—-3.342. Exponentials of trigonometric functions 
and logarithms 


Subsection 3.342. 


1 1 oo pe} 
/ exp(—pz ln x) dx = i cP’ dr = S- : 3.342 143 
0 0 fi 
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Subsection 3.35. Combinations of exponentials and rational func- 


tions 


Subsection 3.351. 


Subsection 3.352. 


Subsection 3.353. 


—e?" Bi(—pu — 18) 
e {Bi[—(a 


—e*" Bi(—n8) 


(=e p" Ei(—pu) 


n! 


v)q] 


e ?* Bi(pa — pu) 


=e "* Fi(ap) 


0 e- Pt | 1 
[ <= pe Ei(—ap) + = 
0 + x) a 


dx 


1 . 2 
hw 


Gea 


2 


-—1 


3.351.4 


3.351.5 


3.351.6 


3.352.2 


3.352.3 


3.352.4 


3.352.5 


3.352.6 


3.353.3 


3.353.4 


154 


152 


151 


152 


152 


152 


153 


153 


153 


154 
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Subsection 3.354. 


ad | 
P Srp at = ilBa sin Bo — si(Bu) cos 3 
° ge H® da = —ci(6y) cos Bu — si(Gpy) sin Bu 


She de | 
R ae = 3B [e~** Bi(By) — e?" Ei(—By)| 


© ge h® dx 


ere ; [e~P" Bi(By) + e%" Ei(—By)] 


Subsection 3.355. 


ie eee 
> (Bea 
= st {1 — By [ci(Bp) sin By — si(Bp) cos Bul} 


a e * da 
> 2p 


3.354.1 155 


3.354.2 155 


3.354.3 154 


3.354.4 155 


3.355.2 155 


1 
G8 [(ap — 1)e*?Ei(—ap) + (1 + ap)e~*?Ei(ap)| 3.355.3 156 


[ xe P* dx 
0 @aap 


= a {—2 + ap [e” “?Ei(ap) _ e*?Ei(—ap)| } 


Subsection 3.36—3.37. Combinations of exponentials and algebraic 


functions 


Subsection 3.361. 


3.555.4 156 


3.361.1 49 


3.361.2 49 


3.361.349 
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Subsection 3.362. 


Co px 
ee an 3.362.1 49 
1 x— 1 Le 
eo) —pa 
ii = dx = e8# 7 [1 = 0(/8n)| 3.362.2 52 
0 


Subsection 3.363. 


i DST itis! A re “aaa 3.363.150 
a x rd 
eu ee 3.363.2 52 
nee a 


Subsection 3.364. 


lo) px 
eM de = e'/?y (2) 3.364.3 100 


0 Va(eta) 


Subsection 3.365. 


° ge H® dx 


—_———. = uk (u 3.365.2 105 
L Sra 1 (up) 


Subsection 3.366. 


ie (a+ Bye WM da _ Be" (Bu) 3.366.2 106 
0) 


Vu? + 28a 


Subsection 3.369. 


~~ eH dx 2 


io jemae a 2,/mpe™ (1 — &(,/am)) 3.369 53 


Subsection 3.372. 


oo 2n —1)!! 
i: i aed at pM gaee dx =_ ee) 3.372 101 
0 Pp 


224 15. THE LIST OF INTEGRALS 


Subsection 3.38—3.39. Combinations of exponentials and arbitrary 
powers 


Subsection 3.382. 


I (a + BY’e-#® de =p? *e Pv + 1, By) 3.382.4 58 
0 


Subsection 3.383. 


Co 
/ at "(a — ut le? dex 
uU 


—1/2 
14.8)" raven (28) 6,4 (28) anes 
2 


| ao’ + (a + BY’ le dax 
0 


1 
1 v2 
Lise ePH2T(y) Ky Bit 3.383.8 101 
Vr \p awh 2D 
Subsection 3.387. 
1 
/ (1 — 2?)’"*e#* dr 
-1 
2 v—1/2 
=a/r (=) P(v) L,-1/2) (u) 3.387.1 94 
v 
/ (a? — 1)” le dx 
1 
1 2 v—1/2 


co 
/ (a? = ge te dz 
UU 


1 2 v—1/2 
=—= | — P(v) Ky—1/2) (up) 3.387.6 100 
7G) 


V 
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Subsection 3.388. 


i (28a + a7)’ le H* dex 
0 


v—1/2 
Se, (=) e# Tv) Ky-1/2(Bu) 


Subsection 3.389. 


Co 
/ a(x” — u*)”te#* dx 
U 
v—1/2 
2 / 1/2-v, v+1/2 


a eH T(v) Ky41/2(up) 


Subsection 3.395. 


fr! a2 —1+a)" + (vx? -14+2)-” 


x? —1 


dx = 2K,(p) 


225 


3.388.2 102 


3.389.4 104 


3.395.1 96 


Subsection 3.41—3.44. Combinations of rational functions of powers 


and exponentials 


Subsection 3.411. 


© ol da 1 
[ SS-pTOw 


m 

[3 en ae: 2 ae Qn 2n Bon 

0 p An 
a i 1 2 

[os Mio Ay Tel) 


co n— 2n 
fe 72 1 dx _ (1 = gi-2n) Qn | Bon | 
go ep + ePe pd Pp An 


OO pY— le-pa 7 ised B” 
|, Tp OD Gay 


oo gl eH zul m 
fem te BhOS (5) 


3.411.1 16 


3.411.2 17 


3.411.3 17 


3.411.4 17 


3.411.6 18 


3.411.7 18 
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CO pn—-1 p—px oe (yet 
[= S-o-re 
og. ite — (p +k) 
[ wert de. ar" ; 
o ef -1 6 
i xe?" dx 7 1 
9 ez +l 12 
i xe?" dx = Tw 3 
9 e f4+1 ~ 412 =4 
ie ge (2n-1)x ar > (-1)"} 
rr ee Py ~~ E2 
0 lt+e 12 a k 
c re 2Qnx qT n 2n ( 1)* 
0 1 + ee 12 he k2 
OO gerne ei “dl 
[ 3->3 (ce 5) 
k=n k=1 
ioe) gern co G1 
=—% (Te 
i lt+e* » k3 CD 
n-1 
3 (ait 
x (Fen +25° a 
k=1 
im xe dx > 1 amy 
_p-2 jn A 
9 l-e 15 os k 
So gh e—M@ dy a (—1)"+* 
=6 Ser’ 
| l+e-7 » k4 2) 
n-1 


=T(p)r-?®(q, p, 1) 


e _, l-e” d Qn? 
x ——_— 0220 = 
0 7 1+e-3 27 


3.411.8 


3.411.9 


3.411.10 


3.411.11 


3.411.12 


3.411.13 


3.411.14 


3.411.15 


3.411.17 


3.411.18 


3.411.21 


3.411.22 


3.411.25 


3.411.26 


20 


19 


21 


21 


21 


21 


19 


21 


19 


21 


19 


18 


19 


26 
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Subsection 3.417. 


— x dx 7 b 
So eee = In- 3.417.1 131 
oo Ae% + be-* — Qab- a 
. ee 5.3 3.417.2 131 
99 a2e% — b2e-* ab ar 


Subsection 3.418. 


/ Dee er ire hee 3.418.1 136 
o: e+e tH Ll 3 3 3 
Subsection 3.423. 
% gl! dx 
| —— =T(v) [ev -— 1) -—¢(V)} 3.423.1 202 
ie KEPT? 


Subsection 3.45. Combinations of powers and algebraic functions of 
exponentials 


Subsection 3.451. 


oe 4/4 
ze *V1—e-*dz = 3 € — in2) 3.451.1 145 
0 
Pe 1 
i ne~*\/1 — e~2* dx = 7 (5 +1n 2) 3.451.2 146 
0 
Subsection 3.452. 
~ xdx 
= 27 In2 3.452.1 199 


(0) Ver —1 
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Subsection 3.46—3.48. Combinations of exponentials of more com- 
plicated arguments and powers 


Subsection 3.461. 


on d. 1 
/ ei pa ON eu 2 Jur [1 — ®(uyp)] 3.461.5 49 
: on (-a ome ®) de =b (ab) 3.461.6 106 
0 
| x? exp (-av ue + 0?) dx 
0 


2b b? 
= GK, (ab) + —Ko(ab) 3.461.7 106 


if x’ exp agen dx 
0 


12b? b 
= — Ko(ab) + OK (al) 3.461.8 106 


| x® exp (-ava? +0?) dx 
0 


b3 15b4 
~ TK s(ab) + OP Ko(ab) 3.461.9 106 


Subsection 3.462. 


oe 2 
| ve HY —2Ue dy 
0 


1 yo fH 2) V 
er ie NT a cert 3.462.5 50 
2 2 V ps JE 
foe) 2 
/ porte ae gp eT Bee, (<) 3.462.6 50 
= PV p Pp 
ioe) 1 2 2 
/ ptebr tive gp — | 7 (1 oe ~*) ev /H 3.462.8 40 
289 2uV pL LL 
oe) > b2 
| i ar Ko(ab) 3.462.20 103 
0 2 + b2 
qe x” exp(—av'x + b?) d 
x 
0 Va? + b2 
b 
= —K;,(ab) 3.462.21 103 


15.1. THE LIST 


co 44 =) ae b2 b2 
i, x exp( av x Ye ce SP Ge 1 
0 72 + b2 2 
oo 7.6 ia + h2 1 b3 
‘i x° exp(—avVxz ) be 5 Ks(ab) 
0 72 + b2 3 
° 2" exp(—aVz+b?) , - pasate 2 - 
dx = (2n — 1) K,,(ab) 
0 Vu? +b a 
°° exp(—pz*) 1 a*p 
dx = = — | Ko| — 
i Wgiatge a ND AD 
Subsection 3.464. 
ee (ar a de _l 
0 x 2 
Subsection 3.466. 
DD. 
eh dx T 922 
___" ~/,_ 6 a 
[See Hl 86m Fe 
OO g2 ewe” dy fg mB 292 
NE EB Pan 
fp ee - E- Fe - 26 


Subsection 3.469. 


e 1 P 2 2 
| onHet Que? gn O “exp (=) Ki (=) 
0 4V p 2p 4 \2u 


Subsection 3.471. 


i a 2#(u — a)t te 4/* de 
0 


= 2 gh2He- B/D (1) K 


7m (a) 
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3.462.22 103 


3.462.23 103 


3.462.24 102 


3.462.25 100 


3.464 52 


3.466.1 52 


3.466.2 43 


3.466.3 143 


3.469.1 107 


3.471.4 102 
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i: g 7H (y? — gee hi dx 
0 


1 2 a 3/2 B 
= —|[— BOl*T (1) — 3.471.8 102 
Va (5) cere: (3) 
be gle -B/e—- V8 dr 
0 
B v/2 
7 (=) K,(2\/Bv) 3.471.9 97 
v 
co 2 
: x’—texp (-« - r) dx 
0 4 
= (4) Km) 3.471.12 96 
| gl/2%e-Ve—B/x dy 
0 
= [evr 3.471.15 48 
7 
| gh 2 6 pe—a/x dx 
0 
= (vA (p tertve 3.471.16 48 
‘Dp 
Subsection 3.472. 
| (exp (-5) - 1) e * dx 
6 x 
1 [x 
= 5S le(-2VaR) - 1 3.472.1 48 


Subsection 3.478. 


| z’—lexp (—Bx? _ yz”) dx 
0 


2 (y\ 2 
== (3) 7 Kv (2/57) 3.478.4 98 
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Subsection 3.479. 


dz = —= 


VIi+a vn 


Section 3.5. Hyperbolic functions 


| aos 2 (5 (8) 3.479.1 100 
: -—v 


Subsection 3.51. Hyperbolic functions 
Subsection 3.511. 


© dx Tw 
7 3.511.1 73 
9 cosharz 2a 
~ sinhax T use) 
Gn i 3.511.278 
| sinhbz 2b 2b 
e coshaz 7 ma 3.511.4 79 
= — sec — ? : 
9 coshbx Fs OD OB 
pee ei 3.5115 89 
0 sinh cx 2c cos 24 + cos 28 
Co 
d 
ae eg 3.511.8 75 
o cosh’ x 


Subsection 3.512. 


© cosh 2 4v-1 
| Ee aes (v+ ev 4) 3.512.187 
0 cosh” ax a a a 
© sinh! 1 ip 
| a ey | a gee 3.512.2 88 
9 cosh” x 2 2 2 


Subsection 3.514. 


[ a ae 3.514.1 136 
9 coshar+cost asint aire 


Subsection 3.52—3.53. Combinations of hyperbolic functions and al- 
gebraic functions 


Subsection 3.521. 


i ede _ 3.521.1 76 
9 Ssinhax 4a? eo 


ad 
Y TOY EG ane aL (=) 3.521.2 76 
9 cosh 4 


232 


Subsection 3.522. 


aa dx 

| (b? + x?) coshax 
ce dx 

| (1+ 2?) coshra 
oS dx 

| (le?) cosh 4+ 


fe dx 
9 (1+?) cosh 44 


Subsection 3.523. 


OF PF dg 
EES, 5 
| sinhax 28-18 


15. THE LIST OF INTEGRALS 


Qn (—1)*-1 
b <= 2ab + (2k — 1)m 


T 

=2-—— 
2 

= |n2 


lp — 2In(V2 + 1) 


OO 7 2r—1 dy = 2% 1 pq 2n 
ge 


9  sinhax 2n 


ghia . 2 ae ah 
| coshar wt 9) d (2k +1) 


9 coshaxr 2a 
dx 7 
| coshz 8 
“adr x4 
[ sinha 8 
© x4 dx or 
i) cosha 32, 
Sadr  7r® 
i sinha 4 
~ dx 61r" 
i coshz 128 
© a dx ee 
| sinha =: 16 


[ gh/2 dz a Sie 
0 


cosh x 


k=0 


Ses kde 
(Qk +13? 


it 


ee dx _ 
—— —— 
[ x'/2 cosha oe (2k + 1)1/2 


k=0 


3.522.3 


3.522.6 


3.522.8 


3.522.10 


3.523.1 


3.523.2 


3.523.3 


3.523.4 


3.523.5 


3.523.6 


3.523.7 


3.523.8 


3.523.9 


3.523.10 


3.523.11 


3.523.12 


82 


82 


83 


83 


76 


76 


77 


77 


77 


76 


77 


76 


78 


76 


76 


75 
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Subsection 3.524. 


es Gaines dz = Meee (tan =) 

0 sinh bx 2b da?™ 2b 

pees iin qd2mti ( aa) 
0 cosh ba 2b da2™t+1 


[ m cosh ax _ om am ( 24) 
> coshba 26 dazm PP 9H 


ie sinh ax 7 Ta Ta 
2 3 
x 
0) 


= —~ sin — sec” — 


Ste a oe Db 


[Sea =8(Zs eo St)" (2+ sin’ fa) sin 3 
0 sinh bx 2b” OH 2b 2b 


. sinhaz | 1? ee 7 Ta 
=z — sin — 
io W guahba aye ob Op 
i gsinhax | (Z sec S4)" (6 cos? 24) | 7a 
dx = {| — sec — - — } sin — 
> coshba 2b 2b 2) 3B 
ye cosh ag r= (2 ; a)! 
. ante TNR oe 
= gcoshax , _ (2 a . ss) 
=2(2 seca) (14 2sin? 
| aan” 2b 25 aan): 
ie scoshar | 
x 
0 see 
Lea = 32,00 1) 
=8 (Sse ome)" . 15 cos ap + 2008 Th 
fp ese eS 5 (280c? ie — sec) 
0 cosh bx oe 2b 2b 
ie 4coshax 
x 
0 cosh be 


ea py eee DE ase? =) 
= (3° cr) (24 — 20.03? 3 +" 3p 
ie ecoshax C seo St)" 
x dx = (—sec — 
0 cosh ba ms 2b 
6 Ta 
x (720 - 840 cos” = + 182 cost — — cos =~) 


Tr 2b 
i sinh ax da , ey) 
= lat) —— ee 
9 coshba «x 4b 4 


3.524.2 


3.524.4 


3.524.6 


3.524.9 


3.524.10 


3.524.12 


3.524.13 


3.524.16 


3.524.17 


3.524.18 


3.524.20 


3.524.21 


3.524.22 


3.524.23 


233 


79 


80 


80 


79 


79 


80 


80 


79 


79 


79 


80 


80 


80 


81 
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Subsection 3.525. 


r 


T 1 1. 1 
= -—cosa—1+ =sina In 
2 : 2 ; 


sinhax dx 
sinh rx 1+ 2? 


a leg 
—7 cosa t+ sina In[2(1 + cos a)] 


sinhax dz 
sinh $2 1+ 2? 


Tw. i 1 1—sina 
—s — co ———. 
2 meee 2 ie "T+ sina 


coshax xdx 


sinh ra 1+ a? 
Tein 2 1 
5(4 sina —1)+ 5 cosa In[2(1 + cos a)] 


coshax «dx 
sinh $2 1+ 2 


1+sina 
1—sina 
sinhax xdx 


cosh 7x 1+ x? 
a+T 


{@ Tv, 
—2sin 5 + 3 sina — cosalntan 


coshax dx 


cosh 7x 1+ x? 
+ 7 


a 7 : a 
2.c08 5 _ 7 cosa — sina Intan 


é oo 6 k(b- 
sinhax dz 1 sin Gao) 7 


sinhba c2 + a2 reer be + kr 


oe) k(b 
coshax xdzx T cos Oa) 


sinhba c? +22 — Boe be + kr 


Subsection 3.527. 


f 
: 
| 


a! dx 4 

—_—_ = ——_T -1 
ae Gale ()¢(u — 1) 
2m dx em 

aaLza  gomeee ame 
sinh“ax 4a 

ct! dx 4 


cosh?ax (2a) 


3.525.1 


3.525.2 


3.525.3 


3.525.4 


3.525.5 


3.525.6 


3.525.7 


3.525.8 


3.527.1 


3.527.2 


3.527.3 


84 


83 


84 


84 


84 


84 


89 


89 


85 


85 


86 
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oO rd In2 
i, a 3.527.4 86 
9 cosh* ax a 
00 2m g 92m _ 9)n 
| = mee 1 a Bi 3.527.5 86 
0 cosh? ax a(2a)?™ 
oP h IV(p) —1)* 
| get Sinhaw 4» _ 20H) ie 3.527.6 81 
0 cosh? aa ae (2k + 1)#- 
| TOD see 3.527.7 81 
0 ‘cosh? ar ax 2a? 
Le ‘f pues. peal om |Zan| 3.527.8 81 
0 cosh? az a 2a my 
2 h g2m+1 _ 4 
| got de = (2m $ 1)!C(2m +1) 3.527.9 86 
0 sinh? ax a?(2a)?™ 
oP 54 COS Ga g2m _ 1 pq 2m 
gn de = (*) |Bom| 3.527.10 86 
0 sinh? az ax a a 
oe h Tr 
ip . SS dx = ieee 3.527.11 88 
0 cosh“ 4a? T (y+ 4) 
© x? dr is 
/ —=+ 3.527.12 85 
oo Sinh* x 3 
foe) h 2; 
| eS as 3.527.13 86 
0 sinh’ az 2a 
2° h 
| a se da = 4G 3.527.14 78 
0 
© ta he a 
| eae deen) 3.527.15 74 
0 ea 
iE get ORE pg 2 PES Dg 3.527.16 86 
sinh? az ax att 
Subsection 3.531. 
ad a dx 4 rn 1 
eS (=)| 3.531.1 136 
if 2cosha-1 V3 E 7 3 
[ — = ew) 3.531.2 134 
9 cosh 2x + cos 2t sin 2t cares 


ai x dx t(x? — t?) 
———————_—_ = ——_ 3.531.3 137 
9 coshx + cost 3 sint 
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foe) at dz t(n? _ #7) (Tar? =e Bi) 
a a 3.531.4 137 
9 cosh + cost 15 sint 
ie x?” dx _ 2(2m)! . sin 2kar pei Jaa 
9 cosh — cos 2am sin 27a es ;2m+l : . 
q- ct! dx 
9 coshx — cost 
a p : : : 
a TW) [e-"@ (e~”, pw, 1) — e” (en, 1)] 3.531.6 137 
i x’ dx 
9 coshz + cost 
A(w+1) SS, .\,-1sinkt 
= ge 3.531.7 134 
sint d| ) ket 


Subsection 3.54. Combinations of hyperbolic functions and expo- 
nentials 


Subsection 3.543. 


"Si BOR de 2 sa sinkt 
——— SS 043.2 8 
/ cosh x — cost aay 2k : i 
Subsection 3.547. 
| exp(—( cosh x) sinh yx sinh x dx = F(8) 3.547.2 98 
0 
i exp(—8coshx) cosh ya dz = K,(8) 3.547.4 96 
) 


/ exp(—8 cosh x) sinh?” x dx 
0 


aes (=) [ (v + $) K,(8) 3.547.9 100 


15.1. THE LIST 237 
Section 3.6—4.1. Trigonometric functions 
Subsection 3.62. Powers of trigonometric functions 


Subsection 3.621. 


n/2 Im — 1)!! 
| ey pee ae a 3.621.3 177 
0 (2m)! 2 
m/2 1 
| sin“! ¢ cos’-!adrz = —B (5. =) 3.621.5 174 
i Nae oe) 


Subsection 3.72—3.74. Combinations of trigonometric and rational 
functions 


Subsection 3.747. 


m/2 
7 x cots dar = 5 in2 3.747.7 147 
0 


Subsection 3.76—3.77. Combinations of trigonometric and powers 


Subsection 3.764. 


ee, 1 . Tp 
i, x? cos(axz + b) dx = — april T'(1 + p)sin C - *) 3.764.2 209 


Subsection 3.82—3.83. Powers of trigonometric functions combined 
with other powers 


Subsection 3.821. 


CAs 2n — 1)! 
i: OE gp 3821.7 7 


Subsection 3.84. Integrals containing \/1— k? sin? x, V1 — k? cos? x, and 


similar expressions 
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Subsection 3.841. 


os d 
sing V1 —k?sin2?a ~ = E(k) 
x 


d 
sina V/1 — k2 cos? 2 — = E(k) 
x 


0 


0 


as d 
| tana V1 — k2sin? 2 — = E(k) 
0 x 
2 dx 
tana V1 — k? cos? « — = E(k) 
0 x 


Subsection 3.842. 


Co 


sin x dt _x k) 
0 VW1—k2sin2x 7 
oe t d 

ana dv __ k) 
0 V1—k2sin?x 7 
bee sing dv __ k) 
0 1—k*cos?x & 
tan x dx 


0 1—k?cos?x & 
foe) 


= K(k) 


xsin x cos x 


1 
———____—_. dx = — 
0 V1—k?2sin? x 2k? | 


—rk! + 2E(k)] 


3.841.1 5 
3.841.2 5 
3.841.3 6 
3.841.4 6 
3.842.3a 5 
3.842.3b 5 
3.842.3c 5 
3.842.3d 5 
3.842.4 9 


Subsection 4.11—4.12. Combinations involving trigonometric and 


hyperbolic functions and powers 


Subsection 4.113. 


aS 8 
sinax dx a F 

i — _ —— = —~cosha + sinha ln 

0 


sinh ta 1+ 2? 2 


Section 4.2—4.4. Logarithmic functions 


Section 4.21. Logarithmic functions 


Subsection 4.211. 


fe dx 
BG 
- mez 

“ dx 


Raney f 
o ma saad 


4.113.391 
4.211.1 151 
4.211.2 151 
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Subsection 4.212. 


d 
i) am = e~*Ei(a) 4.212.1 159 
0 a Nv 
d 
| ss = —¢"Fi(—a) 4.212.2 159 
9 a-ha 
d 1 
i ee = —2 +e “Ei(a) 4,212.3 160 
0) - 
d 1 
i: a aa = = + e*Ei(—a) 4.212.4 160 
(0) = te 
Ina dx ae 
Gala? =1+(1-a)e °Ei(a) 4,212.5 160 
0) L. 
Inadx i 
Games 1+ (1+ a)e*Ei(—a) 4.212.6 160 
© Inad 
i sean a 4.212.7 115 
, (4+Inz) 2 
[ dx 
9 (a+iIna)” 
n-1 
: ~°*Fi(a) : (n—k—1)!a*-” 4.212.8 160 
= e 1,a) — n— a >Q ‘ ‘ 
as)! a1 
(n — 1) (n—1)! = 
i. dx 
9 (a—Inz)” 
el ap: i — ! k-n 
=r Ei(—a) + gamle fe 1)! (—a) 4.212.9 160 


Section 4.22. Logarithms of more complicated functions 


Subsection 4.221. 


1 2 
jo ine ma -2)de 2-2 4221.1 141 
0 
1 12 
jf mein +2)d2 =2- 5-22 4.221.2 141 
0 
1 co 
l—ax d In(1 +k 
fm BEE ye 4.221.3 142 
0 1l-—a lnz k 
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Subsection 4.224. 
n/4 1 
| lnsinede = —"n2—<G 
0 4 2 


n/A 1 
| Incosr de = —7In2+ 5G 


n/2 oe 
| Incosz dx = —~I1n2 
0 2 


Subsection 4.225. 


m/4 a 1 
| In(cos x — sina) dx = -—-—In2—=G 
0 8 2 


n/A T 1 
| In(cosx + sinx)dx =——In24+ -G 
0 8 2 


4.224.2 177 


4.224.5 120 


4.224.6 120 


4.225.1 120 


4.225.2 120 


Section 4.23. Combinations of logarithms and rational functions 


Subsection 4.231. 


i Ina dx 7 a 
————— = —]n- 
) 


ie lngde 1? 
9 a2—b2x? = dab 


1 2n4+2 2 ay 
1-2 (n+ 1)r n—-k+1 
i Pepe eae dr = err es +4 S 


4.231.1 23 


4.231.2 131 


4.231.8 132 


4.231.9 121 


4.231.10 131 


4.231.111 115 


4.231.12a 75 


4.231.12b 75 


4.231.16 130 
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1 _4)n»n+l 
0 (1+ 2)? 


ay 2 I Sepia 


12 ke 
k=1 
1 
Ta n+1 
| Ing ad dx 
0 (l= 2)? 
— (n+1)x? n—-k+1 
= 6 k2 
k=1 


Subsection 4.233. 


[ Inadz 2 [2n? y! 1 
9 lt+a+z? 91 3 3 


c Ina dx Ina ¢ 
0 22+2arcost+a? a sint 


Subsection 4.234. 


La —-- 5 nadr=0 
0 


La = ——~_. Inedx = —= 
0) 2 
iz a _ Wr? 
9 I-2#)\(lt+e4) 16(24+ 2) 


[ Ina dx _ 1b 7 a 
> (a2 +b22)\(1+22)  2a(b?—a2) bd 


ve Inz dx T In mo bm 4 
0 #2 +0214 6222 ~ 2(1 — a2b?) 


i x? Ina dx Ta ; b 
Ss |p — 
9 (a2 4+ 6?x47)(14+ a7) 2b(b2-a?) a 


4.231.17 130 


4.231.18 129 


4.233.1 


4.233.5 


4.234.3 


4.234.4 


4.234.5 


4.234.6 


4,234.7 


4.234.8 


115 


165 


121 
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Subsection 4.235. 


oo (4 n—-2 2 
| ( : ae Ine de =—25 tan? 4.235.1 170 
0 es se . 
co i 2\,m—1 
i a Inazdx 
0 a aie 


qn? sin (ey) sin (4) 
—— ee qquad4.235.2 170 
An? sin? (=*) sin? (oe) 


2n 
coq — 2) ,n—-1 2 
| ( ; 7 MZ Inedr— ee tan? (=) 4.235.3 170 
0 —Zz if) n 
1 m-1 n—m—1 2 
i es ee 4.235.4 170 
0 1 — x” n? sin (=) 


Section 4.24. Combinations of logarithms and algebraic functions 


Subsection 4.241. 


1 
Ing /(1 — 27)?"-! da 


0 
= ar wWn+1)+C 414] 4.241.5 174 


1 
OE ne aS 4241.7 174 


eg haee. 
1 2 
ee SVE Ir ()| 4241.11 174 
0 V/a(l — x?) 8 


Subsection 4.242. 


4.242.1 13 


oes Ina dx nat (“= 


6 (x? + a2)(x2 +B?) ~ 2a 
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Section 4.25. Combinations of logarithms and powers 


Subsection 4.251. 


co w-1 | u-l1 
| Be pp TE a a botre) 4.251.1 172 
0 z+ 6 sin TL 
sc dll Ne ~ 
x = Tah Inacot mu —- — 4,251.2 171 
5 a-—2x sin® TL 
1 ,2n 2 an k-1 
x T (-1) 
Ina dz = —-— ——— 4.251.5 149 
i cae td k2 
1 »,2n—-1 2 ancl k 
x 1 (—1) 
Inadz = — — 4.251.6 149 
Lm as at d ke 
Subsection 4.252. 
[ zc! Ine dx 
o (e+8)(e—-1) 
“3 
= ——___,— [nr -— 64" (n B sin ty — rcosT 4.252.2 171 
@ipata | bY~* (In B sin mu “)| 
[oe p— ] 2 
| 7? dx = —*-cosec? 4.252.3 171 
9 1l-z? 4 2 
Co pb 1 
i; x nz ae 
o (x+a)? 
1- ase 1 
= Oe er (ina —reot m+ —.) 4.252.4 172 
sin 7 LL u-l1 
Subsection 4.254. 
ee) p-l] 2 
i —— &@ =-s ae 4.254.2 169 
0 —e& q° sin” ~- 
~ Ina dx ‘id 
— = ——_ 4.254.3 172 
0 


xi —1 xP q? sin? (2) 


Subsection 4.255. 


1 2) »p-2 4 
1 P 
| a Ine dx = — (=) sec” (=) 4.255.2 173 
9 l-« p p 


is ( zy lie die= Laer (=) 4.255.3 171 
0 1-2 A 
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Subsection 4.257. 


s x” In % dx 
0 (x+A)(a+7) 
T Vv BA Vv Vv 
= —___ ]7" n= +7 (6" — 7”) cotry 4.257.1 172 
G—Bysan |? "2 


Section 4.26—4.27. Combinations involving powers of the logarithm 
and other powers 


Subsection 4.261. 


1 2 
d 
i: (Ina)? = = 5 | In? 2+ s 4.261.9 174 
0 Ae: 
Dae © La 
| Tay Wm wde =2|6(8)- DG 4261.12 22 
0 k=1 
ME 8% 7 ” 1 
| Te Wn’ ede = 3¢(8) - 2) ORT Ip 4.261.13 23 
k= 


Subsection 4.262. 


1 3 
1 7 
| a eee 4262.1 23 
on 120 
links x4 
| dz = —— 4.262.2 22 
9 l-2« 15 
1 gt P art n-1 1 
ln? edz = —— +6 ¥ ——— 4.262.5 22 
[yw ee 5 t » ei 
1 Qn 4 n-1 
x T 1 
In? de = —— 6 6 5S 4.262.6 22 
hs fag eS eS » Okriy 


1 n 
1—a"tt 1)r4 a | 
[= eg Oe +6). a 4.262.7 129 
0 xv 
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1 _4)n»n+l 
| i+ (-1)"er" In? x dx 
g «thre? 


7(n4 Sd 
Se EO —= 


ie Inox 317° 
dz = -——— 
9 L+2 252 


a In? x _ 875 
9 l-2« 63 
Subsection 4.266 
i In’ x = 12778 
9 l+2 240 
if In’ x = 878 
9 l-«@ 15 


Subsection 4.269. 
[ym / a _ Vt s (—1)* 
a: Tes = ~ 2 £4 Oe 15972 


ie (leat) Wir a v2k +1 


Subsection 4.271. 


;: dx 227] 
2n SS ! 
| (In x) fis aan (2n)!¢(2n + 1) 


1 2n-1 
d 1-2 
i (In ra ee aoe ———-1?" | Bo | 
0 +2 2n 


245 


4.262.8 131 


4.262.9 131 


4.264.1 23 


4.264.2 22 


4.266.1 23 


4.266.2 22 


4.269.1 150 


4.269.2 150 


4.271.1 24 


4.271.2 24 


246 
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Section 4.29—4.32. Combinations of logarithmic functions of more 


complicated arguments and powers 


Subsection 4.291. 


1 2 
HL PEN Fee 4.291.1 
0 x 12 
i In(1 — 2) n 
ge 4.291.2 
0 x 6 
Ve Yat = 1 
| aS) ea 4.291.3 
a\ dz 1.4 ‘i 
in (1-5) in rc ee 4.291.4 
: 2) a 2 12 
1 
l+z2 dx 2 T 
1 = ep 4.291. 
i a( 5) )s 2 12 2 
1 
In(1 1 
pe =F m2 4.291.6 
9 l+2 2 
© In(1 “Inud 
| me ae = Fin +a) f ete 4.291.7 
0 1+ 2? 4 0 1+u?2 
1 
In(1 + 
[Meat 4,291.8 
o lt+2 8 
°° In(1 +2) as 
at dp = in2+G 4.291.9 
| Lee A 7% 
1 
In(1 — 
[ Me w-Fm2-e 4,291.10 
9 l+2 8 
oO 7 — 
/ Gane eel te, 4.291.11 
1 1+? 8 
1 2 
In(1 + 2) 1 1,4 
de 22 In? 2 4.291.12 
7 lta) 12 2" 
oO | aa 2 
i; ey eee 4.291.13 
9 «(1+2) 6 
1 
In(1 + 2) 1 a+b 2In2 
dx = r 4.291.14 
if (ax + b)? . a(a — b) b b? — a? . 
1 
In(1 + 1 
i; mL ics 2 Gl 8D) 4.291.14b 
9 («#+1)? 2 
Ina—Inb 
4.291.15 


[ In(1+ 2) = 
9 (ax +b)? a(a — b) 


115 


115 


116 


116 


116 


117 


126 


119 


120 


120 


120 


117 


117 


118 


118 


119 
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L 
d 1 
| In(a + 2) a = Tpqmcoorva In [a(1 +a)] 4.291.16 126 
2] Ina—blInb 
ih tee) yg waren 4.291.17 119 
9 (b4+2) b(a — b) 
“In(1 1 
i. neue) dx = =arctan a In(1+ a?) 4.291.18 125 
9 l+2 2 
ll. 
In(1 1 
i ate de = zgirctanva In(1 +a) 4.291.19 126 
if In(ax + b) ds 
o (+x)? 
1, Pt 
= 5 Sla+) In(a + 6) ~ binb—ain2] 4.291.20 118 
= 
‘l In(az +) 1. = alna—binb 4.291.21 119 
9 (l+2) a—b 


siees ya 4291.22 128 
~ e+e | 2b eat 
1 2 
l+e2 1 93 
In(1 dx =—-In24+— 4.291.23 122 
i tay n(1 + x) dx 3 in + 79 
1-2? 
iat (eg ey 
ap n( eo ere AY: (ba + a)? . 
1 b 
In- 4.291.26 119 
ab(a? — b?) "G 
co b2 — x2 
| CEE In(a + x) dx 
Sy ie a me 4291.28 123 
7 a? + b2 a an D) , 
co b2 — x? 
2 
fl In“(a — 2) Cay 
Se oa 4291.29 124 
= a aan ain b 5) : 3 
x —2) uae dx 
: Qt (b+ 22/2 


2 
= (int ih sa In a) 4.291.380 125 
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Subsection 4.297. 


1 
1l+azx dx 
In ——. = sarcsin a 4.297.8 177 
[ l—ar ¢V1— 2? 


Section 4.33—4.34. Combinations of logarithms and exponentials 


Subsection 4.331. 


ee 1 
/ e #* Inada = ——Ei(—p) 4.331.2 161 
1 M 


Subsection 4.337. 


i 1 
| e “* In(B +2) dx = — [InB — e“Ei(—Bp)] 4.337.1 161 
0 M 
my 1 
: eH? In(1 + Bax) dx = ——e/8 Bi (-5) 4.337.2 161 
) Ht B 
re: 1 
| e “In ja — 2| dx = — [Ina — e~ Ei (ap)] 4.337.3 158 
0 M 
Lh ill oe Pe naafaes 
e#* In dz = — [e~*" Fi(By)] 4.337.4 158 
0 px M 


Section 4.38—4.41. Logarithms and trigonometric functions 


Subsection 4.395. 


m/2 


Intan ad 1 
eee = —= Ink! K(k) 4.395.110 
0 1—k? sin? ¢ 2 
Subsection 4.414. 
m/2 dx 
i} In(1 — k? sin? 2) ————__.. = Ink K(k) 4.4141 5 
0 1—k? sin? 


Section 4.42—4.43. Combinations of logarithms, trigonometric func- 
tions, and powers 


Subsection 4.432. 


| KO Se ey eK 4.432.1a 5 

0 V1l—k?2sin? x 7 

i In(1 — k? cos? x) ——S = nk K(k) 4.432.1b 5 
0 V1—k2cos*x & 
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Section 4.5. Inverse trigonometric functions 
Section 4.52. Combinations of arcsines, arccosines, and powers 


Subsection 4.522. 


xarcsin x« 1 1k! 
Pree Oe ie caver 4522.4 3 
i V1— kx * 2 | a ®) 
x arccos & mh es 
d = 5 [5-5 4.522.5 3 
[ JaRe Big 0 
I}. . 
1 
| varesing [= = B(‘)| 4.522.6 3 
0 VK? + kx2 k2 12 
1 / 
; 1 k 
| EEA a ea PL E(k) 4.522.7 3 
0 VK + kx2 k? 2 


Section 4.53—4.54. Combinations of arctangents, arccotangents, and 
powers 


Subsection 4.535. 
1 
1 i 
i ee de = arctan p In(1 + p?) 4.535.1 41 
0 


14+ p*x? 2p 


This is a list of entries that are too wide to fit in the previous scheme. 


[ “1B + 20)-H (e+ 7) Pde = 
0 


v—p 
a B(v, p—v+p)oFi (1 v; + p;1— +) 3.197.1 68 
i aP-V2dy = A (p + 1/2)(1—p) , 
o (lL—a)P(l+qa)P — Vr 


cos*?(arctan \/q) @p=sinlercian(/a)l 3.197.11 64 
[ gP—1/? dy _ T+1/2)T(1-p) y 
o (1—2)P(1 — qa) Na 
(l- yor” - (+ Yor” 3.197.12 64 


(2p — 1),./@ 


250 15. THE LIST OF INTEGRALS 


| a" (u — 2)#—1 (4? + 87)” de = 6’ ur BUA, p) 
0 


3.254.1 65 


pe g(x = ut! (a? 4 Bove dx = ye rtav EWA — Kh 2v) 


T(A — 2v) 
Re OPO cee ee at EPR cules MO 
ioe ae 2p 2 ee a ye 


3.254.2 66 


i a’ _ g)tl(¢™ chs pny dr = Braet BG, VY) m+1Fm 
0 


e ee +1 v+m+ 1. 
b m’ m d o) m ’ 
tv wt+tv4+l1 btytm—l1u™ 
m ) m 9 9 m d Bm 
3.259.2 66 
MF SG) = WT athe) =| e” dx 
2 2 0 
aed (—1)Fu2ht1 5 oe Qk 2kt+1 
=e as 3.321.1 46 


ki(2k+1) (2k +1)! 


k=0 


PME gate 
[ (e+ py” 2, (n — 1)! (u+ B)* 


— +e" Ei [-(u + 6)y] 3.353.1 153 


% eT he dy 1 Re (—<p)r-k-1 
( +BY = Gaal Lk Da 


oe Bie) 3.353.2 153 
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fr gre He Ee (<1)? reer Ei(—6p) 
0 


+S i(k = 1-8)" *u-* 3.353.5 154 
k=1 


foe) Be i 
| BE ean a ap * (ilu) sin By — si(8p) 008 


— By [ci(By) cos Bu + si(Gy) sin By) } 3.355.1 155 


2n+1,—px dz 
i; ne (—1)""1a?" [ci(ap) cos ap + si(ap) sin ap} 
0 


1 n 
—— ) (an — 2k + 1)!(—a?p?)* 3.356.1 156 


eer eT Pe 
[ Pa ae (—1)"a?"" [ci(ap) sin ap — si(ap) cos ap] 
0 @+a4 


1 nm 
tat S > (2n — 2k)'(—a?p?)F- 3.356.2 156 
co 4.2n4+1 —px d 1 


=o (2n — 2k +1)!(a?p?)*-? 3.356.3 156 
k=1 


2 eo Pt dx 1 os = ; 
[ —= > 52 t le PHi(ap) — e ?Ei(—ap)| 


a? — x? 
n 
pant 2 (2n — 2k)M(a2p?)* 3.356.4 156 
?. e H* dx fe 8 3 
a pate tan a8 — 2at aw) sin an + cosau)+ 
0 
+ si(aps) (sin aps — cos as) — e“Ei(—ays) } 3.357.1 157 
e rel de it ee ; 
be eee a = {ci(ay)(sin aps — cos aps) 


— si(aps)(sin aps + cos as) — e**Ei(—ays) } 3.357.2 158 
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es xe P® dx 1 : ; 

; may Pan aT ae => 3 {—ci(ap) (sin ap + cos at) 
— si(aps)(sin aps — cos as) — e**Ei(—ays) } 3.357.3 158 
es e #* dx 1 ? . 

. ae ae oe ee cose) 
— si(ap) (sin ap + cos ay) + e ““Ei(ay) } 3.357.4 158 
i xe #* dx 1 . . 

| Pe ae near = 2a {—ci(ap) (sin ap + Cos at) 
— si(ap.)(sin aps — cos ays) + e ““Ei(ay.) } 3.357.5 158 
oe xe B® da: 1... : 

i, aoe = 3 {ci(ap) (cos ap— sin at) 


+ si(ajt)(cos ap + sinap) + e~“Ei(ap) } 3.357.6 158 


px 
| — ete a {e~°?Bi(ap) — e*? Ei(—ap) 
0 


at — x4 
+ 2ci(ap) sin ap — 2si(ap) cos ap} 3.358.1 157 


°° ge P* dx ilar eae: 
fe = gs (eB ap) + Bap) 
ae 


— 2ci(ap) cos ap — 2si(ap) sin ap} 3.358.2 157 


So oe P® da Le Papeeaneny de. 
i cAicene Oe {e~“PEi(ap) — e*?Ei(—ap) 
0 


q 
a~— 2 
— 2ci(ap) sin ap + 2si(ap) cos ap} 3.358.3 157 


eh? de 1 ; : 
| “@—at 4 {e*PEi(—ap) + e~ *?Ei(ap)+ 
‘ a 


2ci(ap) cos ap + 2si(ap) sin ap} 3.358.4 157 
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Vv B V,?p Vv 
| : ri: ae eH dz = w ) mea 7 Fo (v5, + ps tp?u’) 
+2 B(v+h,p) ue (vt di 8,vtp+4h;iyu?) 3.389.170 
/ (Ve +28 + Vx) - (/x + 26 — Jz)*] e #* dx 
0 
= art Bre" K (6p) 3.391 97 
i. gee He? —Qve dz 
0 
2 2, 
=-4,/4> FH oy? /u ji-ar()| 3.462.7 50 
2h a 4 VE 
° gsinhax (Zs eo At)" 
dx — 16 
| © Sinh br 2b” Ob 
Ta 
TOG TED aes =) 524.11 79 
x sin ae (45- 30 cos? ot cos Th 3.5 
[ ssinhax (2 seo St)" 
x= (— sec — 
> cosh ba 2b 2b 
Ta Ta Ta 
120 — om ie) eles 3.524.14 80 
x ( 0 — 60cos Db + cos Th sin Th 5 
[ 7sinhax (2 seo St)" 
x x= | — sec — 
0 cosh bx 2b 2b 
x (5040 — 4200 cos? a + 546 cos! = — cos® =) sin 3.524.15 80 
° ,coshax (Zs eo Mt)" 
Ca 
i © “Sinh bx Ol ay ee aE 
x (315 — 420 cos* oe + 126 cos! or ~ Acos® a) sin 3.524.19 79 


«toe (35) 2» (Sar) 


way y+ta 
(G3) Po» (as 


)} 3.953.1 39 
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i. cl Ine — 1 
0 (x+Bh)\(et+7) (y — 8) sin tp 


x [64-1 In B — 7 ny — wot ry (B4-! — v4] 4.252.1 172 
1 2n 
x (2n — 1)! 
= Shae 
iWieage 1 = BORN 
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